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T h i s  t h e s i s  i s  c o n c e rn e d  w i t h  th e  d e v e lo p m en ts  f i r s t l y  i n  
c o m b i n a t i o n a l  l o g i c ,  w here  t h e  p rob lem s in v o lv e d  i n  m u l t i - t h r e s h o l d  
r e a l i s a t i o n s  a r e  e x a m in ed ,  and s e c o n d ly  i n  s e q u e n t i a l  l o g i c ,  w here  
th e  s p e c i f i c  ty p e  o f  s y s te m  known as s e r i a l  i n p u t  l o g i c  i s  c o n s i d e r e d .
C h a p te r  1 i s  an  i n t r o d u c t i o n  w hich  d i s c u s s e s  t h e  a r e a s  c o v e re d  
by t h i s  t h e s i s  and i n d i c a t e s  t h e i r  r e l a t i o n s h i p  to  one a n o t h e r  w i t h i n  
th e  g e n e r a l  fram ew ork  o f  l o g i c  d e s ig n .
C h a p te r  2 s e t s  o u t  to  e x te n d  th e  number o f  f u n c t i o n s  t h a t  c an  be  
r e a l i s e d  by  a m u l t i - t h r e s h o l d  l o g i c  g a t e  w i t h  n e a r  o p t im a l  w e ig h t s  
and t h r e s h o l d s .  Use i s  made o f  t h e  a l r e a d y  e x i s t i n g  s p e c t r a l  t r a n s ­
l a t i o n  m ethod  o f  o b t a i n i n g  a s i n g l e  t h r e s h o l d  s o l u t i o n  w i t h  a d d i t i o n a l  
e x c l u s i v e - o r  g a t e s ,  a  m u l t i - t h r e s h o l d  s o l u t i o n  b e i n g  o b t a i n e d  by  
a l g e b r a i c  m a n i p u l a t i o n  o f  t h e  w e ig h t s  and t h r e s h o l d .  The m a th e m a t ic a l  
b a s i s  t h a t  e n a b l e s  t h i s  to  b e  done i s  d e r i v e d  and exam ples  g i v e n .
C h a p te r  3 d i s c u s s e s  t h e  p o s s i b l e  a d v a n ta g e s  o f  u s i n g  a m u l t i ­
t h r e s h o l d  l o g i c  g a t e  w i t h i n  a  c h a r g e - c o u p l e d  d e v i c e  o v e r  t h e  a l t e r n a t i v e  
B o o lean  AND/OR and  q u a t e r n a r y  l o g i c  g a t e s .  The fu n d a m e n ta l  o p e r a t i o n s  
o f  a  c h a r g e - c o u p l e d  d e v ic e  a r e  r e v ie w e d ,  and th e  t o l e r a n c i n g  p ro b le m s  
t h a t  r e s u l t  f rom  t h e  c h a rg e  t r a n s f e r  i n e f f i c i e n c y  and  v o l t a g e  f l u c t u ­
a t i o n s  a r e  c o n s i d e r e d  as  l i m i t i n g  f a c t o r s  on t h e  l o g i c a l  c o m p le x i ty  
o f  t h e  g a t e .
C h a p te r  4 i s  c o n c e r n e d  w i t h  t h e  s u b j e c t  o f  s e r i a l  i n p u t  l o g i c .  
I n i t i a l l y  i t  s e t s  o u t  t o  d e f i n e  s e r i a l  i n p u t  l o g i c  i n  te rm s  o f  a 
g e n e r a l  s e q u e n t i a l  s y s t e m ,  and  t h e n  goes on to  show t h a t  w i th  r e g a r d  
to  s t a t e  r e d u c t i o n  u s i n g  c o m p a t ib l e s  i t  i s  u n iq u e  s i n c e  i t  o n ly  
r e q u i r e s  t h e  d e r i v a t i o n  o f  t h e  i m p l ie d  m axim al c o m p a t ib l e s .  F u r t h e r ­
m ore , a  m o d u la r  r e a l i s a t i o n  i s  g i v e n ,  w h e re  t h e  d e s i g n  p r o c e d u r e  c o n s i s t s
I V
o f  t h e  u s e  o f  r e v e r s e  r e s p o n s e  t r e e s .  V a r io u s  l a b e l l i n g  schem es a r e  
c o n s id e r e d  and  f i n a l l y  one i s  c o n s i d e r e d  t h a t  g u a r a n t e e s  an o p t im a l  
s o l u t i o n .
T h ro u g h o u t  t h e  t h e s i s  e m p h a s is  i s  p l a c e d  on f i n d i n g  g e n e r a l  
s o l u t i o n s  w h e n e v e r  p o s s i b l e ,  so t h a t  n o t  o n ly  do th e y  a p p ly  to  t h e  
s i t u a t i o n s  d e s c r i b e d  h e r e i n ,  b u t  a l s o  may p ro v e  u s e f u l  i n  a s  y e t  
u n d e v e lo p e d  a r e a s  o f  r e s e a r c h .
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CHAPTER 1
INTRODUCTION
1. I n t r o d u c t i o n
Two o f  t h e  o b s e r v a b l e  c u r r e n t  t r e n d s  i n  l o g i c  d e s ig n  a r e :
a) to  a c c e p t  t h a t  p h y s i c a l  m i n i a t u r i s a t i o n  o f  c i r c u i t s  i s  a 
f i n i t e  p r o c e s s  and h e n c e  th e  s e a r c h  f o r  d e v ic e s  w i t h  g r e a t e r  
l o g i c a l  power p e r  u n i t  a r e a  o f  c h i p ,
b)  to  s i m p l i f y  and u n i f y  l o g i c  d e s ig n  p r o c e d u r e s  by th e  u se  
o f  u n i v e r s a l  l o g i c  m o d u le s .
F o r  t h e  f o r m e r ,  t h e  b u l k  o f  r e s e a r c h  h a s  b e e n  c o n c e n t r a t e d  on 
m u l t i - v a l u e d  l o g i c  ( u s u a l l y  t e r n a r y ,  3 - v a l u e d ,  o r  q u a t e r n a r y ,  4 - v a l u e d )  
and t h r e s h o l d  l o g i c .  The s u b j e c t  o f  t h r e s h o l d  l o g i c  h a s  b e e n  e x t e n s i v e l y  
r e s e a r c h e d  o v e r  t h e  p a s t  two d e c a d e s  b u t  i t s  a p p l i c a t i o n  h a s  b e e n  l i m i t e d ,  
m a in ly  due  t o  t h e  r e l a t i v e l y  few f u n c t i o n s  t h a t  c a n  be  d i r e c t l y  r e a l i s e d  
w i th  s i n g l e  t h r e s h o l d  d e v i c e s .
C h a p te r  2 o f  t h i s  t h e s i s  a t t e m p t s  to  e x t e n d  t h e  u s e  o f  t h r e s h o l d  
l o g i c  by t h e  u t i l i s a t i o n  o f  m u l t i - t h r e s h o l d s .  To d a t e  t h e  m a jo r  
f e a t u r e s  and  o p e r a t i o n s  o f  t h r e s h o l d  l o g i c  t h e o r y  a r e  a s  f o l l o w s  ^ i j :
a )  t h e  c h a r a c t e r i s a t i o n  o f  t h r e s h o l d  f u n c t i o n s  w i t h  n  + 1 
c o e f f i c i e n t s  c a l l e d  t h e  Chow's p a r a m e t e r s .
b )  L i s t s  o f  Chow 's p a r a m e t e r s  a r e  a v a i l a b l e  f o r  n ^ 8  w hich  
can  b e  u s e d  to  d e te r m in e  w h e th e r  o r  n o t  a  f u n c t i o n  i s  
t h r e s h o l d  r e a l i s a b l e ,  and  i f  so  g i v e s  t h e  o p t i m i s e d  w e i g h t s  
and t h r e s h o l d s  to  do s o .
c) t h e  a b i l i t y  to  i n v e r t  a  t h r e s h o l d  f u n c t i o n  a n d / o r  any o f  i t s  
i n p u t  v a r i a b l e s  by t h e  n e g a t i o n  o f  t h e  r e l e v a n t  w e i g h t s ;  
a l s o  t h e  a b i l i t y  to  p e r m u t a t e  t h e  i n p u t  v a r i a b l e s .
d) t h e  c l a s s i f i c a t i o n  o f  a l l  f u n c t i o n s  i n c l u d i n g  t h e  n o n ­
t h r e s h o l d  o n e s  by t h e  u s e  o f  t h e  2 *^ c o e f f i c i e n t s  known a s
t h e  R adem acher-W alsh  s p e c t r u m ,  f u n c t i o n s  i n  t h e  same c l a s s  
b e i n g  r e l a t e d  by  t h e  u s e  o f  " s p e c t r a l  t r a n s l a t i o n " .
e)  t h e  d i v i s i o n  o f  t h e s e  c l a s s e s  i n t o  t h r e s h o l d  and non ­
t h r e s h o l d  c l a s s e s ,  t h e  fo rm e r  c o n s i s t i n g  o f  f u n c t i o n s  w hich
a r e ,  o r  upon th e  a p p l i c a t i o n  o f  s p e c t r a l  t r a n s l a t i o n  becom e, 
t h r e s h o l d  f u n c t i o n s ,  t h e  l a t t e r  f u n c t i o n s  b e i n g  u n a b le  to  be  
t r a n s l a t e d  i n t o  a  t h r e s h o l d  c l a s s .
f )  l i s t s  o f  t h e  R ad em acher-W alsh  s p e c t r a  o f  a l l  f u n c t i o n s  o f
n $ 4 g i v i n g  " o p t i m i s e d "  w e i g h t s  and t h r e s h o l d s  f o r  a  m u l t i ­
t h r e s h o l d  r e a l i s a t i o n  a r e  a v a i l a b l e .
The a im  o f  C h a p t e r  2 i s  to  e x t e n d  t h e  num ber o f  m a n i p u l a t i o n s  
t h a t  can  be  done to  t h e  w e i g h t s  and  t h r e s h o l d s  o f  a  f u n c t i o n  i n  o r d e r  
t o  o b t a i n  d i s s i m i l a r  f u n c t i o n s .  T hese  m a n i p u l a t i o n s  c an  t h e n  b e  u se d  
to  c o n v e r t  f u n c t i o n s  c o n t a i n e d  i n  t h e  t h r e s h o l d  c l a s s  i n t o  m u l t i ­
t h r e s h o l d  s o l u t i o n s ,  i . e .  c o n v e r t  f u n c t i o n s  w h ic h  a r e  r e a l i s a b l e  w i t h  
a  s i n g l e  t h r e s h o l d  g a t e  p l u s  a n y  e x c l u s i v e - o r  g a t e s  ( t o  p e r f o r m  th e  
e q u i v a l e n t  i n  t h e  B o o le a n  dom ain  a s  s p e c t r a l  t r a n s l a t i o n  i n  t h e  s p e c t r a l  
domain) i n t o  m u l t i - t h r e s h o l d  fo rm .  The r e a s o n s  f o r  w a n t in g  a  m u l t i -  
t h r e s h o l d  s o l u t i o n  a s  o p p o se d  t o  t h e  s i n g l e  t h r e s h o l d  w i t h  a d d i t i o n a l  
h a rd w a re  a r e  g i v e n ,  and  a l s o  p r o p o s e d  i s  t h e  c o n v e r s i o n  o f  a t  l e a s t  
some o f  t h e  f u n c t i o n s  c o n t a i n e d  i n  t h e  n o n - t h r e s h o l d  c l a s s e s  i n t o  a 
m u l t i - t h r e s h o l d  s o l u t i o n .
A n o th e r  a r e a  o f  d e v e lo p m e n t  i n  t h r e s h o l d  l o g i c  h a s  b e e n  i n  t h e  
d e s ig n  o f  t h e  g a t e  i t s e l f .  Many h a v e  b e e n  d e v e lo p e d  u s in g  v a r i o u s  
t e c h n o l o g i e s ,  two o f  t h e  m ost p r o m i s in g  b e i n g  t h e  D ig i t a l - S u m m a t io n -  
T h r e s h o l d - L o g ic  g a t e  ( D .S .T .L . )  and th e  I^L  g a te  [ i j *  H ow ever, r e c e n t l y
a n eed  h a s  b e e n  e x p r e s s e d  f o r  t h e  i n c o r p o r a t i o n  o f  l o g i c  in  c h a r g e -  
c o u p le d  d e v i c e s  ( C . C . D . ' s ) ,  w i t h  a v iew  to  d e v e lo p i n g  a sy s te m  c o m p r i s in g  
b o th  a d i g i t a l  memory and a l o g i c  p r o c e s s o r  on a s i n g l e  c h ip  [ 2 | .  The 
p r e v i o u s l y  m e n t io n e d  t h r e s h o l d  l o g i c  g a t e s  a r e  i n c o m p a t i b l e  w i t h  C.C.D. 
sy s te m s  s i n c e  t h e  d a t a  would  h a v e  to  be  t a k e n  o u t  o f  t h e  C.C.D. s y s te m ,
l o g i c  o p e r a t i o n s  p e r f o r m e d ,  and th e n  th e  d a t a  r e t u r n e d .
The h i t h e r t o  p r o p o s e d  a l t e r n a t i v e  l o g i c a l  a p p ro a c h e s  w h ic h  can  
be  i n c o r p o r a t e d  i n t o  C .C .D . t e c h n o lo g y  a r e  e i t h e r  a r r a y s  o f  b i n a r y  
AND/OR g a t e s  [ 2 ] o r  q u a t e r n a r y  l o g i c  g a t e s  [ 3 ] .  C h a p te r  3 s e t s  o u t
to  i n d i c a t e  t h a t  t h e  o p e r a t i o n s  u s e d  i n  t h e s e  l o g i c  g a t e s ,  su c h  a s
c h a rg e  i n p u t ,  t r a n s f e r ,  and o v e r f l o w ,  can  b e  a p p l i e d  e q u a l l y  w e l l  to  
a  C .C .D . t h r e s h o l d  l o g i c  g a t e .  H ow ever, an a d d i t i o n a l  f e a t u r e  i s  
r e q u i r e d  f o r  a  t h r e s h o l d  l o g i c  g a t e , nam ely  t h e  u s e  o f  m u l t i - l e v e l s  o f  
c h a r g e  when t h e  num ber o f  l e v e l s  i s  g r e a t e r  t h a n  f o u r ,  q u a t e r n a r y  
l o g i c  h a v i n g  a l r e a d y  i l l u s t r a t e d  t h e  u s e  o f  up to  f o u r  l e v e l s .  A 
j u s t i f i c a t i o n  o f  t h i s  i s  t h e r e f o r e  a l s o  i n c l u d e d  i n  C h a p te r  3.
A m u l t i - t h r e s h o l d  l o g i c  g a t e  s t r u c t u r e  i s  p r o p o s e d  and d e t a i l s  o f  
i t s  mode o f  o p e r a t i o n  and  t im in g  d ia g ra m s  a r e  i n c l u d e d .  I t s  d raw backs  
a r e  d i s c u s s e d ,  su c h  a s  t o l e r a n c i n g  p ro b le m s  and  v o l t a g e  r a i l  f l u c t u a t i o n s .
The g a t e  i s  th e n  com pared  n o t  o n l y  w i t h  t h e  a l t e r n a t i v e  C.C.D. l o g i c
g a t e s  b u t  a l s o  w i t h  t h e  p r e v i o u s l y  s u g g e s t e d  t h r e s h o l d  l o g i c  g a t e s .
An i n t e r e s t i n g  f e a t u r e  o f  t h e  g a t e  i s  t h a t  a  c lo c k  i s  p r e s e n t  and
t h e r e f o r e  i t  r e p r e s e n t s  a  s y n c h ro n o u s  s y s te m .  The a p p l i c a t i o n  o f  
t h r e s h o l d  l o g i c  to  s y n c h ro n o u s  s y s te m s  h a s  r e c e i v e d  some a t t e n t i o n  b u t  
i t  i s  n o t  p u r s u e d  i n  t h i s  t h e s i s .  Of n o t e ,  h o w e v e r ,  i s  t h e  f a c t  t h a t  
th e  g a t e  c a n  a l s o  be  d e s c r i b e d  as h a v in g  c lo c k e d  p a r a l l e l  i n p u t s .  An 
a l t e r n a t i v e  a p p ro a c h  w ou ld  t h e r e f o r e  be  to  u s e  c lo c k e d  s e r i a l  i n p u t s .
Such a s y s te m  w i t h  s e r i a l  i n p u t s  would have  to  be s y n c h ro n o u s  s i n c e  
th e  d a t a  w ou ld  b e  a r r i v i n g  on t h e  same i n p u t  l i n e ,  and t h e r e f o r e  e a c h  
p i e c e  o f  d a t a  w ould  h a v e  to  occupy  i t s  own t im e  s l o t .  Thus t h e  d a t a  
can  be  e n v i s a g e d  as  a  w o r d - f o r m a t t e d  n b i t  s e r i a l  s t r e a m .  To d a t e  
s u c h  s y s te m s  h av e  r e c e i v e d  l i t t l e  a t t e n t i o n ,  t h a t  w h ich  i t  h a s  r e c e i v e d  
b e in g  c o n f i n e d  to  m o d e - c o n t r o l l e d  l o g i c  [^]*  T h is  a r e a  i s  t h e r e f o r e  
exam ined  i n  more d e p th  i n  C h a p te r  4 .
The i n t e n t i o n  o f  t h e  f i r s t  p a r t  o f  C h a p te r  4 i s  to  d e f i n e  t h e  
s u b j e c t  more b r o a d l y  and to  exam ine  i t  f ro m  t h e  p o i n t  o f  v iew  o f  a  
g e n e r a l  s e q u e n t i a l  s y s te m .  I n  p a r t i c u l a r ,  t h e  f i e l d  o f  s t a t e  r e d u c t i o n  
u s in g  c o m p a t i b l e s  i s  s t u d i e d .  The c h a p t e r  s e t s  o u t  to  p ro v e  t h a t  a 
s e r i a l  i n p u t  l o g i c  s y s te m  i s  a  s p e c i a l  c l a s s  o f  s e q u e n t i a l  s y s te m  
w here  t h e  num ber o f  s t a t e s  can  be  r e d u c e d  by  m e re ly  c o n s i d e r i n g  t h e  
maximal c o m p a t i b l e s ,  a s  o p p o se d  to  t h e  u s u a l  s i t u a t i o n  w here  a g r e a t  
d e a l  o f  com plex  and  t im e  consum ing  m a n i p u la t i o n  i s  r e q u i r e d .
The c h a p t e r  g o e s  on t o  c o n s i d e r  t h e  u s e  o f  m odules  i n  t h e  d e s i g n  
o f  s e r i a l  i n p u t  s y s t e m s .  As s t a t e d  a t  t h e  b e g i n n i n g  o f  t h i s  i n t r o d u c t o r y  
c h a p t e r ,  t h e  u s e  o f  u n i v e r s a l  l o g i c  m odules i s  an  i n ç o r t a n t  a s p e c t  o f  
l o g i c  d e s i g n  i n  b o t h  c o m b i n a t i o n a l  and s e q u e n t i a l  s y s t e m s ,  t h e  d i f f e r e n c e  
b e in g  t h a t  i n  s e q u e n t i a l  l o g i c  t h e  m odules u s u a l l y  c o n t a i n  d e l a y  e le m e n t s  
w h e re as  i n  c o m b i n a t i o n a l  th e y  do n o t .  Of p a r t i c u l a r  i n t e r e s t  i s  th e  
work t h a t  h a s  b e e n  done on t h e  a p p l i c a t i o n  o f  m o d u la r  n e tw o rk s  to  t h e  
d e s ig n  o f  any s e q u e n t i a l  s y s te m ,  w here  t h e  n e tw o rk  n e e d s  a t  m ost one 
fe e d b a c k  lo o p  [ s ] .  F u r th e r m o r e ,  i t  h a s  b e e n  shown t h a t  some m a c h in e s ,  
known as  d e f i n i t e  m a c h in e s ,  do n o t  need  any f e e d b a c k  and  a r e  t h e r e f o r e  
more e a s i l y  r e a l i s a b l e  and t e s t a b l e .  The c h a p t e r  shows t h a t  s e r i a l  
i n p u t  l o g i c  s y s te m s  a r e  d e f i n i t e  m ach ines  and t h e r e f o r e  th e y  to o  do 
n o t  r e q u i r e  any f e e d b a c k .
More s p e c i a l i s e d  d e s ig n  p r o c e d u r e s  a r e  c o n s id e r e d  w here th e  need  
f o r  f low  d i a g r a m s ,  s t a t e  t a b l e s ,  s t a t e  r e d u c t i o n ,  and s t a t e  a s s ig n m e n t  
a r e  d i s p e n s e d  w i t h .  T hese  c o n s i s t  o f  r e v e r s e  r e s p o n s e  t r e e s ,  w h ich  
a r e  p a r t i c u l a r l y  e a s y  to  u s e ,  and i t  i s  shown t h a t  th e y  can be  drawn 
d i r e c t l y  f rom  e i t h e r  t h e  B o o le a n  e x p r e s s i o n  o f  t h e  r e q u i r e d  f u n c t i o n  
o r  from  i t s  t r u t h  t a b l e  v e c t o r .
The c h a p t e r  t h e n  c o n s i d e r s  some a d d i t i o n a l  f e a t u r e s  and shows 
t h a t  by  r e l a x i n g  some o f  t h e  i n i t i a l  c o n d i t i o n s  some o f  th-e more 
commonly e n c o u n te r e d  s y s te m s  su c h  as code c o n v e r t e r s  and s e r i a l  a d d e r s  
can  be  d e s i g n e d .
O v e r a l l ,  t h e  t h e s i s  c o v e r s  t o p i c s  w h ic h  i n v o lv e  many d i f f e r e n t  
a r e a s  o f  c o m b i n a t i o n a l  and  s e q u e n t i a l  l o g i c .  F i g u r e  1 .1  d e p i c t s  
s c h e m a t i c a l l y  t h e  r e l a t i o n s h i p  b e tw e e n  t h e s e  t o p i c s  and  i n d i c a t e s  t h o s e  





























R e f e r e n c e s
1. H u r s t ,  S . L . : "The L o g i c a l  P r o c e s s i n g  o f  D i g i t a l  S i g n a l s " ,
C C ra n e -R u ssak ,  Nevr Y ork , and Edward A rn o ld ,  London, 197 8 ) .
2. Zimmerman, T . A . , A l l e n ,  R .A . , J a c o b s ,  R .W .: " D i g i t a l  c h a r g e -
c o u p le d  l o g i c  ( D . C . C . L . ) " ,  IEEE J .  S o l i d  S t a t e  C i r c u i t s ,  SC -12, 
5 ,  p p . 4 7 3 -4 8 5 ,  O c t .  1977.
3. K i r k h o f f ,  H .G . , K i j s t r a ,  K. : "The a p p l i c a t i o n  o f  C .C .D .* s  i n
m u l t i p l e - v a l u e d  l o g i c " ,  P r o c .  5 t h  I n t e r n a t i o n a l  C o n fe re n c e  
on C harge  C o u p led  D e v ic e s ,  p p . 3 0 4 -3 0 9 ,  1979.
4 .  Daws, D .C . ,  J o n e s ,  E .V . : " M o d e - c o n t r o l l e d  s e r i a l  l o g i c  s y s t e m s " ,
IEEE I n t e r n a t i o n a l  Symposium on C i r c u i t s  and S y s te m s ,  ( C h ic a g o ) ,  
p p . 9 0 2 - 9 0 5 ,  2 7 t h - 2 9 t h  A p r i l  1981 .
5 .  F r ie d m a n ,  A .D . , Menon, P . R . : " T h e o ry  and  D e s ig n  o f  S w i tc h in g
C i r c u i t s " ,  ( C o n ç u te r  S c i e n c e  P r e s s - D i g i t a l  D e s ig n  S e r i e s ,




2. T h r e s h o ld  L o g ic
2 .1  S i n g l e  T h r e s h o l d  L o g ic  .
T h r e s h o ld  l o g i c  h a s  r e c e i v e d  much a t t e n t i o n  o v e r  t h e  p a s t  tw en ty  
y e a r s  [ i , 2 , 3 , A ]  b u t  h a s  e n jo y e d  v e r y  l i m i t e d  a p p l i c a t i o n .  T here  a r e  
a number o f  r e a s o n s  f o r  t h i s  w h ic h  w i l l  p r e s e n t l y  b e  d i s c u s s e d ,  b u t  
f i r s t  a d e f i n i t i o n  o f  t h r e s h o l d  l o g i c .
A t h r e s h o l d  l o g i c  g a t e  i s  a  n o n - v e r t e x  g a t e  w h ich  r e c e i v e s  b i n a r y  
i n p u t s  and  y i e l d s  a  b i n a r y  o u t p u t  and  w h ich  obeys  t h e  f o l l o w i n g  
e q u a t i o n :
n
f(.x) = 1 i f f  a . x .  % t
i = l
*= 0  o t h e r w i s e
2 . 1
w here  a^  i s  a n  i n t e g e r  w e i g h t  a s s o c i a t e d  w i t h  t h e  i n p u t  v a r i a b l e  x^ 
and t  i s  an  i n t e g e r  t h r e s h o l d  v a l u e .
F i g u r e  2 .1  shows th e  c o n v e n t i o n a l  symbol f o r  a  t h r e s h o l d  l o g i c
g a t e .
f(x)
F i g u r e  2 .1  Symbol f o r  a  t h r e s h o l d  l o g i c  g a t e
The f i r s t  l i m i t a t i o n  o f  t h r e s h o l d  l o g i c  i s  t h a t  a l t h o u g h  e q u a t i o n
2 . 1  i s  a  v e r y  s im p le  e q u a t i o n ,  i t  i s  e x t r e m e l y  d i f f i c u l t  t o  a p p ly  to  
a g e n e r a l  B o o le a n  f u n c t i o n ,  f i r s t l y  b e c a u s e  n o t  a l l  a r e  t h r e s h o l d  
f u n c t i o n s ,  s e c o n d l y  b e c a u s e  i t  i s  d i f f i c u l t  t o  d e t e r m i n e  t h o s e  t h a t  
a r e  f ro m  t h o s e  t h a t  a r e  n o t ,  and  t h i r d l y  b e c a u s e  o f  t h e  p ro b le m s  o f
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f i n d i n g  s u i t a b l e  w e i g h t s  and t h r e s h o l d s  f o r  th o s e  t h a t  a r e . To a 
l a r g e  e x t e n t  t h e s e  p ro b le m s  have  b e e n  overcom e by th e  u s e  o f  t a b l e s  
o f  Chow's p a r a m e t e r s  | s , 6 j .  E s s e n t i a l l y ,  Chow showed t h a t  i f  a f u n c t i o n  
i s  a  t h r e s h o l d  f u n c t i o n  th e n  i t  can  b e  u n i q u e l y  c h a r a c t e r i s e d  by 
n + 1 c o e f f i c i e n t s .  F o r  a g iv e n  f u n c t i o n  i f  t h e s e  c o e f f i c i e n t s  a r e  
c a l c u l a t e d ,  t h e i r  m o d u l i  t a k e n ,  and  th e n  s e t  i n  d e s c e n d in g  o r d e r ,  th e y  
can  be  com pared  to  a v a i l a b l e  l i s t s  o f  known p a r a m e t e r s  o f  t h r e s h o l d  
f u n c t i o n s ,  and  th u s  d e t e r m i n e  w h e t h e r  o r  n o t  th e  f u n c t i o n  i s  a t h r e s h o l d  
o n e .  The t a b l e s  a l s o  i n c l u d e  o p t i m i s e d  w e i g h t s  and t h r e s h o l d s  w h ich  
have  b e e n  d e r i v e d  e m p i r i c a l l y .  H ow ever, t h e s e  t a b l e s  a r e  r e s t r i c t e d  
to  up t o  e i g h t  i n p u t  v a r i a b l e s  o n ly  s i n c e  t h e  s i z e  o f  t h e  t a b l e s  become 
unm an ag eab le  f o r  a  g r e a t e r  num ber [ 7 , 8 j .  A p p e n d ix  A g i v e s  a  l i s t i n g  
o f  Chow 's p a r a m e t e r s  f o r  up to  s i x  v a r i a b l e s .
The s e c o n d  l i m i t a t i o n  o f  t h r e s h o l d  l o g i c  i s  t h e  p h y s i c a l  r e a l i s a t i o n  
o f  t h e  g a t e  i t s e l f .  Many g a t e s  h a v e  b e e n  s u g g e s t e d ,  m ore o f  w h ich  w i l l  
b e  m e n t io n e d  i n  t h e  n e x t  c h a p t e r  w h e re  one i s  p r o p o s e d  w h ic h  c o n s i s t s  
o f  a  c h a r g e - c o u p l e d  d e v i c e .  H ow ever, no n e  o f  t h e s e  h a v e  e v e r  b e e n  
a c c e p t e d  c o m m e rc ia l ly  w h ic h  i s  n o t  d u e  to  any  f a u l t  o f  t h e  g a t e s  them­
s e l v e s ,  b u t  to  i n d u s t r i e s '  l a c k  o f  e n t h u s i a s m  to  s u p p o r t  s o m e th in g  
h a v in g  s u c h  a  l i m i t e d  a p p l i c a t i o n ,  n a m e ly  t h e  r e a l i s a t i o n  o f  th e  
r e s t r i c t e d  c l a s s  o f  s im p le  t h r e s h o l d  f u n c t i o n s  o f  up t o  e i g h t  i n p u t  
v a r i a b l e s .  T h e r e f o r e  w ork  i s  s t i l l  r e q u i r e d  to  be  done  t o  e x te n d  t h e  
number o f  f u n c t i o n s  t h a t  i t  c an  r e a l i s e .  Two ways o f  d o in g  t h i s  a r e  
by th e  u s e  o f  e i t h e r  s p e c t r a l  t r a n s l a t i o n  o r  m u l t i - t h r e s h o l d  l o g i c ,  
b o th  o f  w h ic h  w i l l  b e  d i s c u s s e d  i n  d e t a i l  i n  t h e  f o l l o w i n g  s e c t i o n s .
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2 .2  S p e c t r a l  T r a n s l a t i o n
A s p e c t r u m  i s  an  a l t e r n a t i v e  d e s c r i p t i o n  o f  a  f u n c t i o n  to  t h e  more 
c o n v e n t i o n a l  t r u t h  t a b l e  w h ich  i s  u sed  to  h i g h l i g h t  p a r t i c u l a r  f e a t u r e s  
t h a t  w e re  p r e v i o u s l y  c o n c e a l e d  ^ 1 ,A ,9 | .  I t  i s  o b t a i n e d  by th e  f o l l o w i n g  
e q u a t i o n :
^ T j . p j  = rJ 2 . 2
w here  R.j i s  t h e  column m a t r i x  o f  t h e  s p e c t r a l  c o e f f i c i e n t s
f] i s  t h e  t r u t h  t a b l e  v e c t o r  o f  t h e  f u n c t i o n  r e c o d e d  i n  
<3 - , - 1^  i n s t e a d  o f  <jO,l%> 
and I T l i s  t h e  2 *^  by  2^  t r a n s f o r m  m a t r i x .[x ] .
A lth o u g h  t h e r e  a r e  many d i f f e r e n t  t r a n s f o r m  m a t r i c e s  [ l o j  one  o f  
t h e  m ost commonly u s e d  i s  t h e  R adem acher-W alsh , w h ic h  w i l l  be  t h e  o n ly  
once  c o n s i d e r e d  f ro m  h e r e  on .  As an exam ple  o f  t h i s  m a t r i x  F i g u r e  2 .2  
shows t h e  c a s e  f o r  n = 3 .
E q u i v a l e n t  to  
t h e  row e n t r i e s
© ^ 2  
* 1 ©  *3
*2 ®  *3
Xj 0  *2  ©
T r a n s f o r m  m a t r i x
S p e c t r a l  f u n c t i o n  





F i g u r e  2 .2  R adem acher-W alsh  t r a n s f o r m
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I t  c an  be  s e e n  from  F i g u r e  2 .2  t h a t  e a c h  row o f  th e  t r a n s f o r m  
m a t r i x ,  when c o n v e r t e d  b a c k  to  t h e  o r i g i n a l  c o d in g ,  i s  e q u i v a l e n t
to  an i n p u t  v a r i a b l e  o r  t h e  e x c l u s i v e - o r  c o m b in a t io n  o f  i n p u t  v a r i a b l e s ,  
w hich  i n d i c a t e s  t h e  c o n v e n t io n  o f  t h e  s u b s c r i p t  l a b e l l i n g  o f  th e  
s p e c t r a l  c o e f f i c i e n t s .
I f  a  f u n c t i o n  i s  a  t h r e s h o l d  f u n c t i o n  t h e n  t h e  f i r s t  n  + 1 
c o e f f i c i e n t s ,  nam ely  r ^ r ^ . m . r ^  a r e  e q u i v a l e n t  to  t h e  Chow'*s p a ra m e te r s  
d i s c u s s e d  e a r l i e r ,  and  t h e r e f o r e  u n i q u e l y  d e s c r i b e  t h a t  f u n c t i o n .  
How ever, f u n c t i o n s  w hich  a r e  n o t  t h r e s h o l d  r e q u i r e  up to  t h e  f u l l  2^ 
c o e f f i c i e n t s  o f  t h e  s p e c t r u m  t o  d e s c r i b e  them .
The i n v e r s e  t r a n s f o r m  i s  r e a d i l y  a v a i l a b l e  so  t h a t  f u n c t i o n s  a r e  
r e t r i e v a b l e  f ro m  t h e i r  s p e c t r a  as  f o l l o w s :
w here
2 - " . [ t ] - \ r ]  -  f ]
^ i s  o b t a i n e d  f ro m  t h e  r e l a t i o n s h i p :  
2 ” . |^ tJ  = J l J  t h e  u n i t  m a t r i x
2 . 3
2 .4
As an  exam ple  o f  a  s p e c t r u m  and  i t s  u s e s  c o n s i d e r  t h e  f o l l o w i n g  
l o g i c  f u n c t i o n :
f ( x )  = x^.Xg + X i ' %2  +
A p p ly in g  t h e  t r a n s f o r m  o f  e q u a t i o n  2 . 2 :
1 1
1 1
1 1 -  
1 - 1
1 1 -  
1 - 1
1 - 1  -











^0 ^1 ^2 ^3 ^12 ^13 ^23 ^123
- 2  2 2 2 6 -2  -2  2
I f  t h e  f i r s t  n  + 1 c o e f f i c i e n t s ,  i n  t h i s  c a s e  r ^ r ^ r ^ r ^ ,  a r e  t a k e n ,  
t h e  m odulus  o f  e a c h  f o u n d ,  and th e n  p l a c e d  i n  d e s c e n d in g  o r d e r ,  t h e y  can  b e  
c o n p a re d  w i t h  t h e  t a b l e  o f  Chow’ s b p a r a m e te r s  i n  t h e  l i s t  f o r  n  ^ 3
( s e e  A p p e n d ix  A ) .  I t  i s  fo u n d  t h a t  t h e r e  i s  no e n t r y  o f  2222 , and so
t h e  f u n c t i o n  i s  n o n - t h r e s h o l d .  However, t h e  s p e c t r u m  c o n t a i n s  t h e  
c o e f f i c i e n t  r ^ ^  = 6 , so  t h a t  i f  i n  some way t h i s  c o u ld  b e  i n c l u d e d  
i n  t h e  s e t  o f  n + 1 c o e f f i c i e n t s  t h e n  th e  o r d e r e d  s e t  o f  t h e i r  m o d u li  
w ould  be  6222 w h ic h  i s  among t h e  e n t r i e s  i n  t h e  t a b l e .  One way o f  d o in g  
t h i s  i s  b y  "m ov ing"  o r  " t r a n s l a t i n g "  th e  c o e f f i c i e n t s .  T h i s  i s  t h e r e ­
f o r e  known a s  s p e c t r a l  t r a n s l a t i o n  ^ 4 , l l , 1 2 j ,  w h ich  may b e  d i v i d e d  i n t o  
two d i s t i n c t  o p e r a t i o n s  n am e ly  o u t p u t  and i n p u t  s p e c t r a l  t r a n s l a t i o n .
2 . 2 . 1  O u tp u t  S p e c t r a l  T r a n s l a t i o n
T h is  i s  a c h i e v e d  b y  t a k i n g  t h e  e x c l u s i v e - o r  o f  t h e  f u n c t i o n  f * ( x )  
w i t h  an i n p u t  v a r i a b l e  t o  o b t a i n  a  new f u n c t i o n  f ( x )  w h ic h  i s  r e l a t e d  
by e q u a t i o n  2 . 5 .
f ( x )  = f * ( x )  ©  x^ 2 .5
The e f f e c t  o f  t h i s  o p e r a t i o n  on  th e  s p e c t r a l  c o e f f i c i e n t s  o f  f * ( x )  
i s  to  d e l e t e  i  f ro m  t h e  s u b s c r i p t s  o f  c o e f f i c i e n t s  w h ic h  a l r e a d y  h av e  
i  i n  them , an d  to  append  i  i f  t h e y  h av e  n o t .  I n  o t h e r  w o r d s ,  p a i r s  
o f  c o e f f i c i e n t  v a l u e s  a r e  e x c h an g e d  a c c o r d in g  to  t h e  f o l l o w i n g  r u l e :
2 . 6
’^ i j k
e t c  .
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C l e a r l y  t h i s  c an  be e x te n d e d  to  i n c l u d e  more th a n  one in p u t  v a r i a b l e ,  
i n  w hich  c a s e  t h e  s u b s c r i p t  i  i n  e q u a t i o n  2 . 6  i s  r e p l a c e d  by th e  combined 
s u b s c r i p t s  o f  t h e  v a r i a b l e s  i n v o l v e d .
I n  t h e  p r e v i o u s  e x a m p le ,  i f  t h e  e x c l u s i v e - o r  i s  ta k e n  o f  t h e  
f u n c t i o n  and t h e  i n p u t  v a r i a b l e  x ^ , th e n  th e  new s p e c t r u m  i s :
^0 ^1 ^2 ^3 ^12 ^13 ^23 ^123
2 - 2  6 - 2  2 2 - 2
C om paring  w i t h  t h e  l i s t  o f  Chow’ s p a r a m e t e r s ,  t h e  r e l e v a n t  e n t r y
i s  :
p a r a m e t e r  s u b s c r i p t s  0 1 2  3 
b p a r a m e t e r s  6 2  2 2 
a p a r a m e t e r s  2 1 1 1
When t h e  a p a r a m e t e r s  a r e  r e o r d e r e d  and  t h e  s i g n s  r e i n t r o d u c e d  
th e y  become :
=0  “ l  =2  =3
1 - 1 2  - 1
n
The t h r e s h o l d  i s  fo u n d  u s i n g  t h e  f o l l o w i n g  e q u a t i o n :
1 2 .7
F i g u r e  2 .3  shows t h e  f i n a l  r e a l i s a t i o n  o f  t h e  f u n c t i o n .
^  f(x )
F i g u r e  2 .3  R e a l i s a t i o n  o f  t h e  f u n c t i o n  f ( x )  = x ^ .x ^  + x ^ .x ^  + x ^ .x ^  
u s i n g  o u t p u t  s p e c t r a l  t r a n s l a t i o n .
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2 . 2 . 2  I n p u t  S p e c t r a l  T r a n s l a t i o n
T h i s  c o n v e r t s  a  f u n c t i o n  f ' (x )  i n t o  a new f u n c t i o n  f ( x )  by 
r e p l a c i n g  one o f  i t s  i n p u t  v a r i a b l e s  with,  t h e  e x c l u s i v e - o r  o f  t h e  same 
i n p u t  v a r i a b l e  and one o t h e r  a s  i n  e q u a t i o n  2 . 8 .
f ( ^X_ , X g ,  . . . .  ,x« , X « , .  . . .  , X  )  f  ^ X . , X — X.  x . , x . , . . . . , x  )
i  /  i j  n  i  z  1 J J  II
2.8
The e f f e c t  on t h e  s p e c t r a l  c o e f f i c i e n t s  o f  f'Cx) i s  t h a t  i f  a  
c o e f f i c i e n t  c o n t a i n s  i  i n  i t s  s u b s c r i p t  t h e n  d e l e t e  j  i f  i t  i s  a l r e a d y  
p r e s e n t  and  append  j  i f  i t  i s  n o t .  I n  o t h e r  v o r d s ,  p a i r s  o f  c o e f f i c i e n t  
v a l u e s  a r e  e x c h a n g e d  i n  a c c o r d a n c e  to  t h e  f o l l o w i n g  r u l e s ;
2 . 9' i j
' i j k
e t c .
T h i s  can b e  e x t e n d e d  t o  t h e  s i t u a t i o n  w h e r e  an i n p u t  v a r i a b l e  i s  r e p l a c e d  
by t h e  e x c l u s i v e - o r  o f  i t s e l f  and more t h a n  one o t h e r  i n p u t  v a r i a b l e ,  
i n  w h ic h  c a s e  j  i n  e q u a t i o n  2 .9  i s  r e p l a c e d  by t h e  combined  s u b s c r i p t s  
o f  t h e  o t h e r  v a r i a b l e s  i n v o l v e d .
A g a in  c o n s i d e r  t h e  p r e v i o u s  e x a m p l e ,  o n l y  t h i s  t im e  r e p l a c e  x^ by 
x^ 0  Xg. The new s p e c t r u m  i s :
^0 ^1 ^2 ^3 ^12 ^ l3  ^23 ^123
- 2  6 2 2 2 2 - 2  - 2
The same Chow’ s  b and a  p a r a m e t e r s  a r e  fo u n d  a s  i n  t h e  c a s e  o f  
o u t p u t  s p e c t r a l  t r a n s l a t i o n ,  b u t  when r e o r d e r e d  and t h e  s i g n s  r e p l a c e d  
t h e  s e t  o f  w e i g h t s  i s  fo u n d  to  b e :
^0 ^1 ^2 ^3
- 1  2
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and a t h r e s h o l d  u s i n g  e q u a t i o n  2 . 7  o f :  
t  = 2
F i g u r e  2 . A shows t h e  f i n a l  r e a l i s a t i o n  o f  t h e  f u n c t i o n .
* -  f(x)
F i g u r e  2 . 4  R e a l i s a t i o n  o f  t h e  f u n c t i o n  fCx) = x^.Xg + x^.Xg + ^£**3 
u s i n g  i n p u t  s p e c t r a l  t r a n s l a t i o n .
2 . 2 . 3  Radem acher -W alsh  S p e c t r a l  C l a s s i f i c a t i o n
A scheme f o r  t h e  c l a s s i f i c a t i o n  o f  f u n c t i o n s  h a s  b e e n  p r o p o s e d  
where  f u n c t i o n s  a r e  c l a s s e d  t o g e t h e r  i f  t h e y  a r e  r e l a t e d  by  t h e  
f o l l o w i n g  [4 , 1 1 , 12] :
a)  n e g a t i o n  o r  i n v e r s i o n  o f  one  o r  more i n p u t  v a r i a b l e s
b )  p e r m u t a t i o n  o f  o n e  o r  more i n p u t  v a r i a b l e s
c) n e g a t i o n  o r  i n v e r s i o n  o f  t h e  e n t i r e  f u n c t i o n
d) o u t p u t  s p e c t r a l  t r a n s l a t i o n  u s i n g  one  o f  more i n p u t  
v a r i a b l e s
e )  i n p u t  s p e c t r a l  t r a n s l a t i o n  i n v o l v i n g  one  o r  more 
i n p u t  v a r i a b l e s
L i s t s  can  t h e n  b e  c o m p i l e d  w h e r e  t h e  e n t r i e s  a r e  r e p r e s e n t a t i v e  o r  
p r o t o t y p e  f u n c t i o n s  f rom  e a c h  g r o u p .  The f i r s t  t h r e e  r e l a t i o n s h i p s  h a v e  
b e e n  u s e d  f o r  a c l a s s i f i c a t i o n  s y s t e m  known a s  N .P .N .  [4]  ( s t a n d i n g  
f o r  n e g a t i o n ,  p e r m u t a t i o n ,  n e g a t i o n )  w h i c h ,  f o r  e x a m p l e ,  r e q u i r e s  221 
e n t r i e s  f o r  a l l  f u n c t i o n s  o f  n 2 4 .  U s i n g  a l l  f i v e  r e l a t i o n s  h a s  y i e l d e d
18
t he  Rademacher-W alsh  s p e c t r a l  c l a s s i f i c a t i o n  which h a s ,  f o r  e x a m p le ,  
o n l y  e i g h t  e n t r i e s  f o r  n 3 4 as  shown i n  Appendix  B. However ,  i t  i s  
o n l y  c o n v e n i e n t  t o  u s e  t h i s  s y s t e m  f o r  up to  f i v e  i n p u t  v a r i a b l e s ,  
whe re  48 e n t r i e s  a r e  r e q u i r e d  [ l 3  j s i n c e  f o r  n  > 5 t h e  l i s t s  a r e  to o  
l a r g e ,  f o r  e x a m p l e ,  f o r  n ^ 6 t h e r e  would  ha v e  to  be i n  e x c e s s  o f  
6 9 ,0 0 0  e n t r i e s .
The i n t e r e s t i n g  f e a t u r e  o f  t h i s  c l a s s i f i c a t i o n  i s  t h a t ,  o f  t h e  
e i g h t  e n t r i e s  f o r  n ^ 4 ,  s e v e n  a r e  t h r e s h o l d  f u n c t i o n s .  T h i s  means t h a t  
a  l a r g e  p r o p o r t i o n  o f  n o n - t h r e s h o l d  f u n c t i o n s  o f  f o u r  v a r i a b l e s  c a n  be  
t r a n s l a t e d  i n t o  t h r e s h o l d  f u n c t i o n s ,  y i e l d i n g  a  d e s i g n  s t r a t e g y ,  t h e  
t o p o lo g y  o f  w h ic h  i s  shown i n  F i g u r e  2 . 5 .
T h i s  method  ca n  b e  im proved  i f  t h e  r e m a i n i n g  n o n - t h r e s h o l d  e n t r i e s  
i n  t h e  c l a s s i f i c a t i o n  r e p r e s e n t a t i v e  f u n c t i o n s  a r e  found  w h i c h  a r e  
r e a l i s e d  u s i n g  m u l t i - t h r e s h o l d  g a t e s .  I n  t h e  c a s e  o f  n  $ 4 ,  as  s t a t e d  
e a r l i e r ,  t h e r e  i s  o n l y  one  s u c h  r e m a i n i n g  e n t r y  f o r  w h i c h  t h e  f o l l o w i n g  
c o u l d  b e  a  r e p r e s e n t a t i v e  f u n c t i o n :
f ( x )  = x ^ .X 2 ©  Xj^.X^ ©  Xj^.x^ 0  x ^ . x ^  0  x ^ . x ^  0  Xg.X^
w h i c h  h a s  a  s p e c t r u m  o f :
^0 ^1 ^2 ^3 ^4 ^12 ^13 ^14 ^23 ^24 ^34 ^123 ^124 ^134 ^234 ^1234
—4 4 4 4 4 4  4 4 4 4 4 —4 —4 —4 —4 —4
F i g u r e  2 . 6  shows t h e  m u l t i - t h r e s h o l d  e q u i v a l e n t  o f  t h i s  f u n c t i o n ,  
i n d i c a t i n g  why i t  i s  a  good c h o i c e  as  a r e p r e s e n t a t i v e  s i n c e  i t  h a s  
u n i t  w e i g h t s  and o n l y  two t h r e s h o l d s .  I f  t h i s  f u n c t i o n  i s  c h o s e n ,  t h e n  
f o r  n  3  4 i t  i s  p o s s i b l e  t o  r e a l i s e  any f u n c t i o n  u s i n g  t h e  t o p o l o g y  o f  
F i g u r e  2 . 5  w i t h  a  k e r n a l  f u n c t i o n  c o n s i s t i n g  o f  a  t h r e s h o l d  l o g i c  g a t e  
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F i g u r e  2 . 5  D e s i g n  t o p o l o g y  u s i n g  Rademacher-W alsh  s p e c t r a l  
c l a s s i f i c a t i o n
f(x)
F i g u r e  2 . 6  M u l t i - t h r e s h o l d  r e p r e s e n t a t i v e  f u n c t i o n  f o r  t h e  
s i n g l e  n o n - t h r e s h o l d  c l a s s  f o r  n  ^ 4
20
For  n ^ 5 t h e r e  a r e  27 n o n - t h r e s h o l d  e n t r i e s ,  and i t  i s  p r o p o se d  
t h a t  m u l t i - t h r e s h o l d  r e p r e s e n t a t i v e  f u n c t i o n s  may be  chosen  f o r  t h e s e  
a l s o .  How ever ,  t h i s  i s  l e f t  f o r  f u t u r e  r e s e a r c h .  For  n  > 5 ,  t h e  
l i s t i n g  o f  r e p r e s e n t a t i v e  f u n c t i o n s  i s  i m p r a c t i c a l ,  and so  o n l y  f u n c t i o n s  
b e l o n g i n g  t o  g r o u p s  w h ich  h a v e  s i n g l e  t h r e s h o l d  r e p r e s e n t a t i v e  f u n c t i o n s  
can be r e a l i s e d  u s i n g  t h i s  m e th o d .
2 . 3  M u l t i - t h r e s h o l d  L o g i c
A m u l t i - t h r e s h o l d  g a t e  Q . 4 , 1 5 j  h a s  more t h a n  one o u t p u t  each  o f  
wh ich  h a s  a  t h r e s h o l d  a s s o c i a t e d  w i t h  i t  and  a c t s  i n  e x a c t l y  t h e  same 
way as  a  s i n g l e  t h r e s h o l d  g a t e .  These  o u t p u t s  a r e  t h e n  p r o c e s s e d  by 
an e x c l u s i v e - o r  g a t e  t o  g i v e  t h e  f i n a l  o u t p u t  f ( x )  a s  i n  e q u a t i o n  2 . 1 0 .
n
f ( x )  = 1 i f f  t _ .  > % a . x .  ^ t ^ . _ ,  2 . 1 0
= 0 o t h e r w i s e
w here  j  = 1 , 2 , 3 , e t c .
F i g u r e  2 . 7 ( a )  shows t h e  c o n v e n t i o n a l  symbol  f o r  a  m u l t i - t h r e s h o l d  
l o g i c  g a t e  and  2 . 7 ( b )  shows a  g r a p h i c a l  r e p r e s e n t a t i o n  o f  i t s  o u t p u t .
One o f  t h e  m o s t  i m p o r t a n t  a s p e c t s  o f  a  m u l t i - t h r e s h o l d  l o g i c  g a t e  
i s  t h a t  i t  i s  u n i v e r s a l ,  i . e .  any f u n c t i o n  c a n  be  r e a l i s e d  w i t h  one .
xi"“i
T h i s  i s  e a s i l y  shown by  c o n s i d e r i n g  a  f u n c t i o n  to  ha v e  w e i g h t s  a^ = 2 ,
n
s o  t h a t  t h e  sum T a . x .  i s  d i f f e r e n t  f o r  e v e r y  m in t e r m  p o s i t i o n .
i = l  1 ^ n
T h r e s h o l d s  can  t h e n  b e  a s s i g n e d  w i t h  t h e  v a l u e s  o f  a . x .  w he re  t h e
i = i  ^
f u n c t i o n  o u t p u t  c h a n g e s  f rom  0 t o  1 o r  1 t o  0 .  C o n s i d e r  t h e  exan%)le 
g i v e n  i n  t h e  p r e v i o u s  s e c t i o n :







F i g u r e  2 .7  ( a )  Symbol f o r  a  m u l t i - t h r e s h o l d  l o g i c  g a t e  
(b )  M u l t i - t h r e s h o l d  l o g i c  g a t e  o u t p u t
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F i g u r e  2 . 8  shows t h e  t r u t h  t a b l e  o f  t h i s  f u n c t i o n  and t h e  m u l t i ­
t h r e s h o l d  s o l u t i o n .  The f u n c t i o n  cha nges  from 0 to  1 and 1 t o  0 a t  
n
p o i n t s  w here  a . x .  = 2 , 6 , 7 ,  and so t h e s e  v a l u e s  a r e  t h e  t h r e s h o l d  
i = l  ^
v a l u e s .
£ 2  £ l  2® t ,  =2 t«=6 t_=7
■^ 1 2^ ^ 3 j .  ■ i’-i
f ( x ) f  j^(x) f£Cx) fgCx)
0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 1 0 2 1 1 0 0
0 1 1 3 1 1 0 0
1 0 0 4 1 1 0 0
1 0 1 5 1 1 0 0
1 I 0 6 0 1 1 0
1 1 1 7 1 1 1 1
F i g u r e  2 . 8  T r u t h  t a b l e  o f  f u n c t i o n  f ( x )  = x^ .Xg + x^.Xg + x ^ . x ^  
and  a  m u l t i - t h r e s h o l d  s o l u t i o n .
Thus t h e  f u n c t i o n  i s  r e a l i s e d  w i t h  a  t h r e e  t h r e s h o l d  g a t e .
A l th o u g h  t h i s  w e i g h t i n g  p r o c e d u r e  c o u l d  b e  a p p l i e d  t o  e v e r y  f u n c t i o n ,  
t h e  v a l u e s  o f  w e i g h t s  a r e  g e n e r a l l y  much l a r g e r  t h a n  i s  n e c e s s a r y ;  f o r  
e x a m p le ,  t h e  above  f u n c t i o n  c o u l d  b e  r e a l i s e d  w i t h  a  w e i g h t  s e t  o f  2 ,  2 
and 1 i n s t e a d  o f  4 ,  2 and  1 .
A n o t h e r  p o i n t  a b o u t  m u l t i - t h r e s h o l d  l o g i c  i s  t h a t  a l t h o u g h  i t  i s  
c o n v e n t i o n a l  to  i n c l u d e  an  e x c l u s i v e - o r  g a t e  a t  t h e  o u t p u t s  a s  i n  
F ig u re  2 . 7 ,  a  s i m p l e r  g a t e  c o u l d  i n  f a c t  be  u s e d .  C o n s i d e r  t h e  
f o l l o w i n g :
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S i n c e  t ,  < < t_  < . . .  < t1 2  3 m
t h e n  f , (x)  3 f«Cx) 3 f - ( x )  )  . . .  ^ f  (x) i  z J  m
2.11
2.12
T h i s  means t h a t  i t  i s  i m p o s s i b l e  f o r  to  be  a  1 when f^Cx)
i s  a  0 ,  s o  t h a t  a  " d o n ' t  c a r e "  t e r m  a p p e a r s  i n  t h e  t r u t h  t a b l e  o f  
F i g u r e  2 . 9 .





c a n n o t  o c c u r
F i g u r e  2 .9  T r u t h  t a b l e  o f  fC.x) showing d o n ' t  c a r e  t e r m
A s s i g n i n g  a  v a l u e  o f  0 o r  1 t o  t h e  d o n ' t  c a r e  t e r m  g i v e s  t h e  two 
a l t e r n a t i v e s  :
a)  f ( x )  = f ^ ( x ) . f ^ ^ ^ C x ) when t h e  d o n ' t  c a r e  = 0
2 .1 3
b)  fCx) = f ^ C x ) . f ^ + ^ C x )  + f ^ C x ) . f ^ ^ ^ ( x )  when t h e  d o n ' t  c a r e  = 1 
= f^Cx) ©  f \+^Cx)
The f u n c t i o n  (a )  , known a s  t h e  " h a l f - e x c l u s i v e - o r "  , can  b e  u s e d  
i n  p l a c e  o f  t h e  c o n v e n t i o n a l  e x c l u s i v e - o r  g a t e  r e s u l t i n g  i n  l e s s  g a t e  
c o m p l e x i t y .
F i n a l l y ,  a  s i n g l e  t h r e s h o l d  g a t e  h a s  to  p e r f o r m  t h r e e  d i s t i n c t  
o p e r a t i o n s  :
i )  t a k i n g  t h e  p r o d u c t  o f  ea ch  i n p u t  v a r i a b l e  w i t h  i t s  
a s s o c i a t e d  w e i g h t ,
i i )  summing a l l  o f  t h e s e  p r o d u c t s .
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i i i )  co m p a r in g  t h e  sum w i t h  t h e  t h r e s h o l d  to  g i v e  a 
0  o r  a 1 o u t p u t .
I f  t h e  f i r s t  two o p e r a t i o n s  a r e  t o  be  e x e c u t e d  i t  seems w a s t e f u l  
n o t  t o  e x t r a c t  t h e  m os t  power  o r  u s e f u l n e s s  f rom t h e  g a t e  by h a v i n g  one 
t h r e s h o l d .  I n d e e d ,  i n  some g a t e s  su c h  a s  t h e  D i g i t a l - S u m m a t i o n - T h r e s h o l d -  
L o g i c  g a t e  [4 , 1 2 , 13]  more t h a n  one t h r e s h o l d  a r e  i n c l u d e d  i n  t h e  
s t r u c t u r e ,  and  so  i t  wou ld  seem s e n s i b l e  t o  i n c o r p o r a t e  them i n t o  t h e  
f i n a l  d e s i g n .
These  t h r e e  r e a s o n s ,  n a m e ly  t h e  m u l t i - t h r e s h o l d  l o g i c  g a t e s  
u n i v e r s a l i t y ,  t h e  f a c t  t h a t  t h e  h a l f - e x c l u s i v e - o r  g a t e s  can  b e  u s e d  
i n s t e a d  o f  t h e  c o n v e n t i o n a l  e x c l u s i v e - o r  g a t e s ,  and t h a t  t h e  e x t e n s i o n  
f rom  a s i n g l e  t h r e s h o l d  t o  m u l t i - t h r e s h o l d s  i n  a  g a t e  i s  u s u a l l y  a v a i l a b l e  
h a s  l e d  t o  t h e  c o n c l u s i o n  t h a t  t h i s  i s  t h e  d e s i r a b l e  s o l u t i o n  t o  t h e  
p r o b le m  o f  t h e  r e a l i s a t i o n  o f  n o n - t h r e s h o l d  f u n c t i o n s .  However ,  t h e  
d i f f i c u l t y  o f  t h i s  s o l u t i o n  i s  t h e  d e t e r m i n a t i o n  o f  t h e  v a l u e s  o f  t h e  
w e i g h t s  and  t h r e s h o l d s .  T a b l e s  h a v e  b e e n  c o m p i l e d  ^ 1 6 , 1 7 ] which  l i s t  
s o l u t i o n s  f o r  n  $ 4 ,  b u t  b e y o n d  t h i s  i t  i s  i m p r a c t i c a l  t o  c o m p i le  t a b l e s  
b e c a u s e  t h e y  wou ld  b e  e n o rm o u s .
The p r e v i o u s  s e c t i o n  showed t h a t  s p e c t r a l  t r a n s l a t i o n  can  be  u s e d  
t o  f i n d  t h r e s h o l d  s o l u t i o n s  f o r  a t  l e a s t  some n o n - t h r e s h o l d  f u n c t i o n s  o f  
up to  e i g h t  v a r i a b l e s ,  i n c l u d i n g  a l l  f u n c t i o n s  o f  n  $ 4 .  A method i s  
p r o p o s e d ,  t h e r e f o r e ,  t o  c o n v e r t  f rom  t h e  s p e c t r a l  t r a n s l a t i o n  s o l u t i o n  
t o  a  m u l t i - t h r e s h o l d  o n e .
2 .4  C o n v e r s i o n  f rom  S p e c t r a l  T r a n s l a t i o n  S o l u t i o n  t o  M u l t i -  
t h r e s h o l d  S o l u t i o n  —  _
As s t a t e d  e a r l i e r ,  s p e c t r a l  t r a n s l a t i o n  c o v e r s  two d i s t i n c t  o p e r a t i o n s ,  
o u t p u t  and i n p u t ,  e a ch  o f  wh ich  r e q u i r e s  a  d i f f e r e n t  method o f  c o n v e r s i o n  
to  m u l t i - t h r e s h o l d .
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2 . 4 . 1  O u t p u t  S p e c t r a l  T r a n s l a t i o n  C o n v e r s io n
2 . 4 . 1 . 1  S i n g l e  I n p u t  V a r i a b l e
C o n s i d e r  t h e  s i t u a t i o n  shown i n  F i g u r e  2 . 1 0  where  a  f o u r  i n p u t  
v a r i a b l e  t h r e s h o l d  f u n c t i o n  f ' (x )  i s  e x c l u s i v e l y - o r e d  w i t h  t h e  i n p u t  
v a r i a b l e  x^ t o  g i v e  f ( x )  a s  i n  e q u a t i o n  2 . 1 4 .
f ( x )  = f * ( x )  0  X, 2 .1 4
Since  f'C x) i s  a th resh o ld  fu n c t io n  i t  can be represented  by a 
w e ig h t - th r e s h o ld  v e c to r  as in  equation  2 . 1 5 .
^1 ^2 ^3 *4* 2 .1 5
A m u l t i - t h r e s h o l d  e q u i v a l e n t  o f  f ( x )  i s  shown i n  F i g u r e  2 . 1 1 ,  so 
t h a t  f ( x )  can  be  r e p r e s e n t e d  b y  a  w e i g h t - t h r e s h o l d  v e c t o r  as  i n  
e q u a t i o n  2 . 1 6  o r  as  an  e x p r e s s i o n  o f  t h e  f u n c t i o n s  f^Cx) t o  f^Cx) i n  
e q u a t i o n  2 . 1 7 .
2 .1 6
2 .1 7fCx) = f^ (x )  0  fgCx) 0  . . . .  0  fjjj(x)
The r e q u i r e m e n t  i s  t h e r e f o r e  t o  f i n d  f u n c t i o n s  f ^ ( x ) , f 2 C x ) , e t c  
w h i c h  s a t i s f y  t h e s e  two e q u a t i o n s .  S t a r t i n g  w i t h  e q u a t i o n  2 . 1 4 ,  i f  
f'Cx) i s  decomposed  a b o u t  t h e  v a r i a b l e  t h e n :
f ( x )  = Cxj^gj^(x) 0  x^g 2 ( x ) )  0  x^ 2 . 1 8




T a b l e  2 . 1  D e c o m p o s i t io n  o f  
t h e  c o n s t i t u e n t  
f u n c t i o n s  o f  f ( x )  




F i g u r e  2 . 1 0  O u t p u t  s p e c t r a l  t r a n s l a t i o n  w h e re  






F i g u r e  2 .1 1  M u l t i - t h r e s h o l d  e q u i v a l e n t  o f  f ( x )
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C l e a r l y ,  f ' (x )  and x^ c a n n o t  be  a m u l t i - t h r e s h o l d  s o l u t i o n  b e c a u s e  
t h e y  do n o t  obey  e q u a t i o n  2 . 1 2 .  I f ,  h o w e ve r ,  t h e  t e rm s  i n  T a b l e  2 . 1  
c o r r e s p o n d i n g  to  x^ = 1 ,  namely  g ^ ( x) and 1 ,  a r e  e xc hange d  then  th e  




T a b l e 2 . 2  R e o r d e r e d  f u n c t i o n s
g i v e s f ^ ( x )  and fgCx) as d e f i n e d  i n  e q u a t i o n  2 . 1 9 .
f j^(x) = f *(x)  + *1 2
fgCx) = f * C x) . X1
S i n c e f^Cx) ^ f .^(x)  now. e q u a t i o n  2 .1 2  i s  s a t i s f i e d .
.19
s o l u t i o n  h a s  b e e n  fo u n d  i f  i t  can  b e  shown t h a t  f ^ ( x )  and  fgCx) a r e  
t h r e s h o l d  f u n c t i o n s  r e a l i s a b l e  w i t h  t h e  same s e t  o f  w e i g h t s  b u t  d i f f e r e n t  
t h r e s h o l d s .
I t  c an  b e  shown t h a t  i f  a  t h r e s h o l d  f u n c t i o n  i s  decomposed a b o u t  
a  v a r i a b l e  t h e n  t h e  two s u b - f u n c t i o n s  formed a r e  a l s o  t h r e s h o l d .  T a b l e  2 . 3  
shows f ' ( x )  decomposed a b o u t  x ^ .
f'C x)
^2 ^3 ^4 '
^2 ^3 ^4 ’ "^1
T a b l e  2 . 3  D e c o m p o s i t i o n  o f  f ' ( x )  a b o u t  x^ show ing  
w e i g h t - t h r e s h o l d  v e c t o r s
28
Now i f  a new f u n c t i o n  i s  c o n s i d e r e d  w h ic h  h a s  t h e  same w e i g h t -  
t h r e s h o l d  v e c t o r  a s  f ' ( x )  b u t  wh ich  h a s  a c o n s t a n t  c added to  a |  and 
a  s eco n d  t h r e s h o l d  i n c l u d e d  h a v i n g  a  v a l u e  o f  t h e  o r i g i n a l  t h r e s h o l d  
t ' p l u s  c ,  t h e n  i t s  w e i g h t - t h r e s h o l d  v e c t o r  i s  as  i n  e q u a t i o n  2 . 2 0  
and i t s  d e c o m p o s i t i o n  a b o u t  x^ shown i n  T a b l e  2 . 4 .
*1 + c  *2 *3 *4 : c ' ,  C' + c 2.20
f  j^Cx) f 2 ( x )
&2 a^ ; t ' - a ^ - c  , t » -
T a b l e  2 . 4  D e c o m p o s i t i o n  o f  t h e  new f u n c t i o n  a b o u t  x^
I f  t h e  v a l u e  o f  c  i s  c h o s e n  s u c h  t h a t  i t  i s  l a r g e  enough t o  e n s u r e
4
t h a t  t h e  t h r e s h o l d  t* + c i s  n e v e r  r e a c h e d  by t h e  sum V a . x . ,  and t h a t
4 i=2  ^ ^
t h e  t h r e s h o l d  t* ~ a* ”  c i s  a lw a ys  r e a c h e d  b y  J a . x . ,  t h e n  T a b l e  2 . 4
i = 2  ^  ^
i s  e q u i v a l e n t  t o  T a b l e  2 . 2 .  T h e r e f o r e  t h e  f u n c t i o n  r e p r e s e n t e d  by  
e q u a t i o n  2 . 2 0  i s  a  s o l u t i o n .
The v a l u e  o f  t h e  c o n s t a n t  c can  be  f o u n d  by t h e  c o n d i t i o n s  s t a t e d  
a b o v e ,  n a m e l y :
I V i < t '  + c
2.21
and ^ a . x .  % t ' - a '  -  
i=2  ^ ^
I f  a l l  t h e  w e i g h t s  a r e  c o n s i d e r e d  p o s i t i v e ,  w h i c h  does  n o t  a f f e c t
t h e  g e n e r a l i t y  o f  t h e  s i t u a t i o n ,  t h e n  t h e  maximum and minimum v a l u e s  o f  
4
y a . x .  o c c u r  when a l l  t h e  x . ' s  a r e  1 and 0 r e s p e c t i v e l y ,  t h u s :  
i=2   ^  ^ ^
29
4
y a .  < t '  + c
. o 1
2.22
» -  a» -
R e a r r a n g i n g  and making t h e  number o f  i n p u t  v a r i a b l e s  n  f o r  t h e  
g e n e r a l  c a s e :  
n
c )  I  a ,  -  t* + 1 
i=2  1
2 .2 3
c ^ t* -  a*
N o te  t h a t  e v e n  i n  t h e  g e n e r a l  c a s e ,  t h e  r e l e v a n t  v a r i a b l e  i s  x ^ .  
T h i s  means t h a t  g i v e n  any one v a r i a b l e  s p e c t r a l  t r a n s l a t i o n  i n v o l v i n g  
x ^ ,  t h e  i n p u t s  m u s t  b e  p e r m u t a t e d  s o  t h a t  x^ = x ^ .  The r e a s o n  f o r  t h i s  
becomes c l e a r e r  l a t e r  on w here  more com plex  g e n e r a l  e q u a t i o n s  w i l l  b e  
e n c o u n t e r e d .
R e f e r r i n g  b a c k  t o  t h e  ex a iq ) l e  i n  s e c t i o n  2 . 2 . 1 ,  F i g u r e  2 . 3 ,  a  
c o n v e r s i o n  c a n  now b e  made,  b u t  f i r s t  t h e  w e i g h t s  h a v e  t o  be  made 
p o s i t i v e .  T h i s  i s  done  by  p l a c i n g  an  i n v e r t e r  on a n y  i n p u t  v a r i a b l e  
t h a t  h a s  a  n e g a t i v e  w e i g h t  a s s o c i a t e d  w i t h  i t ;  t h e  w e i g h t  c a n  th e n  be  
made p o s i t i v e  and s i n c e  t h e  t h r e s h o l d  i s  r e l a t e d  t o  t h e  w e i g h t s  by 
e q u a t i o n  2 . 7 ,  i t  m us t  a l s o  be  a l t e r e d  t o  a  new v a l u e  e q u i v a l e n t  t o  i t s  
o r i g i n a l  v a l u e  minus  t h e  w e i g h t  v a l u e s  o f  t h e  i n p u t s  b e i n g  i n v e r t e d .  
S i n c e  t h e s e  w e i g h t s  w ere  o r i g i n a l l y  n e g a t i v e ,  t h e  t h r e s h o l d  v a l u e  
i n c r e a s e s ,  a s  i s  shown i n  F i g u r e  2 . 1 2 .
N o t e  t h a t  an i n v e r t e r  h a s  b e e n  p l a c e d  on  t h e  o u t p u t  o f  t h e  
e x c l u s i v e - o r  g a t e .  T h i s  i s  b e c a u s e  when t h e  w e i g h t  a |  i s  made p o s i t i v e  
by p l a c i n g  an  i n v e r t e r  on x ^ , due t o  t h e  f a c t  t h a t  x^ i s  f e d  fo rw a r d  
t o  t h e  e x c l u s i v e - o r  g a t e ,  t h e  f u n c t i o n  i s  u n n e c e s s a r i l y  i n v e r t e d ,  and 
he nc e  t h e  r e - i n v e r s i o n .
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X , - { > o
— <(x.)
F i g u r e  2 . 1 2  Example o f  o u t p u t  s p e c t r a l  t r a n s l a t i o n  t o
o b t a i n  t h e  f u n c t i o n  f ( x )  = ^ 1 * ^ 2  ^  ^1*^2 * * 2 * 3
f(x)
F i g u r e  2 . 1 3  M u l t i - t h r e s h o l d  s o l u t i o n  o f
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E q u a t i o n  2 . 2 3  can  now be  used  t o  f i n d  t h e  v a l u e  o f  c .
c ^ A - 3  + l  = 2 
c ^ 3 -  1 = 2 
. c = 2
E q u a t i o n  2 . 2 0  g i v e s  t h e  w e i g h t - t h r e s h o l d  v e c t o r  a s :
=1 =3 ‘ 2
3 2 1 ; 3 , 5
Thus t h e  f i n a l  r e a l i s a t i o n  i s  shown i n  F i g u r e  2 . 1 3 .
2 . 4 . 1 . 2  More t h a n  One I n p u t  V a r i a b l e
The t e c h n i q u e  d e s c r i b e d  i n  t h e  p r e v i o u s  s e c t i o n  o f  t a k i n g  t h e  
w e i g h t - t h r e s h o l d  v e c t o r  o f  t h e  f u n c t i o n  f * (x)  and  i n c r e a s i n g  t h e  r e l e v a n t  
w e i g h t  b y  t h e  c o n s t a n t  c and a d d i n g  a  t h r e s h o l d  can  a l s o  b e  a p p l i e d  i f  
more t h a n  one  v a r i a b l e  i s  i n v o l v e d .  C o n s i d e r  t h e  s i t u a t i o n  where  two 
i n p u t  v a r i a b l e s  a r e  e x c l u s i v e l y - o r e d  w i t h  t h e  f u n c t i o n  as  i n  e q u a t i o n  2 .2 4
fCx) = f ' ( x )  ©  Xj^ ©  X, 2 . 2 4
I f  t h e  c o n s t i t u e n t s  o f  f ( x )  a r e  now decomposed  a b o u t  t h e  v a r i a b l e s  
x^ and  x^ as  i n  T a b l e  2 . 5 ,  i t  i s  i m m e d i a t e l y  c l e a r  t h a t  a s  b e f o r e  t h e s e  
t h r e e  f u n c t i o n s  do n o t  obey  e q u a t i o n  2 . 1 2 .
*1*2 f'C x) *1 *2
0 0 gjCx) 0 0
0 1 8 2  Cx) 0 1
1 0 8 3  (x) 1 0
1 1 84  Cx) 1 1
T a b l e  2 . 5  D e c o m p o s i t i o n  o f  t h e  c o n s t i t u e n t s  o f  f ( x )  a b o u t
x^ and x^
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I f ,  as  b e f o r e ,  t h e  t e rm s  a r e  r e o r g a n i s e d  so  t h a t  t h e y  do obey  
e q u a t i o n  2 . 1 2  t h e n  t h e  r e s u l t  i s  shown i n  T a b le  2 . 6 ,  and t h e  f u n c t i o n s  
f ^ ( x ) ,  fgCx) and f g ( x )  a r e  as i n  e q u a t i o n  2 . 2 5 .
=1=2 f^Cx) f 2 ( x ) f g ( x )
0 0 g^Cx) 0 0
0 1 1 ggCx) 0
1 0 1 ggCx) 0
1 1 1 1 g ^ (x )
T a b l e  2 . 6  R e o r g a n i s e d  d e c o m p o s i t i o n  o f  t h e  c o n s t i t u e n t s  
o f  f ( x )
f ^ ( x )  = f * ( x )  + x^ + Xg
2 . 2 5f^Cx) =  f * C x ) . x ^  +  f ' C x j . X g  +  X ^ . X g
f^Cx) = f ' ( x ) . x ^ . X 2
The r e q u i r e m e n t  i s ,  t h e r e f o r e ,  to  show t h a t  f ^ ( x ) ,  fgCx) and f g ( x )  
a r e  t h r e s h o l d  f u n c t i o n s  w h i c h  can  b e  r e a l i s e d  w i t h  t h e  same s e t  o f  
w e i g h t s  b u t  d i f f e r e n t  t h r e s h o l d s .
C o n s i d e r  t h e  w e i g h t - t h r e s h o l d  v e c t o r  o f  e q u a t i o n  2 . 2 6 ,  
aj^ + c a^  + c  a ^  a^  ; t ' ,  t '  + c ,  t* + 2c  2 . 2 6
Decomposed a b o u t  x^ and x^ g i v e s  t h e  s i t u a t i o n  shown i n  T a b l e  2 . 7 .
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T a b l e  2 . 7  D e c o m p o s i t i o n  o f  t h e  f u n c t i o n  g i v e n  i n  2 . 2 6  a b o u t  
X and
I f  c  i s  c h o s e n  such, t h a t  a l l  f u n c t i o n s  w i t h  t h r e s h o l d s  c o n t a i n i n g  
t h e  t e r m  - c  a r e  e q u i v a l e n t  t o  l o g i c  I ' s ,  and a l l  t h o s e  w i t h  t h r e s h o l d s  
c o n t a i n i n g  t h e  t e r m  +c a r e  e q u i v a l e n t  t o  l o g i c  0 * s ,  t h e n  T a b l e s  2 . 7  
and 2 . 6  a r e  i d e n t i c a l .  I n  o r d e r  t o  a c h i e v e  t h i s ,  c m us t  obey  a l l  o f  
t h e  f o l l o w i n g  c o n d i t i o n s :
c ^ t '  -  a '
' -  a*
2 . 2 7
c 5 a* + a^  + a^ + 1 
c % ag + + a ^  + 1
t '
t '
P r e v i o u s l y ,  i t  was s t a t e d  t h a t  i f  an  o u t p u t  s p e c t r a l  t r a n s l a t i o n  
i n v o l v e s  o n l y  one i n p u t  v a r i a b l e ,  t h e n  t h a t  v a r i a b l e  i s  to  be  c a l l e d  x^ 
S i m i l a r l y ,  i f  two i n p u t  v a r i a b l e s  a r e  i n v o l v e d  t h e n  t h e y  a r e  t o  be  
c a l l e d  x^ and x ^ ,  and  h a v e  a s s o c i a t e d  w e i g h t s  aj  ^ and  a^ w h ic h  s a t i s f y
t h e  c o n d i t i o n :
2 . 2 8
More g e n e r a l l y ,  i f  k  v a r i a b l e s  a r e  i n v o l v e d ,  t h e n  t h e y  a r e  t o  b e  
c a l l e d  x^ t o  x^ w h e re  t h e i r  a s s o c i a t e d  w e i g h t s  a.!^  t o  a^  s a t i s f y  t h e
c o n d i  t i o n :
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a |  > >   > a^ 2 .2 9
Thus t h e  e q u a t i o n  f o r  a g e n e r a l  c o n v e r s i o n  i s :
a .  = a!  + c f o r  i  = 1 to  k1 1
a .  = a!,  f o r  i  = k  + 1 to  n 2 . 3 01 1
t j  = t '  + Cj -  l ) c  f o r  j  = 1 to  k  + 1
and w here  c > t* -  a^  
n
and  c  ^ y a î + l - t ' - a . '
i = l  ^ K
2 . 4 . 1 . 3  N o n - t h r e s h o l d  I n i t i a l  F u n c t i o n  f ' ( x )
C o n s i d e r  t h e  c a s e  w h e re  t h e  i n i t i a l  f u n c t i o n  f * ( x )  i s  i t s e l f  a  
n o n - t h r e s h o l d  f u n c t i o n ,  b u t  w h i c h  can  b e  r e p r e s e n t e d  by  a  w e i g h t -  
t h r e s h o l d  v e c t o r  w i t h  p t h r e s h o l d s ,  w h e re  p > 1,  as  i n  e q u a t i o n  2 . 3 1 .
^1 ^2 ^3 ^4 * ^1 *^2******^p 2 .3 1
F o r  i n s t a n c e ,  l e t  p = 2 ,  and  e x c l u s i v e l y - o r  t h e  f u n c t i o n  w i t h  x^ 
t o  g e t  f ( x )  a s  i n  e q u a t i o n  2 . 3 2 .
f<x)  = f * ( x )  0  x^ = f ^ ( x )  0  f^Cx)  ©  x^ 2 .3 2
I n  o r d e r  t o  c o n v e r t  t h i s  t o  a  c o m p l e t e l y  m u l t i - t h r e s h o l d  s o l u t i o n  
e a c h  f u n c t i o n  f t ( x )  h a s  t o  b e  t r e a t e d  s e p a r a t e l y ,  a s  i n  t h e  p r e v i o u s  
s e c t i o n .  Thus e a c h  f u n c t i o n  i s  e x c l u s i v e l y - o r e d  w i t h  x^ as  i n  
e q u a t i o n  2 . 3 3 .
f ( x )  = f | ( x )  ©  fgCx) ©  x  ^ = CfJ(x) ©  x^) 0  (f^Cx) 0  x^) 0  x^
2 . 3 3
The e x t r a  x^ t e rm s  do n o t  a l t e r  t h e  f u n c t i o n  f ( x )  s i n c e  x^ ©  x^ = 0, 
T a b le  2 . 8  i l l u s t r a t e s  t h e  f u n c t i o n s  decomposed a b o u t  x ^ .
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f ; c x ) f ’ (x)
0 g jCx) 0 hjCx) 0 0
1 g2Cx) 1 hgCx) 1 1
T a b l e  2 . 8  D e c o m p o s i t i o n  o f  t h e  c o n s t i t u e n t  f u n c t i o n s  
o f  f ( x )
The same m ethod  a s  d e s c r i b e d  i n  s e c t i o n  2 . 4 . 1 . 1  can  b e  a p p l i e d  t o  
e a c h  f u n c t i o n ,  r e s u l t i n g  f i r s t l y  i n  t h e  r e o r d e r e d  f u n c t i o n s  as  i n  
T a b l e  2 . 9 ,  a  w e i g h t - t h r e s h o l d  v e c t o r  as  i n  e q u a t i o n  2 . 3 4  and t h e  
d e c o m p o s i t i o n  o f  t h i s  f u n c t i o n  i n  T a b l e  2 . 1 0 .
^1 f^Cx) f2Cx) fgCx) f ^ ( x ) fgCx)
0 gj^Cx) hj^Cx) 0 0 0
1 1 1 1 g2<x) hgCx)
T a b l e  2 . 9  R e o r d e r e d  d e c o m p o s i t i o n
a j  + c  a^ a^  a^  ; t * , t ^ , c , t ^  + c ,  t ^  + c 2 . 3 4
^1 f ^ ( x ) f 2 (x)  f g ( x ) f^Cx)  f ^ ( x )
0
1
^2 ^3 ^4 ’ 
^2 ^3 ^4 '
4
4 -  4 -
, , c
c , -  c , - a |
, + c , t ^  + c 
, -  a* , t* -  a*
T a b l e  2 . 1 0  D e c o m p o s i t i o n  o f  t h e  f u n c t i o n  o f  e q u a t i o n  2 . 3 4  
a b o u t  x^
I f  c  i s  c h o s e n  as  b e f o r e  s o  t h a t  t h r e s h o l d s  c o n t a i n i n g  - c  b e l o n g  
t o  f u n c t i o n s  w h i c h  a r e  e q u i v a l e n t  to  l o g i c  I ' s ,  and t h o s e  w i t h  +c a r e  
e q u i v a l e n t  t o  l o g i c  O ' s ,  t h e n  T a b l e s  2 . 9  and 2 . 1 0  a r e  i d e n t i c a l .  Note  
t h a t  a new f u n c t i o n  h a s  b e e n  a d d e d ,  namely  x ^ , w h ic h  h a s  a t h r e s h o l d  o f
c .  T h i s  means t h a t  t h e  v a l u e  o f  c must  be  su c h  t h a t :
36
c )  + 1 2 .3 5
c % c
T h i s  e x t r a  f u n c t i o n  a p p e a r s  b e c a u s e  i n i t i a l l y  f 'C x )  c o n s i s t e d  o f  
an e ven  number o f  f u n c t i o n s ,  i . e .  p was e v e n .  I f  k v a r i a b l e s  a r e  
i n v o l v e d  i n  t h e  t r a n s l a t i o n  t h e n  k e x t r a  f u n c t i o n s  a r e  r e q u i r e d  i f  p 
i s  e v e n ,  h a v i n g  t h r e s h o l d  v a l u e s  o f  c ,  2 c ,  3 c , . . . ,  k c .  T h i s  can  be 
summari sed  i n t o  a  g e n e r a l  e q u a t i o n  w i t h  t h e  t h r e s h o l d s  o r d e r e d  so t h a t  
th e  e x t r a  o n e s  a p p e a r  l a s t ,  t h u s :
a l  = a l  + c f o r  i  = 1 t o  k1 1
a .  = a!  f o r  i  = k + 1 to  n1 1
4  + ( q - l ) ( k + l )  °  4  * f o r  j  = 1 CO k + 1.  q = 1 t o  p
and i f  p i s  e v e n :  t . ^  = j c  f o r  j  = 1 to  k  2 . 3 6j+pCk+1)
where  c % t '  -  a^
LIand c
2 . 4 . 1 . 4  F i n a l  A d j u s t m e n t s
A s i t u a t i o n  w h ic h  h a s  n o t  y e t  b e e n  t a k e n  i n t o  a c c o u n t  i s  w here  
some o f  t h e  f u n c t i o n s  i n  t h e  m u l t i - t h r e s h o l d  s o l u t i o n  a r e  i d e n t i c a l  and 
t h e r e f o r e  c a n  be  c a n c e l l e d  o u t .  F o r  e x a m p l e ,  i n  t h e  T a b l e s  2 .9  and 
2 . 1 0 ,  i f  h ^ ( x )  = 0 ,  t h e n  t h e  f u n c t i o n s  fgCx) and f^Cx) a r e  i d e n t i c a l ,  
b u t  one h a s  a  t h r e s h o l d  o f  t ^  and t h e  o t h e r  a  t h r e s h o l d  o f  c ,  and  so 
f rom t h e  t h r e s h o l d s  a l o n e  i t  may n o t  be  i m m e d i a t e l y  a p p a r e n t  t h a t  t h e  
f u n c t i o n s  a r e  t h e  same.  One way t o  overcome t h i s  p r o b le m  i s  as  f o l l o w s .  
F i r s t l y ,  n o t e  t h a t  t h e  v a l u e  o f  c i n  e q u a t i o n  2 . 3 5  h a s  to  be  g r e a t e r  
than  a^ + a^  + a^ + 1 ,  so  t h a t  t h e  f u n c t i o n  f ^ ( x )  i n  T a b l e  2 . 1 0  i s  
e q u i v a l e n t  to  x ^ . I f  t h e  t h r e s h o l d  t ^  i s  r a i s e d  to  c  + a ^ ,  th e n  t h e
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f u n c t i o n  f^Cx)  i s  u n a l t e r e d  i f  t h e  v a l u e  o f  c obeys  the  f o l l o w i n g ;
c % ag + a^  + a^ + 1 -  a^ 2 .3 7
C l e a r l y  t h i s  i s  l e s s  t h a n  t h a t  r e q u i r e d  i n  e q u a t i o n  2 . 3 5 ,  and 
t h e r e f o r e  i t  i s  an  im prove m e n t .  R e c o n s i d e r i n g  a l l  f i v e  f u n c t i o n s ,  t h e  
v a l u e  o f  c m us t  b e  s u c h  t h a t :
f o r  f ^ ( x )
fgCx) 
f ^ ( x )  
and f ^ ( x )
c Ï -  aj 
c i  t -  -  a-
c  ^a^ + a^ + a^ + 1
c % ag + a^ + a^ + 1




2 . 3 8
L e t  c = ag + a ^  + a^ + 1 -  a^ 2 .3 9
Then f o r  f ^ ( x )  : a^  + + a^ + 1 -  aj^ ^ t* — a.
o r  t j  3 ag + + a^ + 1 2 . 4 0
o t h e r w i s e  g ^ ( x )  = 0  f r o m  T a b l e  2 . 1 0 .
I f  g^Cx) = 0 ,  t h e n  f ^ ( x )  = f g ( x )  = x ^ ,  and  s o  t ^  m us t  be  a l t e r e d  
t o  t ^ ,  i . e .  c + a * .
The same a p p l i e s  t o  f ^ C x ) .
f o r  f ^ ( x )  : a^  + a^  + a^ + 1 -  a^ % a^  + a^  + a ^  + 1 -  t ^
o r  t* ^ a | 2 . 4 1
o t h e r w i s e  g2 (x )  = 1 from T a b l e  2 . 1 0 .
I f  g2 (x )  = 1,  t h e n  f ^ ( x )  = f g ( x )  = x ^ ,  and s o  t ^  must  be  a l t e r e d  
t o  t _ ,  i . e .  c + a ' .
The same a p p l i e s  t o  f ^ ( x ) .
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Thus t h e  v a l u e  o f  c i n  e q u a t i o n  2 .3 9  i s  v a l i d  i f  t h e  t h r e s h o l d s  a r e
t i  = + ( c  + aj  ^ -  t p
t s  = c .  a ;
= t ’ + c + ( a -  -  t j )
t s  = t ^  + c + ( a |  -  t p
i n c l u d e  t e rm s  i n  b r a c k e t s  i f  t '  ^ a '  + a '  + a!  + 11 2  3 4
"  % a ; + + a ;  + 1
t '2 S
2 . 4 2
The p r e s e n t a t i o n  o f  t h e s e  t h r e s h o l d s  can  be  made more f o r m a l  i f  
t h e  f o l l o w i n g  f u n c t i o n  i s  i n c l u d e d :
F = T(A ^ B)
w he re  F = 0 i f f A < B
and F = 1 i f f A 3 B
F i g u r e  2 . 1 4 shows t h e  c a s e when
*XJ0 1 2
0 1 0 0
1 1 1 0
2 1 1 1
2 .4 3
F i g u r e  2 .1 4  F = T (A % B)
U s ing  t h i s  f u n c t i o n  r e s u l t s ,  f o r  e x a n p l e ,  i n  t ^  f rom  e q u a t i o n  2 . 4 2
becom ing :
^1 *^ 1;  + T ( t ’ % *2 + *3 + a ;  + l ) . | c  + a ;  " t ’J 2 . 4 4
A g e n e r a l  s o l u t i o n  can now be  g i v e n  w h ic h  i s  t h e  e x t e n s i o n  o f  
e q u a t i o n  2 . 3 6  b u t  w h ic h  now h a s  a  new v a l u e  f o r  c ,  a s  i n  e q u a t i o n  2 . 3 9 ,  
and which i n c o r p o r a t e s  t h e  a d j u s t m e n t s  to  t h e  t h r e s h o l d s  u s i n g  t h e  
above m e thod .
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a .  = a !  + c  f o r  i  = 1 t o  k 1 1
a .  = a.' f o r  i  = k + 1 to  n]_ 1
2 . 4 5
j + (q-l)(k+l) = .  ( j  -  l ) c  .  T ( t -  i  a ;  + a ;  -  a j  .  1).
i  J i - j  " i  -  M ]
' ^ S=k+i-j  ^ ■ [i=kL-j ' "q ' *k+i-j]
f o r  j  = 1 t o  k + 1 ,  q = 1 t o  p
I f  p i s  e v e n  t h e n :
tpCk+i)+j -  + i J i _ j  H i = 1 to k
w h e re  :
n  k  k
c = I  a :  -  I  a!  -  I  a '  + 1
i = l  ' k+1 k
i = 2 k + l + C - I )  i = 2 k + 3 + ( - l )
A l t h o u g h  t h i s  e q u a t i o n  can  be  a p p l i e d  e a s i l y  w i t h  t h e  a i d  o f  a  
c o m p u t e r ,  b y  h a n d  i t  i s  d i f f i c u l t  t o  u s e .  However ,  t h e  method d e s c r i b e d  
i n  s e c t i o n  2 . 3  and  shown i n  F i g u r e  2 . 8  f o r  p r o v i n g  t h e  u n i v e r s a l i t y  o f  
m u l t i - t h r e s h o l d  l o g i c  can  b e  a d o p t e d  w i t h  t h e  w e i g h t s  f rom  e q u a t i o n  2 .4 5  
b e i n g  u s e d .  Bo th  methods  a r e  shown i n  t h e  f o l l o w i n g  e x a m p le .
Example
f ( x )  = X^.Xg.Xg + X^.X^.Xg + X^.Xg.Xg + X^.X^.X^ + X^.Xg.X^
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The s p e c t r u m  o f  t h i s  f u n c t i o n  i s :
^0 ^1 *^ 2 ^3 ^4 ^12 ^13 ^14 ^23 *^ 24 ^34 ^123 ^ 124 ^134 ^234 ^1234
0 0 4 —4 4 - 4  4 —4 8 0 0 8 0 0 4 —4
Com par ing  t h e  f i r s t  f i v e  c o e f f i c i e n t s  w i t h  t h e  t a b l e s  o f  Chow's 
p a r a m e t e r s  shows t h a t  t h e r e  i s  no e n t r y  f o r  n $ 4 wh ich  i s  44000 ,  and 
so  t h e  f u n c t i o n  i s  n o n - t h r e s h o l d .  However ,  i f  t h e  f u n c t i o n  i s  e x c l u s i v e l y -  
o r e d  w i t h  x^ and  x ^ ,  t h e n  o u t p u t  s p e c t r a l  t r a n s l a t i o n  r e s u l t s  i n  t h e  
s p e c t r u m :
^0 ^1 ^2 ^3 ^4 ^12 ^13 ^14 ^23 ^24 ^34 ^123 ^124 ^134 ^234 ^1234
8 8 —4 4 4 4 —4 —4 0 0 0 0 0 0 4 —4
The t a b l e s  o f  Chow's  p a r a m e t e r s  h a v e  an e n t r y  o f  88444;  t h e r e f o r e  
t h i s  f u n c t i o n  i s  a  t h r e s h o l d  f u n c t i o n ,  and  t h e  c o r r e s p o n d i n g  a  p a r a ­
m e t e r s  a r e  22 1 1 1 .  T h u s :
®0 ^1 ^3 ^4
2'  2 - 1 1  1
U sing  e q u a t i o n  2 . 7  g i v e s
Thus t h e  w e i g h t - t h r e s h o l d  v e c t o r  o f  f ( x )  i s :
2 - 1  1 1 1 ; 3
F i g u r e  2 . 1 5 ( a )  shows t h e  f i n a l  r e a l i s a t i o n  o f  f ( x ) , and F i g u r e  2 . 1 5 ( b )  
shows t h e  i n i t i a l  a d j u s t m e n t s  w h ich  h a v e  t o  be  made i n  o r d e r  t h a t  a  
c o n v e r s i o n  t o  m u l t i - t h r e s h o l d  can o c c u r ,  namely  t h e  w e i g h t s  m us t  be  
made p o s i t i v e ,  and  t h e  r e l e v a n t  i n p u t  v a r i a b l e s  w h ich  a r e  i n v o l v e d  i n  





F i g u r e  2 .1 5  ( a )  S o l u t i o n  t o  f u n c t i o n  f ( x )
(b )  R e o r g a n i s e d  f u n c t i o n  f ( x )  w i t h  p o s i t i v e  w e i g h t s
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The f u n c t i o n  shown i n s i d e  t h e  d o t t e d  l i n e  can now b e  c o n v e r t e d  
to  m u l t i - t h r e s h o l d  u s i n g  e q u a t i o n  2 . 4 5 .
I n  t h i s  example  k  = 2 ,  n = 4.
4 2 2
c = y ai  -  y a l  -  y a i  + 1 = a '  + a! -  a l  + 1 = 3
1=1 " i = l  ^  i - 2  3 4 2
T h u s , a^ = 4 ,  ag = 4 ,  a^ = 2 ,  a^  = 1.
The t h r e s h o l d s  a c c o r d i n g  t o  e q u a t i o n  2 .45  a r e  t h e r e f o r e :  
k  = 2 ,  n  = 4 ,  q = 1 ,  c = 3 ,  t^ = 4.
t j  = 4 + ( j  -  1 ) . 3  + TC4 % 3 +
T ( j  Ï  3 ) .  [ a ^ | -  a! -  a ’_ .  ,  4 ) .  a!  -  4 -  a - . . J
f o r  j  = 1 to  3
t ^  = 4 + T(4 )  4 ) .  [- 1 + l] + T(0 % 4 ) . ^ -  4 ] = 4
t g  = 4 + 3 + T(4 % 4 + 1 ) . | -  1 + 2j + T(1 ^ 4 ) .  [1  -  4 j  = 7
t g  = 4 + 6 + T(4  > 4 + 2 ) . | -  1 + 2 ] + T(2 % 4 ) . ^ 2  -  4 ]  = 10
The s o l u t i o n  i s  shown i n  F i g u r e  2 . 1 6 .
n
The t h r e s h o l d s  c o u l d  a l s o  ha v e  b e e n  c a l c u l a t e d  by u s i n g  y a . x .
i = l  ^ ^
w i t h  t h e  a^ v a l u e s  o f  2 , 4 , 4 , 1  c a l c u l a t e d  as b e f o r e ,  and c om par ing  w i t h
t h e  f u n c t i o n  f ( x ^ , X 2 ,X g ,x^ )  = f " ( x )  a s  i n  F i g u r e  2 . 1 7 .
n
Thus compar ing  y a . x .  w i t h  f " { x )  i n  F i g u r e  2 . 1 7 ( a )  shows t h a t  
i = l  ^ ^
f " (x)  changes  from 0 t o  1 a t  v a l u e s  o f  4 and 10 ,  and 1 t o  0 a t  t h e  v a l u e  
of  7, w h ich  can  be r e p r e s e n t e d  as  i n  F i g u r e  2 . 1 7 ( b ) .
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X2  D »
f(x)
F i g u r e  2 . 1 6  M u l t i - t h r e s h o l d  s o l u t i o n  o f  f ( x )
b)
f " ( x )
a)
a . x .
i = l
10
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i Vi
F i g u r e  2 .1 7  ( a )  T r u t h  t a b l e  o f  f u n c t i o n  f " ( x )
(b )  G r a p h i c a l  i l l u s t r a t i o n  o f  m u l t i - t h r e s h o l d  s o l u t i o n  
o f  f " ( x )
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2 . 4 . 2  I n p u t  S p e c t r a l  T r a n s l a t i o n  C o n v e r s io n
2 . 4 , 2 . 1  S i n g l e  I n p u t  V a r i a b l e
C o n s i d e r  t h e  s i t u a t i o n  shown i n  F i g u r e  2 . 1 8  o f  a f o u r  i n p u t  v a r i a b l e
t h r e s h o l d  f u n c t i o n  f ' ( x )  w h e r e  i t s  i n p u t  v a r i a b l e  x ,  h a s  b e e n  r e p l a c e d
1
by t h e  e x c l u s i v e - o r  f u n c t i o n  o f  x^ and x^ as  i n  e q u a t i o n  2 . 4 6 .
m
F i g u r e  2 . 1 8  I n p u t  s p e c t r a l  t r a n s l a t i o n  w h e re  x^ i s  r e p l a c e d  
by  x^ 0  Xg, t o  g i v e  f ( x )
f ( x ^ , X g , x ^ , x ^ )  = f ' C x ^  0  X2 ,X2 ,X g ,x ^ )  2 . 4 6
As i n  s e c t i o n  2 . 4 . 2 . 2 ,  s i n c e  f ' ( x )  i s  a  t h r e s h o l d  f u n c t i o n  i t  can  be  
r e p r e s e n t e d  b y  t h e  w e i g h t - t h r e s h o l d  v e c t o r  o f  e q u a t i o n  2 . 1 5 ,  and t h e  
m u l t i - t h r e s h o l d  e q u i v a l e n t  f u n c t i o n  c a n  b e  r e p r e s e n t e d  as  i n  F i g u r e  2 . 1 1  
and e q u a t i o n s  2 . 1 6  and  2 . 1 7 .  The r e q u i r e m e n t  i s  t h e r e f o r e  t o  f i n d  a  
s e t  o f  f u n c t i o n s  f ^ ( x )  t o  f ^ ( x )  w h ic h  s a t i s f y  e q u a t i o n s  2 . 1 6  and 2 .1 7  
and w h i c h ,  when e x c l u s i y e l y - o r e d ,  g i v e  t h e  f u n c t i o n  f ( x ) .
I f  f*Cx)  i s  d e c o n ^ o s e d  a b o u t  t h e  v a r i a b l e s  x^ and X2 t h e n :
f * ( x )  = . X2 . gj^Cx) + x ^ .X 2 . g 2 (x )  + Xj^.X2 . g ^ ( x )  + x ^ . x ^ . g ^ C x )  2 .4 7
Subs t i t u t i n g  x^ 0  X2 f o r  x^ t o  g i v e  f ( x ) :
f ( x )  = x^. X2 gj^  Cx) + x^.X2 .g^<x) + x^.x^.ggCx) + x^.X2 . g 2 (x) 2 . 4 8
T h i s  i s  i l l u s t r a t e d  i n  T a b l e  2 . 1 1
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^  ^2 f ' M f  (x)
0 0 82 (x) 82 (x)
0 1 82 (x) 64 w
1 0 83 (x) 83 Cx)
1 1 84 Cx) 82 (x)
T a b l e  2 . 1 1  D e c o m p o s i t io n  o f  f * ( x )  and  f ( x )  
a b o u t  X- and Xo






= gj^Cx) + X^ + Xg
Xi +
x ^ . g g C x )  + Xg .g^C x)  + X ^ . x ^ 2 .4 9
* 1 ' * 2
X 1 . X 2 . g 2 C x )
Decomposing e a c h  o f  t h e s e  f u n c t i o n s  a b o u t  x^ and x^ g i v e s
*1^2 Cx) f 2 ^x) faCx) f^Cx) f^Cx)
0 0 82 (x) 0 0 0 0
0 1 1 1 84 Cx) 0 0
1 0 1 1 83 Cx) 0 0
1 1 1 1 1 1 82 Cx)
T a b l e  2 . 1 2  D e c o m p o s i t i o n  o f  t h e  f u n c t i o n  f ^ ( x )  t o  f ^ ( x )
I t  c a n  b e  s e e n  f rom  T a b l e  2 . 1 2  t h a t  i f  t h e  f i v e  f u n c t i o n s  a r e  
e x c l u s i v e l y - o r e d  t h e n  t h e  r e s u l t  i s  f ( x ) ,  and t h u s  t h e s e  f u n c t i o n s  
r e p r e s e n t  a  s o l u t i o n  w h ic h  ob e y s  e q u a t i o n  2 . 1 2 .  Thus ,  i f  t h e s e  
f u n c t i o n s  a r e  t h r e s h o l d  and can  be  r e p r e s e n t e d  by t h e  same w e i g h t s  
b u t  d i f f e r e n t  t h r e s h o l d s  t h e n  a m u l t i - t h r e s h o l d  s o l u t i o n  h a s  b e e n  found
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The d e c o m p o s i t i o n  o f  t h e  f u n c t i o n ,  r e p r e s e n t e d  by t h e  w e i g h t -  
t h r e s h o l d  v e c t o r  o f  e q u a t i o n  2 . 5 0 ,  a b o u t  and i s  shown i n  T a b le  2 .1 3 ,
c a^ + c a^  ; t ' , c , t *  + c -  a j , 2c  + a ^ ,  t '  + 2c 2 .5 0
f ,  (x) f  (x)
-a*
T a b l e  2 . 1 3  D e c o m p o s i t i o n  o f  w e i g h t - t h r e s h o l d  v e c t o r  o f  
e q u a t i o n  2 . 5 0  a b o u t  x^ and
I f  i n  T a b l e  2 . 1 3  a l l  weigh-ts  a r e  c o n s i d e r e d  p o s i t i v e ,  t h e n  a l l  
f u n c t i o n s  w i t h  t h r e s h o l d s  wh ich  a r e  n e g a t i v e ,  0 ,  o r  c o n t a i n  - c  can  be  
c o n s i d e r e d  l o g i c  l * s ,  and t h o s e  c o n t a i n i n g  +c as  l o g i c  O ' s  so  t h a t  
T a b l e  2 . 1 3  i s  e q u i v a l e n t  t o  T a b l e  2 . 1 2 .  The v a l u e  o f  c m us t  b e  c h o s e n ,  
t h e r e f o r e ,  s u c h  t h a t  a l l  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  o b e y e d :
f o r  f ^ ( x ) :  c  ^  t*
f g C x ) : c % a ^  + a^ + 1
f g ( x ) : c % a j  + a^  + a^  + 1
f  ^  Cx) : c 2 a ^  + a^ + 1
and f g ( x ) :  c  % a^  + a^  + a ^  + 1
-  t* and c ^ t*
-  t '
— a  * — a  * 2 . 5 1
L e t  c  = a* + a!  + 1 3 4
2 . 5 2
w h ich  i m m e d i a t e l y  s a t i s f i e s  f^Cx)  and f ^ ( x )
Then f o r  f ^ ( x ) :  a^  + a^ + 1 3 t ' 2 . 5 3
o t h e r w i s e  g ^ ( x )  = 0 f ro m  Ta b le  2 . 1 2 .
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I f  (x )  = 0 ,  t h e n  f^( .x)  = f ^ ( x )  , and  so  t ^  can  be  a l t e r e d  to  
12 * i # 0 * c#
F o r  f ^ C x ) :  a ^  + a^ + 1 % a^ + a^ + a^ + 1 -  t '
o r  t '  ^ a* 2 .5 4
o t h e r w i s e  g^Cx) = g^Cx) = 1 f ro m  T a b le  2 . 1 2 .
I f  g ^ ( x )  = g^Cx) = 1,  t h e n  f g ( x )  = fgCx) and s o  t g  can  b e  a l t e r e d
t o  t 2 # i . e .  c .
A l s o ;  a ^  + a^  + 1 % t '  -  a^ T a^
o r  a^  + + a ^  + a^  + 1 % t '  2 . 5 5
o t h e r w i s e  g^Cx) = g^Cx) = 0  f ro m  T a b l e  2 . 1 2 .
I f  g ^ ( x )  = g g ( x )  = 0 ,  t h e n  f ^ ( x )  = f ^ ( x )  and  s o  t ^  c a n  b e  a l t e r e d
t o  t ^ ,  i . e .  2 c + a ^ .
F o r  f ^ C x ) :  a ^  + a^  + 1 % a^  + a^  + a^ + 1 -  t*
o r  t* ^ a^ 2 . 5 6
o t h e r w i s e  g 2 (x )  = 1 f ro m  T a b l e  2 . 1 2 .
I f  g 2 Cx) = 1 ,  t h e n  f ^ ( x )  = f ^ ( x )  and so  t ^  can  b e  a l t e r e d  t o  t ^ ,  
i . e .  2 c + a ^ .
Thus c i n  e q u a t i o n  2 .5 2  i s  v a l i d  i f  t h e  e q u a t i o n s  f o r  t h e  
t h r e s h o l d s  a r e  a s  f o l l o w s ,  w here  T(A ^ B) i s  as  b e f o r e  i n  e q u a t i o n  2 . 4 3 :
t^  = t '  + T ( t '  % a^  + a^ + l ) . | c  -  t*|
t ^  = t '  + c -  a j  + T(a* ^ t * ) . | a |  -  t 'J + T ( t*  % a^ + a^ + a^  + a^ + 1)
[c + a-  + a j  -  f ]
= 2 c + a '
= t '  + 2 c + T (a ^  * t ' ) .  [a^ -  t ' j  2 . 5 7
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The g e n e r a l  s o l u t i o n  f o r  n i n p u t  v a r i a b l e s  i s  t h e r e f o r e  
t ^  = t '  + T ( t '  ^ I  a!  + 1 ) .  [c -  t ' ]
i = 3
t g  =  t '  +  C -  a j  + TCa^ ^ t ' ) .  ja^ -  t ' j  + T ( t '  ^ J  a [  + 1) .
[ c  + -  t ' ]
2 . 5 8
t ^  = 2 c + a^
t ^  = t '  + 2 c + TCa^ % t ' ) .  |a^  -  t ' j
n
w he re  c  = Y a!  + 1 
i = 3  1
N o t e  t h a t  t h e  g e n e r a l  s o l u t i o n  a p p l i e s  o n l y  t o  s i t u a t i o n s  where  
t h e  v a r i a b l e  i s  r e p l a c e d  b y  x^ ^  x ^ ,  so  t h a t  i f  a  f u n c t i o n  h a s  
an i n p u t  v a r i a b l e  x^ r e p l a c e d  by  x^ 0  x  ^ , i t s  i n p u t s  m u s t  b e  r e o r d e r e d  
s u c h  t h a t  i  = 1 , j  = 2 .
2 . 4 . 2 . 2  N o n - t h r e s h o l d  I n i t i a l  F u n c t i o n  f ' ( x )
T h i s  s i t u a t i o n  i s  i d e n t i c a l  t o  t h a t  a t  t h e  s t a r t  o f  s e c t i o n  2 . 4 . 1 . 3 ,  
so t h a t  f ' ( x )  i s  s t i l l  a s  i n  e q u a t i o n  2 . 3 1 .  A g a i n ,  i n  o r d e r  t o  f i n d  
t h e  m u l t i - t h r e s h o l d  s o l u t i o n  t o  f ( x ) , e a c h  o f  t h e  f u n c t i o n s  f I  (x )  a r e  
t r e a t e d  s e p a r a t e l y ,  and so  i n  t h i s  c a s e  e a c h  wou ld  b e  e x pa nded  i n t o  
f i v e  t h r e s h o l d  f u n c t i o n s  a c c o r d i n g  t o  e q u a t i o n  2 . 5 8 .  F o r  e x a m p le ,  
c o n s i d e r  a  two t h r e s h o l d  f u n c t i o n  f ' ( x )  a s  i n  e q u a t i o n  2 . 5 9 .
^1 ^2 ^3 ^4 ' ^l'^2 2.59
49
Using e q u a t i o n  2 . 5 8 ,  t h e  f i v e  t h r e s h o l d s  f o r  each  new f u n c t i o n  a r e
a) = C’ + T C t ’ 5 a :  + 1 ) .  [c -  t j ]
r  n n
t a  = t |  + c  -  a |  + T (a^  ^ t | ) .  | a |  -  t | J  + T C t |  ^ 5! a! + 1 ) .
[c  + a^ + a ;  -  t ; j |
t 4 “  2 c  + a '
t ^  = t |  + 2c  + T(a* ^ t p .  ja^ -  t | j
b) = t • + T ( t -  Ï  a :  + n .  [c -  t - ] 2 . 6 0
3 -  t '  + c  -  a '  + TCa* Ï  . [ a '  -  t ' j  + T ( t ^  )  I  a!  + 1 ) .
1  =  1
[c + a-  + a '  -  t ' ]
^4  ■ 2 c  + a*
= t ’ + 2 c  + TCa'  Ï  t p . [a^ -  t ' ]
C l e a r l y  e a c h  e x p a n s i o n  o f  f i v e  t h r e s h o l d s  c o n t a i n s  t ^  and t ^  
w hich  a r e  i n d e p e n d e n t  o f  t h e  o r i g i n a l  t h r e s h o l d  and p a i r s  o f  them can  
be  c a n c e l l e d  o u t .  Thus i f  t h e  o r i g i n a l  f u n c t i o n  f ' (x)  h a s  p t h r e s h o l d s ,  
t h e n  e a c h  one e x p a n d s  i n t o  t h r e e  new t h r e s h o l d s  wh ich  a r e  o b t a i n e d  as  
t ^ , t g  and t ^  i n  e q u a t i o n  2 . 5 8 ,  and i f  p i s  odd t h e n  two more a r e  added  
which a r e  e q u i v a l e n t  to  t ^  and t ^ .
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2 . A .2 . 3  More t h a n  One I n p u t  V a r i a b l e
I n  t h i s  c a s e ,  an i n p u t  v a r i a b l e  i s  r e p l a c e d  by  t h e  e x c l u s i v e - o r  
f u n c t i o n  o f  t h e  same i n p u t  v a r i a b l e  and more t h a n  one o t h e r .  C o n s i d e r  
t h e  s i t u a t i o n  o f  t h e  f u n c t i o n  i n  e q u a t i o n  2 . 6 1 .
2 .6 1
T a b l e  2 . 1 4  shovrs t l ie  d e c o m p o s i t i o n  o f  t h i s  f u n c t i o n  f ' C x )  a b o u t  
^ 1 * * 2  ^ 3 '  A l s o  shown i s  a  s e t  o f  s e v e n  f u n c t i o n s  w h ic h  when
e x c l u s i v e l y - o r e d  w i t h  e a c h  o t h e r  g i v e  t h e  f u n c t i o n  f C x ) .
*1*2*3 f 'C x) f^Cx) fgCx) f^Cx) f^Cx) fjC*) fgCx) fyCx) f  (x)
0 0 0 g^Cx) g^Cx) 0 0 0 0 0 0 gj^Cx)
0 0 1 ggCx) 1 1 ggCx) 0 0 0 0 gg(x)
0 1 0 ggCx) 1 1 gyCx) 0 0 0 0 gy(x)
O i l S4(x) 1 1 1 1 0 0
1 0  0 ggCx) 1 1 g^Cx) 0 0 0 0 ggCx)
1 0  1 ggCx) 1 1 1 g2(x) 0 0 g2<x)
1 1 0 gyCx) 1 1 1 1 ggCx) 0 0 ggCx)
1 1 1 gg(x) 1 1 1 1 1 1 gg(x) gg(x)
T a b l e  2 . 1 4  Decomposi
a b o u t  x ^ ,  and x^
i o n  o f  f ( x ) ,  f * ( x )  and f ^ ( x )  t o  f ^ ( x ) .
The f u n c t i o n s  f ^ ( x )  t o  f ^ ( x )  s a t i s f y  e q u a t i o n  2 . 1 2 ,  and so  i t  i s  
r e q u i r e d  t o  show t h a t  t h e y  a r e  t h r e s h o l d  f u n c t i o n s  w h ic h  can  b e  r e a l i s e d  
w i t h  t h e  same s e t  o f  w e i g h t s  b u t  d i f f e r e n t  t h r e s h o l d s  t o  o b t a i n  a  m u l t i -  
t h r e s h o l d  s o l u t i o n .
T a b l e  2 . 1 5  shows t h e  d e c o m p o s i t i o n  o f  t h e  f u n c t i o n ,  r e p r e s e n t e d  by 

































c + c + c + c -  a ^ ,  2 c + a ^ ,  t '  + 2 c ,  3c + a^ + a ^ ,
t ' +  3c -  a^ 2 .6 2
I f  i n  T a b le  2 . 1 5  a i l  t h e  w e i g h t s  a r e  p o s i t i v e  and t h e  i n v o l v e d  
i n p u t  v a r i a b l e s  and a r e  a r r a n g e d  such  t h a t  a^ > a ^ , t h e n  i f  c i s  
l a r g e  e n o u g h .  T a b l e s  2 . 1 5  and 2 . 1 4  a r e  i d e n t i c a l .  The a c t u a l  v a l u e  
c can  b e  shown to  b e  a s  i n  e q u a t i o n  2 . 6 3 ,  u s i n g  t h e  same a rgum en ts  a s  
i n  e q u a t i o n s  2 . 5 2  t o  2 . 5 6  i n  s e c t i o n  2 . 4 . 2 . 1 :
c = a^ -  a^  + a^ + 1 2 . 6 3
i f  t h e  t h r e s h o l d s  i n c l u d e  c o n d i t i o n a l  a d j u s t m e n t s  as  i n  e q u a t i o n  2 . 6 4 .  
t ^  = t '  + T ( t '  ^ a^  + 1 ) .  jc -  t ' j
t 2  = c
t . ,  = t '  + c -  a^  + T(aj^ ^ t ' )  . |aj^ -  t ' j  + T ( t '  )  aj  ^ + a^ + a^ + 1) .
jj: -  t ’ + a* + a ^ j  2 . 6 4
t 4 = 2 c + a '
t ^  = t '  + 2c  + T ( a ^  ^ t ' ) .  [ ^ 3  -  t ' j  + T ( t '  > a^ + a ^  + a^ + 1 ) .
[ c  -  f  +
t g  = 3c +
t y  = t '  + 3c -  a j  + T ( a ^  + a^  + a j  ï  t ' ) .  faj  ^+ a^ + a^  -  t ' j
I t  can a l s o  b e  shown t h a t  when a  f u n c t i o n  h a s  i t s  i n p u t  x^ r e p l a c e d
by x^ e x c l u s i v e l y - o r e d  w i t h  k  v a r i a b l e s ,  w he re  k % 2 , i t  t oo  can be
c o n v e r t e d  i n t o  a  m u l t i - t h r e s h o l d  s o l u t i o n ,  and t h u s  a g e n e r a l  s o l u t i o n  
f o r  k v a r i a b l e s ,  w h e re  t h e  i n i t i a l  f u n c t i o n  h a s  p t h r e s h o l d s ,  i s :
^  = <=
a .  = a!  + c i  = 2 t o  k1 1
i  = k + 1 t o  n
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t ;  + ( j
j +1
” 1) c - 1 + ( - 1) . a.
*  i - L  ‘  • *  '  - j . .  -  ’ <i > "  •  »  [ - j H '  -  •
* i J . - j  ■ ;  -  \ . ! - j  -  K j  > I  •  I ) .  [ ■ ; ! ]  •  Ï  • • ;
> '>• K . i ]  > •;>■ [-  •;
* " i  ■ ■ k - ' - i  ■ ■‘ « - J  *  M]
1 + ( - i ) j
1 + ( - 1)
f o r  j  = 1  t o  k  + 1 
q = 1 t o  p




i = k L j
f o r  j  = 1 to  k
n
where = . J . ,  + 1 + a ;  -
i = k + l
As i n  t h e  c a s e  o f  o u t p u t  s p e c t r a l  t r a n s l a t i o n ,  t h i s  g e n e r a l  
s o l u t i o n  i s  cumbersome to  u s e  f o r  c a l c u l a t i n g  s o l u t i o n s  by h a n d ,  and  
t h e r e f o r e  t h e  method  o f  f i n d i n g  t h e  t h r e s h o l d s  by  s t e p p i n g  t h r o u g h  t h e
n
t a b l e  o f  ) a . x .  v a l u e s  i s  s u g g e s t e d  h e r e  a l s o  
i = i  ^ ^
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Example
f ( x )  = Xj^.x^ .x^  + x^ .X g.X g + Xi '% 2 ' ^ 3 ' ^ 4
The s p e c t r u m  o f  t h i s  f u n c t i o n  i s :
^0 ^2 ^3 ^4 ^12 ^13 ^14 ^23 ^24 ^34 ^123 ^124 ^134 ^234 ^1234
6 -2  6 2 2 -2  - 6  2 2 2 - 2  10 2 - 2  - 2  - 2
Com par ing  t h e  f i r s t  f i v e  c o e f f i c i e n t s  w i t h  t h e  e n t r i e s  i n  t h e
t a b l e s  o f  Chow's  p a r a m e t e r s  shows t h a t  t h e r e  i s  no e n t r y  o f  66222 ,  and
he n c e  t h e  f u n c t i o n  i s  n o t  t h r e s h o l d .  I n p u t  s p e c t r a l  t r a n s l a t i o n  o f  
t h e  i n p u t  r e p l a c e d  b y  x^ Q  x^ @  x^ r e s u l t s  i n  t h e  s p e c t r u m :
^ 0  ^1 ^2 ^3  ^4 ^12 ^13  ^14 ^23 ^24 ^34 ^123 ^124 ^134 ^234 ^1234 
6 10 6 2 2 - 6  - 2  - 2  2 2 - 2  - 2  - 2  2 - 2  2
T h e r e  i s  an e n t r y  o f  106622 i n  t h e  t a b l e s ,  so  t h a t  t h i s  f u n c t i o n
i s  t h r e s h o l d  and t h e  c o r r e s p o n d i n g  a  p a r a m e t e r s  a r e  :
^ 0  ^ 2  ^3 ^4
2 3 2 1 1
w h ic h  g i v e s  a  t h r e s h o l d  v a l u e  f ro m  e q u a t i o n  2 . 7  o f :  
t  = 5
F i g u r e  2 . 1 9  shows t h e  r e a l i s a t i o n  o f  t h i s  f u n c t i o n .  ’
f(x)
F i g u r e  2 .1 9  R e a l i s a t i o n  o f  f ( x )  u s i n g  i n p u t  s p e c t r a l  
t r a n s l a t i o n s
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I n  t h i s  i n s t a n c e  t h e  w e i g h t s  a r e  a l r e a d y  p o s i t i v e  and a r r a n g e d  
i n  p r o p e r  o r d e r ,  s o  t h a t  t h e  c o n v e r s i o n  can t a k e  p l a c e  i m m e d i a t e l y .  
Us ing e q u a t i o n  2 . 6 5 ,  w here  k = 3 ,  n = 4:
4
c = y a ! + l + a ' - a ' = l  + l  + 2 -  l  = 3
i =4  " 2  3
T h e r e f o r e  a^  = 3 ,  a^ = 5 ,  a^  = 4 ,  a^ = 1
The t h r e s h o l d s  a r e :
k  = 3 ,  n  = 4 ,  p = 1, t* = 5
3 + 1 + 1
• X ■; - -Sn • «J « *>• [*i]>- [= - > • • iXj ■; -
-  T u  > 4 ) .  [ . ; ] J  ,  T <  • .  j _ .  • ;  -  • ; . )  -  * ; - )
+ TCI % j )  M  i  5 ) .  [ j  5 +
Vj
1 + ( - l ) J
+  T ( 1  3  j )
f o r  j  = 1 t o  4
5 + T(5 ^ 2 ) .  [ - 2 ]  + TCO 5 ) .  [ - 5 ]  = 3
5 + 3 -  3 +  T(5  ^ 3  + 2 + 2 ) .  [ - 2  + 3 + ^  + T(3 % 5 ) .  [ -  5 + s ]  = f
5  + 6 + T(5  % 2 + 2 + 1 ) .  [ -  2 + 2 + l ]  + T(1 ^ 5 ) .  [ -5  + l ]  = 12
5 + 9 -  3 +  T(5 ^ 3  + 2 + 2 + 1 ) .  f - 2  + 3 + 2 + l]
+ T(3 + 2 + 1 > 5) , [“  5 + 3 + 2 + l ]  = 12
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S i n c e  p = 1,  i . e .  od d ,  i n c l u d e  t h e  t h r e s h o l d s :
4+j : -  ai = 4 - j A-j
f o r  j  = 1 to  3
, t5 -  3
t ^  = 6 + 1 = 7
t ^  = 9 + 2 + 1 = 12
N o te  t h a t  t ^  = t ^  = 3 ,  and  s o  t h e y  c a n c e l  o u t ,  and t h a t  
t g  = t ^  = t y  = 12 ,  so  t h a t  any two o f  t h e s e  c a n c e l  o u t .  Thus t h e  f i n a l  
w e i g h t - t h r e s h o l d  v e c t o r  i s :
3 5 4 1 ; 5 ,  7 ,  12
as shown i n  F i g u r e  2 . 2 0 .
The a l t e r n a t i v e  method  o f  f i n d i n g  t h e  t h r e s h o l d s  by  c o m p a r in g
n
t h e  f u n c t i o n  f ( x )  w i t h  t h e  v a l u e s  o f  ^ a . x .  i s  shown i n  F i g u r e  2 . 2 1 .
i = l  ^ 1
F i g u r e  2 . 2 1 ( a )  shows t h a t  t h e  f u n c t i o n  cha n g es  f rom  0  t o  1 a t  
n
v a l u e s  o f  ^ a . x .  o f  5 and  12,  and c h a n g e s  f rom  1 t o  0  a t  v a l u e  o f  7 ,  
i = l  ^ ^
which  c a n  b e  r e p r e s e n t e d  as  i n  F i g u r e  2 . 2 1 ( b ) .
f(x)
F i g u r e  2 . 2 0  M u l t i - t h r e s h o l d  s o l u t i o n  to  f u n c t i o n  f ( x )
57
3 5 4 1
n
X , x« x~ X , 1 a . x . f ( x )1 2 3 4 i = l  ^ ^
0 0 0 0 0 0
0 0 0 1 1 0
0 0 1 0 4 0
0 0 1 1 5 1
0 1 0 0 5 1
0 1 0 1 6 1
0 1 1 0 9 0
0 1 1 1 10 0
1 0 0 0 3 0
1 0 0 1 4 0
1 0 1 0 • 7 0
1 0 1 1 8 0
1 1 0 0 8 0
1 1 0 1 9 0
1 1 1 0 12 1




i l  V i
F i g u r e  2 . 2 1  ( a )  T r u t h  t a b l e  o f  f u n c t i o n  f ( x )  ^
— ----------------- (b )  G r a p h i c a l  i l l u s t r a t i o n  o f  m u l t i - t h r e s h o l d
s o l u t i o n
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2 .5  C o n c l u s i o n s  and  F u r t h e r  Work
A method f o r  f u n c t i o n  s y n t h e s i s  h a s  b e e n  p r e s e n t e d  which  c o n v e r t s
th e  f o l l o w i n g  i n t o  m u l t i - t h r e s h o l d  form:
a)  f u n c t i o n s  e x c l u s i v e l y - o r e d  w i t h  any number o f  i n p u t  
v a r i a b l e s ,  p r o v i d e d  t h a t  t h e y  can  i n i t i a l l y  be  e x p r e s s e d  
as  w e i g h t - t h r e s h o l d  v e c t o r s ,  u s i n g  e q u a t i o n  2 . 4 5 ,
b )  f u n c t i o n s  w h ic h  h a v e  one  o f  t h e i r  i n p u t  v a r i a b l e s  r e p l a c e d  
by  t h e  e x c l u s i v e - o r  o f  t h a t  i n p u t  and any number o f  o t h e r ,  
p r o v i d e d  t h a t  t h e y  c a n  b e  i n i t i a l l y  e x p r e s s e d  as w e i g h t -  
t h r e s h o l d  v e c t o r s ,  u s i n g  e q u a t i o n  2 . 6 5 .
E x a n ^ l e s  h a v e  b e e n  p r e s e n t e d  w h ic h  g i v e  an i n d i c a t i o n  o f  t h e  t y p e
o f  s o l u t i o n s  f o u n d .  As m e n t io n e d  i n  s e c t i o n  2 . 3 ,  t a b l e s  e x i s t  [ l 6 , 1 7 j
which  g i v e  s o l u t i o n s  f o r  n  ^  4 ,  and  t h u s  a  c o m p a r i s o n  can  be  made.  
L i s t e d  be low  a r e  t h e  w e i g h t - t h r e s h o l d  v e c t o r s  o f  t h e  two examples  
p r e v i o u s l y  shown i n  F i g u r e s  2 . 1 6  and  2 . 2 0 ,  and t h e  e q u i v a l e n t  v e c t o r s  
o b t a i n e d  f rom  t h e  t a b l e s .
Example 1
a)  2 - 4  4 1 ; 0 ,  3 ,  6 S o l u t i o n  d e v e l o p e d  h e r e w i t h .
b)  2 3 - 3  1 ; - l ,  3 H a r i n g  and  O h o r i ,  and Mow and Fu*s
p r e v i o u s l y  p u b l i s h e d  s o l u t i o n .
Example 2
a)  3 5 4 1 ; 5 ,  7 ,  12 S o l u t i o n  d e v e l o p e d  h e r e w i t h .  ,
b)  - 3  6 2 1 ; 1 ,  2 ,  4 , 7  H a r i n g  and  O h o r i ' s  p r e v i o u s l y
p u b l i s h e d  s o l u t i o n
c) - 2  3 2 1 ; 3 ,  5 Mow and F u ’s p r e v i o u s l y  p u b l i s h e d
s o l u t i o n .
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C l e a r l y  t h e  s o l u t i o n s  d e v e l o p e d  h e r e w i t h  a r e  n o t  o p t i m a l ,  b u t  
t h e r e  i s  n o t  a  g r e a t  d e a l  o f  i n e f f i c i e n c y .  However ,  t h i s  method can  be 
a p p l i e d  t o  f u n c t i o n s  o f  n > 4 .  I n  g e n e r a l  t h e n  any f u n c t i o n  which  can 
be r e d u c e d  t o  a  t h r e s h o l d  f u n c t i o n ,  o r  a f u n c t i o n  w h ic h  h a s  a known 
m u l t i - t h r e s h o l d  e q u i v a l e n t ,  u s i n g  s p e c t r a l  t r a n s l a t i o n  c a n  be  c o n v e r t e d  
t o  a  m u l t i - t h r e s h o l d  s o l u t i o n  by  t h e  a p p l i c a t i o n  o f  t h e  two e q u a t i o n s  
2 . 4 5  a n d  2 . 6 5 .
An a r e a  o f  f u r t h e r  work w h ic h  h a s  b e e n  i l l u s t r a t e d  a s  a  r e s u l t  
o f  t h i s  work  i s  t h a t  a  f u n c t i o n  w i t h  a  p a r t i c u l a r  w e i g h t - t h r e s h o l d  
v e c t o r  can  b e  c o n v e r t e d  t o  a n o t h e r  f u n c t i o n  b y  a d j u s t i n g  t h e  w e i g h t s  
and t h r e s h o l d .  From p r e v i o u s  p u b l i c a t i o n s  a l l  t h a t  c o u l d  be  done w as :
a)  i n v e r t  an i n p u t  v a r i a b l e  by n e g a t i n g  t h e  r e l e v a n t  
w e i g h t  a^ and s u b t r a c t i n g  a^ f rom  t h e  t h r e s h o l d s .
b )  i n v e r t  t h e  w ho le  f u n c t i o n  by  n e g a t i n g  a l l  t h e  w e i g h t s  
and  t h r e s h o l d s  and  t h e n  a d d i n g  one  t o  t h e  t h r e s h o l d s .
c)  p e r m u t a t e  any  two i n p u t  v a r i a b l e s  by  e x c h a n g i n g  t h e i r  
w e i g h t s .
Now i t  h a s  b e e n  shown t h a t ,  f o r  exanq>le:
a)  t h e  OR f u n c t i o n  f  * (x )  + x^ can b e  o b t a i n e d  b y  a d d in g
c t o  a ! ,  w h e re  c  = t* -  a ! ,
1 r
b)  t h e  AND f u n c t i o n  f*C x) .X £  c a n  be  o b t a i n e d  by  a d d i n g  c t o
n
a!  and  t o  t * , w h e r e  c = J] a .  + 1 -  a!  -  t ' ,
^ j = l  J 1
c) t h e  e x c l u s i v e - o r  f u n c t i o n  f * (x)  ©  x^ can  be  o b t a i n e d
by a d d i n g  c t o  a!  ^ and  i n c l u d i n g  a n o t h e r  t h r e s h o l d  o f  v a l u e
t* + c , w h e re  c m us t  be  g r e a t e r  t h a n  o r  e q u a l  t o  t h e  two
v a l u e s  o f  c a b o v e .
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More com plex f u n c t i o n s  to o  can  be  c r e a t e d  by t h e  p r o c e s s  o f  
a d d i n g  c o n s t a n t s  c and i n c r e a s i n g  t h e  number o f  t h r e s h o l d s .  The 
p o t e n t i a l  o f  t h i s  p r o c e d u r e  h a s  n o t  b e e n  p u r s u e d ,  b u t  one  con s eq u e n c e  
i s  t h a t  i t  may p o s s i b l y  be  u s e d  t o  f i n d  t h e  w e i g h t - t h r e s h o l d  v e c t o r  
o f  a f u n c t i o n  more d i r e c t l y ,  s a y  by t a k i n g  a  s i n g l e  i n i t i a l  f u n c t i o n  
and a d d i n g  t o  i t ,  and  t h u s  s a v i n g  a  g r e a t  d e a l  o f  c o m p u t a t i o n a l  t i m e .  
However ,  su c h  a method h a s  n o t  y e t  b e e n  f o r m a l l y  r e s e a r c h e d .
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CHAPTER 3
CHARGE-COUPLED DEVICES ( C .C .D . ’ s)
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3. Charge-C oupled  Devices  ( C . C . D . ' s )
3 . 1 G e ne ra l  D e s c r i p t i o n  [z , 3 , 4 , 5]
3 . 1 . 1  C r e a t i o n  o f  a Well
The C.C.D.  was i n v e n t e d  i n  1969 by Boyle and Smith [ i j  . However,  
i t  was n o t  r e a l l y  a new d e v i c e  b u t  an a l t e r n a t i v e  way of  u s in g  an 
o l d e r  and more f a m i l i a r  d e v i c e ,  t h e  M e ta l -O x ide -S em iconduc to r  (M.O.S.)  
c a p a c i t o r .  F i g u r e  3.1 shows a c r o s s  s e c t i o n  o f  an n - c h a n n e l  M.O.S. 
c a p a c i t o r  c o n s i s t i n g  o f  a p - t y p e  s i l i c o n  l a y e r  o r  s u b s t r a t e ,  a s i l i c o n  
d i o x i d e  l a y e r ,  and a m e t a l  p l a t e  known as the  g a t e .  A p - c h a n n e l  
d e v ic e  would be i d e n t i c a l  e x c e p t  f o r  an n - t y p e  s i l i c o n  s u b s t r a t e  and 









F i g u r e  3 .1  M.O.S. c a p a c i t o r
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The p - t y p e  s u b s t r a t e  i s  doped w i t h  a c c e p t o r  i o n s  [24^ which can  
be c o n s i d e r e d  as  " f r e e  h o l e s "  o r  m o b i l e  p o s i t i v e  c h a r g e s .  When a 
p o s i t i v e  v o l t a g e  i s  a p p l i e d  to  t h e  g a t e ,  t h e r e f o r e ,  t h e  h o l e s  a r e  
r e p e l l e d  f o rm in g  a  d e p l e t i o n  r e g i o n  i m m e d i a t e l y  u n d e r  t h e  g a t e  and 
e x t e n d i n g  i n t o  t h e  s u b s t r a t e .  I n c r e a s i n g  t h e  v o l t a g e  i n c r e a s e s  t h e  
e x t e n t  o f  t h e  d e p l e t i o n  r e g i o n  u n t i l  a  c r i t i c a l  p o i n t  i s  r e a c h e d  when 
the  a p p l i e d  v o l t a g e  e q u a l s  a  t h r e s h o l d  v o l t a g e  Then,  i f
e l e c t r o n s  a r e  a v a i l a b l e ,  an  i n v e r s i o n  l a y e r  o r  v e r y  t h i n  n - c h a n n e l  forms 
a t  t h e  s e m i c o n d u c t o r - o x i d e  i n t e r f a c e .  I n  t h e  c a s e  o f  an M.O.S. t r a n s ­
i s t o r ,  e l e c t r o n s  a r e  a v a i l a b l e  f rom  t h e  s o u r c e  o r  d r a i n ,  b u t  i n  t h e  
M.O.S. c a p a c i t o r  t h e i r  o n l y  o r i g i n  i s  f rom t h e  t h e r m a l l y  ( o r  o p t i c a l l y )  
g e n e r a t e d  e l e c t r o n - h o l e  p a i r s  w h i c h  o c c u r  a t  f i n i t e  i n t e r v a l s  o f  t i m e .  
T h e r e f o r e ,  i f  t h e  a p p l i e d  v o l t a g e  i s  s u d d e n l y  p u l s e d  to  a  v o l t a g e  
beyond t h e  t h r e s h o l d  v o l t a g e  t h e  d e p l e t i o n  r e g i o n  w i l l  e x t e n d  i n i t i a l l y  
f a r  i n t o  t h e  s u b s t r a t e ;  a  s i t u a t i o n  known as  deep d e p l e t i o n .  As t ime 
p a s s e s ,  e l e c t r o n s  w i l l  be  g e n e r a t e d  and w i l l  s t a r t  to  form  t h e  i n v e r s e  
l a y e r  and t h e  d e p l e t i o n  r e g i o n  w i l l  s h o r t e n .  U l t i m a t e l y  t h e  s t a t e  when 
t h e  d e v i c e  i s  s a i d  t o  be  i n  e q u i l i b r i u m  i s  r e a c h e d ,  where  t h e  d e p l e t i o n  
r e g i o n  i s  t h e  same d e p th  as  a t  t h e  o n s e t  o f  i n v e r s i o n .  F i g u r e s  3 . 2  
and 3 . 3  show t h e  r e l a t i o n s h i p  be tw een  t h e  g a t e  v o l t a g e  V^, t h e  v o l t a g e  
a t  t h e  s e m i - c o h d u c t o r - o x i d e  I n t e r f a c e  known as  t h e  s u r f a c e  p o t e n t i a l
<t> , and t h e  c h a r g e  I n  t h e  I n v e r s i o n  l a y e r  Q. s •' i n v
The d iag ra m s  I n d i c a t e  t h a t  t h e  t h r e s h o l d  v o l t a g e  I s  d e f i n e d  
as  t h e  g a t e  v o l t a g e  a t  wh ich  t h e  s u r f a c e  p o t e n t i a l  e q u a l s  t w i c e  t h e  
Fermi  p o t e n t i a l ,  w h ic h  i n  t h i s  i n s t a n c e  i s  a p p r o x i m a t e l y  0 .6 V .
The r e a s o n  f o r  t h i s  would  r e q u i r e  a f u l l e r  e x p l a n a t i o n  wh ich  i s  n o t  
n e c e s s a r y  f o r  t h i s  t h e s i s  b u t  wh ich  can  be  found  i n  any s e m i c o n d u c t o r  
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1.0 V* 
1.4 V -  
2.2 V -
3.0 V -
* F i g u r e  3 . 2  V a r i a t i o n  o f  w i t h  f o r  M.O.S. s t r u c t u r e s  o f
d i f f e r e n t  o x i d e  t h i c k n e s s  t  f a b r i c a t e d  on a  p - t y p e
- 3  . .s u b s t a t e  w i t h  d o p i n g  l e v e l  10  cm , w i t h  i n v e r s i o n  
c h a r g e  = 0
fcM •  0.1 pm 
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charge density, O i n v  (nC/cm*>
* F i g u r e  3 . 3  V a r i a t i o n  o f  (p w i t h  Q. f o r  two o f  t h e  M.O.S —  ------------- s i n v
I.
* Reproduced  f rom  Beynon and Lamb f 5 l
s t r u c t u r e s  i n  F i g u r e  3 2 ,  when V^ = lOV and 15V
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seen t h a t  t h e r e  i s  a ve ry  good l i n e a r  r e l a t i o n s h i p  between  the  




where i s  t h e  ox ide  c a p a c i t a n c e  p e r  u n i t  a r e a .
Th is  l i n e a r  r e l a t i o n s h i p  can be used  to  form a s im p le  model where 
the  r e g i o n  u nde r  t h e  g a t e  i s  r e g a r d e d  as a w e l l ,  t h e  cha rge  i s  ana lo g o u s  
to a l i q u i d  i n  t h e  w e l l ,  and th e  s u r f a c e  p o t e n t i a l  i s  r e g a r d e d  as t h e  
d i s t a n c e  from t h e  top o f  t h e  v e i l  to  the  s u r f a c e  o f  the  l i q u i d  as i n  
F ig u re  3 . 4 .
- 0
F i g u r e  3 .4  Model o f  an M.O.S. c a p a c i t o r
Note t h a t  t h i s  i s  o n l y  a s c h e m a t i c  d i ag ra m ,  so t h a t  t h e  w e l l  must  
n o t  be con fu s e d  w i t h  t h e  d e p l e t i o n  r e g i o n .  The maximum amount o f  c h a rg e  
t h a t  can be s t o r e d  i n  a w e l l ,  known as i t s  " d e p t h ” o r  c h a rg e  h a n d l i n g
c a p a c i t y ,  can be found by l e t t i n g  4»^equal z e ro  i n  e q u a t i o n  3 . 1 ,  and
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m u l t i p l y i n g  by t h e  a r e a  o f  the  e l e c t r o d e ,  as i n  e q u a t i o n  3 . 2
Q «= -  C. .AVmax ox g 3.2
where A i s  t h e  a r e a  o f  t h e  e l e c t r o d e .
A g a t e  l i k e  t h i s  would  g e n e r a l l y  be  i n  a s t a t e  o f  n o n - e q u i l i b r i u m ,  
s i n c e  t h e  c h a r g e  u n d e r  i t  would r a r e l y  be  r e q u i r e d  to  be e q u a l  to  Q 
T h e r e f o r e  an amount  o f  c h a r g e  s t o r e d  i n  t h i s  way would  have  to  be 
r e p e a t e d l y  r e f r e s h e d  so a s  to  a v o id  d e g r a d a t i o n  by t h e  e l e c t r o n - h o l e  
p a i r  g e n e r a t i o n .  A l t e r n a t i v e l y ,  t h e  c h a r g e  c o u l d  be  t r a n s f e r r e d  to  
o t h e r  w e l l s  f a s t  enough  t o  a v o i d  c o r r u p t i o n .
3 . 1 . 2  Charge  T r a n s f e r
A t y p i c a l  c r o s s  s e c t i o n  o f  a C.C.D. i s  g i v e n  i n  F i g u r e  3 . 5 .  I t  
c o n s i s t s  o f  a number o f  g a t e s  p l a c e d  s e r i a l l y  be tw e en  t h e  i n p u t  d io d e  
and g a t e  and t h e  o u t p u t  d i o d e  and g a t e .  Each  g a t e  can  have  a v o l t a g e  
a p p l i e d  t o  i t  to  c r e a t e  a w e l l  w i t h  a c h a r g e  h a n d l i n g  c a p a c i t y  as  i n  
e q u a t i o n  3 . 2 .
' r p u '  A A A
diode Gate (f, Oo





F i g u r e  3 . 5  T y p i c a l  c r o s s - s e c t i o n  o f  a C .C .D .
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G e n e r a l l y  t h e  i n p u t  d i o d e  i s  h e l d  a t  a  h i g h  p o s i t i v e  v o l t a g e  and 
i s  t h e r e f o r e  r e v e r s e  b i a s e d .  However ,  i f  i t  i s  p u l s e d  t o  a low v o l t a g e ,  
c h a r g e  w i l l  o v e r f l o w  v i a  t h e  i n p u t  g a t e  t o  t h e  w e l l  u n d e r  , as  i n  
F i g u r e  3 . 6 .  T h i s  c h a r g e  can  t h e n  b e  t r a n s f e r r e d  to  t h e  w e l l  u n d e r  
a s  i n  F i g u r e  3 . 7 .
F i g u r e  3 . 7 ( a )  shows a  w e l l  w h ic h  c o n t a i n s  some c h a r g e .  I n  
F i g u r e  3 . 7 ( b )  an a d j a c e n t  w e l l  h a s  a  v o l t a g e  V s u d d e n l y  a p p l i e d  to  i t ,  
w h i c h ,  i f  t h e  g a t e s  a r e  c l o s e  enough t o g e t h e r ,  c a u s e s  t h e  two w e l l s  
t o  merge and  t h e  c h a r g e  t o  d i s t r i b u t e  i t s e l f  e q u a l l y  b e tw e e n  t h e  two.  
F i g u r e  3 . 7 ( c )  shows t h e  f i r s t  w e l l  h a v i n g  i t s  g a t e  v o l t a g e  s l o w l y  
d e c r e a s e d  s o  t h a t  i t s  r e m a i n i n g  c h a r g e  f l o w s  i n t o  t h e  a d j a c e n t  w e l l  
u n t i l  f i n a l l y  t h e  s e c o n d  w e l l  c o n t a i n s  a l l  t h e  c h a r g e .  C l e a r l y  t h i s  
p r o c e s s  c o u l d  b e  c o n t i n u e d  t o  a  t h i r d  w e l l ,  t h u s  g i v i n g  t h e  f a c i l i t y  
o f  c h a r g e  t r a n s f e r .  A t h r e e  p h a s e  c l o c k i n g  s y s t e m  w h ic h  a l l o w s  t h i s  
i s  shown i n  F i g u r e  3 . 8 .
O t h e r  c l o c k i n g  schem es  h a v e  a l s o  b e e n  p r e s e n t e d  w h ic h  o n l y  r e q u i r e  
two p h a s e s  a n d  e v e n  a  one  p h a s e  s y s t e m  [3 ,5 j  . However ,  t h e  t h r e e  p h a s e  
i s  t h e  m o s t  commonly e n c o u n t e r e d  s i n c e  t h e  o t h e r s  r e q u i r e  more c o m p l ic ­
a t e d  f a b r i c a t i o n  p r o c e s s e s .
F i n a l l y ,  t h e  c h a r g e  r e a c h e s  t h e  o u t p u t  w h e r e  i t  o v e r f l o w s  t h e  
o u t p u t  g a t e  i n t o  t h e  o u t p u t  d i o d e  wh ich  n o r m a l l y  h a s  a  p o s i t i v e  v o l t a g e  
a p p l i e d  t o  i t .  T y p i c a l l y  a  c a p a c i t o r  and a m p l i f i e r  i s  p l a c e d  a t  t h e  
o u t p u t  t o  d e t e c t  t h i s  c h a r g e  and g i v e  a  v o l t a g e  p r o p o r t i o n a l  t o  i t .
I t  i s  t h e  C . C . D . ' s  a b i l i t y  t o  s t o r e  c h a r g e  and  t o  t r a n s f e r  i t  
wh ich  h a s  r e s u l t e d  i n  i t s  t h r e e  main  a p p l i c a t i o n s ,  n a m e l y ,  image s e n s i n g ,  
a n a lo g u e  s i g n a l  p r o c e s s i n g ,  and d i g i t a l  m e m o r ie s .  R e c e n t l y ,  i n t e r e s t  
h a s  b e e n  shown i n  d e v e l o p i n g  C .C .D.  l o g i c  g a t e s  f o r  u s e  i n  d i g i t a l  s i g n a l
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p r o c e s s i n g ,  w h i c h  opens  up a c o m p l e t e l y  new a r e a  o f  a p p l i c a t i o n .  '
3 .2  L o g i c  D e s i g n
As m e n t i o n e d  a l r e a d y  t h e  C.C.D.  h a s  r e c e i v e d  a  g r e a t  d e a l  o f  
a t t e n t i o n  i n  t h e  a r e a  o f  d i g i t a l  m e m o r ie s ,  w he re  t h e  p r e s e n c e  o r  a b s e n c e  
o f  a  u n i t  c h a r g e  p a c k e t  c o r r e s p o n d s  to  a s t o r e d  l o g i c  1 o r  l o g i c  0  
r e s p e c t i v e l y .  C l e a r l y  t h i s  i d e a  c a n  be  e x t e n d e d  t o  d i g i t a l  s i g n a l  
p r o c e s s i n g  u s i n g  p r o p e r t i e s  o f  t h e  C .C .D.  t o  p e r f o r m  s i m p l e  l o g i c  
f u n c t i o n s  [ ? ]  . T h i s  means t h a t  t h e r e  i s  t h e  p o s s i b i l i t y  o f  combin in g  
d e n s e  memory a r r a y s  and c o n ç l e x  d i g i t a l  s i g n a l  p r o c e s s o r s  on t h e  same 
c h i p .  So f a r  t h i s  i d e a  h a s  b e e n  a p p r o a c h e d  i n  two w a y s ;  f i r s t l y ,  
s im p l e  b i n a r y  l o g i c  f u n c t i o n s  and s e c o n d l y ,  m u l t i - v a l u e d  l o g i c ,  m a i n ly  
f o u r - v a l u e d  C q u a t e r n a r y ) .
3 . 2 . 1  Some A d d i t i o n a l  C.C.D.  P r o p e r t i e s
I n  o r d e r  t o  f o l l o w  t h e  o p e r a t i o n  o f  C.C .D.  l o g i c  c i r c u i t s  i t  i s  
n e c e s s a r y  t o  u n d e r s t a n d  t h e  f o l l o w i n g  t h r e e  f u n c t i o n s ;
a)  c h a r g e  summing,
b )  c h a r g e  o v e r f l o w ,
c)  c h a r g e  s e n s i n g .
3 . 2 . 1 . 1  C h a r g e  Summing
E a r l i e r  i t  was d i s c u s s e d  how a  C .C .D .  s t o r e s  c h a r g e  i n  a  w e l l  and 
how t h i s  c h a r g e  can  b e  t r a n s f e r r e d  t o  a n o t h e r  w e l l  u s i n g  a  t h r e e  p h a s e  
c l o c k i n g  s y s t e m .  C o n s i d e r  w ha t  h a p p e n s  when c h a r g e  f ro m  two w e l l s  a r e  
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F i g u r e  3 .9  C harge  summing
C l e a r l y ,  i f  w e l l  3 h a s  a  l a r g e  enough  c h a r g e  h a n d l i n g  c a p a c i t y ,  
th e n  w i l l  b e  t h e  sum o f  and , a s  i n  e q u a t i o n  3 . 3 .
Q3 - Ql * Qj 3 .3
More t h a n  two w e l l s  c a n  o b v i o u s l y  b e  u s e d ,  p r o v id e d  t h a t  t h e  
summing w e l l  h a s  a  l a r g e  enough  c h a r g e  h a n d l i n g  c a p a c i t y .
3 . 2 . 1 . 2  C harge  O v e r f lo w
I f  a  w e l l  c o n t a i n s  c h a r g e  Q^, and  t h i s  c h a r g e  i s  t h e n  c lo c k  t r a n s ­
f e r r e d  to  a  s e c o n d  w e l l  whose c h a rg e  h a n d l i n g  c a p a c i t y  i s  l e s s  t h a n  
, th e n  t h e  e x c e s s  c h a r g e  can  be  made to  o v e r f l o w  i n t o  a  t h i r d  w e l l  










F i g u r e  3 .1 0  C harge  o v e r f l o w
I f  t h e  t h i r d  w e l l  h a s  a  l a r g e  enough  c h a rg e  h a n d l i n g  c a p a c i t y  
to  o v e r f l o w i n g  c h a r g e ,  t h e n  and a r e  r e l a t e d  by  e q u a t i o n  3 .4
3 .4
The b a r r i e r  g a t e  i s  s im p ly  an  e l e c t r o d e  w i t h  a  low  v o l t a g e  a p p l i e d ,  
s i m i l a r  t o  t h e  i n p u t  g a t e  shown . i n  F i g u r e  3 . 6 .  A n o th e r  b a r r i e r  g a te  
and w e l l  c o u ld  b e  p l a c e d  a f t e r  w e l l  3 s o  t h a t  i f  t h e  c h a r g e  h a n d l i n g  
c a p a c i t y  o f  w e l l  3 i s  l e s s  t h a n  t h e  c h a r g e  t h a t  i t  r e c e i v e s ,  a  f u r t h e r  
o v e r f l o w  c o u ld  o c c u r  i n t o  t h e  f o u r t h  w e l l ,  and p o s s i b l y  i n t o  a  f i f t h ,  
s i x t h ,  e t c .
3 . 2 . 1 . 3  C harge  S e n s in g
A l th o u g h  c h a rg e  c an  b e  d e t e c t e d  d e s t r u c t i v e l y  a t  t h e  o u t p u t  as 
d e s c r i b e d  e a r l i e r ,  i t  can  a l s o  b e  s e n s e d  a t  an y  p o i n t  w i t h o u t  a l t e r i n g  
i t  w h a t s o e v e r .  A c h a r g e  s e n s i n g  a m p l i f i e r  d e t e c t s  t h e  p r e s e n c e  o f  
c h a r g e  u n d e r  an  e l e c t r o d e  and a l t e r s  t h e  v o l t a g e  o n  a n o t h e r  e l e c t r o d e  
by an am oun t  p r o p o r t i o n a l  to  t h e  s e n s e d  c h a r g e .  A t y p i c a l  s t r u c t u r e  
i s  t h e  m a s t e r - s l a v e  f l o a t i n g  g a t e  shown i n  F i g u r e  3 .1 1  [8 j .
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F i g u r e  3 .1 1  M a s t e r - s l a v e  f l o a t i n g  g a t e
The v o l t a g e  on t h e  m a s t e r  and  th e  s l a v e  w e l l s  i s  s e t  by  t h e  
F . E . r .  and k e p t  c o n s t a n t  b y  t h e  p a r a s i t i c  c a p a c i t a n c e s .  C harge  e n t e r i n g  
t h e  m a s t e r  w e l l  b y  a  c lo c k e d  t r a n s f e r  f rom  w e l l  1 w i l l  c a u s e  a  d rop  
i n  t h e  v o l t a g e  on  t h e  m a s t e r  e l e c t r o d e  and  so  a  c o r r e s p o n d i n g  d ro p  
m ust a l s o  o c c u r  on  t h e  s l a v e  e l e c t r o d e .  I f  t h e  d ro p  i s  s u f f i c i e n t  
t h e  s l a v e  w i l l  b l o c k  a l l  t r a n s f e r  o f  c h a r g e  f rom  w e l l  3 t o  w e l l  4 .
A f t e r  t h e  c h a r g e  h a s  b e e n  t r a n s f e r r e d  f ro m  t h e  m a s t e r  w e l l ,  t h e  m a s t e r  
and  s l a v e  a r e  r e s e t  to  t h e i r  o r i g i n a l  v o l t a g e s .  Thus t h e  f u n c t i o n  o f  
th e  s t r u c t u r e  c a n  b e  g iv e n  by e q u a t i o n  3 . 5 .
= 0  i f  Q , >
3.5
w here  i s  some a r b i t r a r y  t h r e s h o l d  c h a rg e .
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3 .2 .2  B in a ry  L o g ic
B in a ry  l o g i c  u s e s  u n i t  c h a rg e  p a c k e t s ,  t h e  p r e s e n c e  o r  a b se n c e  
o f  w hich  c o n s t i t u t e s  a  l o g i c  1 o r  0 r e s p e c t i v e l y .  D evelopm ents  i n  
t h i s  a r e a  h a v e  b e e n  m a in ly  c o n c e n t r a t e d  on l o g i c  a r r a y s  u s in g  t h e  v e ry  







F i g u r e  3 .1 2  AND/OR l o g i c  s t r u c t u r e
A l l  w e l l s  h a v e  c h a rg e  h a n d l i n g  c a p a c i t i e s  o f  u n i t y .  Thus i f  b o t h  
and a r e  u n i t  c h a rg e  p a c k e t s ,  when th e y  a r e  c lo c k e d  t o  w e l l  3 
t h e r e  w i l l  b e  a  c h a r g e  o v e r f l o w  o f  one  u n i t  i n t o  w e l l  4 .  Thus t h e r e  
i s  c h a r g e  i n  w e l l  3 i f  t h e r e  i s  c h a rg e  i n  w e l l  1 OR w e l l  2 ,  and c h a r g e  
i n  w e l l  4 i f  t h e r e  i s  c h a rg e  i n  w e l l  1 AND w e l l  2 .  T h is  k i n d  o f  
s t r u c t u r e  i s  i d e a l l y  s u i t e d  f o r  im p le m e n t in g  f u n c t i o n s  i n  a  p i p e l i n e d  
o r  s e r i a l  i n p u t  m an n e r ,  more o f  w h ich  i s  d i s c u s s e d  i n  t h e  f o l l o w i n g  
c h a p t e r .  H ow ever, a r i t h m e t i c  f u n c t i o n s  can  a l s o  b e  i n ç l e m e n t e d  u s i n g  
a  s l i g h t l y  m o d i f i e d  s t r u c t u r e .  F i g u r e  3 .1 3  shows a  f u l l  a d d e r  c i r c u i t  
and  t h e  c o r r e s p o n d i n g  t r u t h  t a b l e  f o r  e a ch  o f  t h e  w e l l s  ^ 9 j .
As i n  t h e  AND/OR c i r c u i t , e a ch  w e l l  h a s  a  c h a r g e  h a n d l i n g  c a p a c i t y  











b) WELL I 2 3 A 5 6 7
0 0 0 0 0 0 0
0 0 1 1 0 ■ 0 1
0 1 0 1 0 0 1
0 1 1 1 1 0 0
1 0 0 1 0 0 1
1 0 1 1 1 0 0
1 1 0 1 1 0 0
1 1 1 1 1 1 1
F i g u r e  3 .1 3  F u l l  a d d e r  c i r c u i t  and  t r u t h  t a b l e
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i s  an o v e r f l o w  i n t o  w e l l  5 which then b l o c k s  the  t r a n s f e r  o f  ch arge  
from w e l l  4 to  w e l l  7.  However,  when a l l  t h re e  ch a rg e s  are  p r e s e n t  
charge a l s o  o v e r f l o w s  i n t o  w e l l  6 which  i s  then  c l o c k e d  to  w e l l  7,  
the  sum o u t p u t .
Ar ra ys  o f  t h e s e  s t r u c t u r e s  can then  be  used to  p er form  a d d i t i o n ,  
and w i t h  e x t r a  d e l a y s  m u l t i p l i c a t i o n .
3 . 2 . 3  M u l t i - V a l u e d  L o g i c
C . C . D . ' s  h a v e  b e e n  m a in ly  used as e i t h e r  a n a lo g u e  or  b i n a r y  d e v i c e s  
However,  th e y  can be used as  m u l t i - l e v e l  d e v i c e s  as  i n  F i g u r e  3 . 1 4 ,  








1 0  







F i g u r e  3 . 1 4  M u l t i - l e v e l  s t o r a g e  o f  c h a r g e
T he se  ch a r g e  l e v e l s  can then be used  e i t h e r  t o  d o u b le  t h e  s t o r a g e  
d e n s i t y  o f  a memory d e v i c e  by c o n s i d e r i n g  e a c h  l e v e l  to  be  th e  e q u i ­
v a l e n t  t o  two b i n a r y  b i t s  [ l l ] , o r  as l o g i c  l e v e l s  i n  q u a t e r n a r y  
l o g i c  [ i . 2 ,1 3 ,1 4 ]  . The main drawback o f  u s i n g  m u l t i - l e v e l s  i s  t h e  f a c t
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t h a t  i t  i s  e x t r e m e l y  d i f f i c u l t  to  d e t e c t  t h e  d i f f e r e n t  l e v e l s  [ z ] .
The u s e  o f  f o u r  l e v e l s  h a s  b e e n  r e s e a r c h e d  and a c t u a l  d e v ic e s  made, 
b u t  f o r  more th a n  f o u r  l e v e l s  v e r y  l i t t l e  w ork h a s  b e e n  u n d e r t a k e n ,  
a l t h o u g h  up to  t h i r t y  two l e v e l s  h a s  b e e n  r e p o r t e d  [ l 5 j .
As an  e xam ple  o f  a q u a t e r n a r y  d e v ic e  ^ i s j  c o n s i d e r  a f u l l  a d d e r . 
c i r c u i t  w h ic h  i s  i d e n t i c a l  to  t h a t  o f  F i g u r e  3 .1 3 ( a )  e x c e p t  t h a t  a l l  
t h e  w e l l s  now h a v e  c h a rg e  h a n d l i n g  c a p a c i t i e s  o f  t h r e e  a p a r t  f rom  
w e l l  5 w h ic h  h a s  a  c a p a c i t y  o f  o n e .  Thus t h e  c o n t e n t s  o f  w e l l s  4 ,  5 ,  6 ,  
and 7 c an  now b e  shown i n  f i g u r e  3 . 1 5 .
w e l lD ec im al  sum o f
F i g u r e  3 .1 5  C o n te n ts  o f  t h e  w e l l s  o f  a  q u a t e r n a r y  f u l l  a d d e r
The l a r g e s t  v a l u e  o f  t h e  sum i s  s e v e n  b e c a u s e  one o f  t h e  i n p u t s ,  
s a y ,  i s  a  c a r r y  s i g n a l  from  a p r e v i o u s  f u l l  a d d e r  and t h e r e f o r e  h as  
a  v a l u e  o f  1 o r  0 .
I n  f a c t  f o r  any m -v a lu ed  l o g i c ,  a  f u l l  a d d e r  c i r c u i t  w ould  be  
s i m i l a r  t o  t h a t  o f  F ig u re  3 .1 3 ( a )  w i t h  a l l  w e l l s  h a v in g  a  c h a rg e  h a n d l i n g  
c a p a c i t y  o f  m -  1 e x c e p t  f o r  w e l l  5 w h ic h  h a s  a  c h a rg e  h a n d l i n g  c a p a c i t y  
o f  o n e .
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3 .3  T h r e s h o ld  L o g ic
In  t h e  p r e v i o u s  s e c t i o n  i t  was shown t h a t  c h a rg e  can  be  summed, 
made to  o v e r f l o w ,  and  t h a t  m u l t i - l e v e l  l o g i c  i s  p o s s i b l e .  T hese  f a c t s  
can b e  shown to  b e  i d e a l  f o r  t h e  p r o d u c t i o n  o f  a  t h r e s h o l d  l o g i c  g a t e .  
R e c o n s id e r  t h e  t h r e s h o l d  l o g i c  e q u a t i o n :
n
f ( x )  = 1 i f f  ^  a . x .  )  t
3 .6
f ( x )  = 0 o t h e r w i s e
T h e r e f o r e  e a c h  i n p u t  v a r i a b l e  can  h a v e  a  c h a rg e  p a c k e t  a s s o c i a t e d
w i th  i t  p r o p o r t i o n a l  to  t h e  w e ig h t  a ^ ,  and s i n c e  a^ i s  an i n t e g e r  t h i s
c h a rg e  p a c k e t  c a n  b e  e n v i s a g e d  a s  a^  t im e s  a  b a s i c  c h a rg e  p a c k e t ,  Q s a y ,
a s  i n  F i g u r e  3 . 1 4 .  E ach  p a c k e t  o f  c h a rg e  c a n  th e n  b e  summed i n t o  a
common w e l l  a s  i n  e q u a t i o n  3 . 3 ,  w h e re  t h e  c h a r g e  h a n d l i n g  c a p a c i t y  o f
t h i s  w e l l  i s  p r o p o r t i o n a l  to  t  -  1 ,  s o  t h a t  c h a r g e  o f  t  o r  more e n t e r i n g
i t  w ou ld  o v e r f l o w  i n t o  a n o t h e r  w e l l  a s  i n  e q u a t i o n  3 . 4 .  Thus t h e  c h a rg e
i n  t h i s  t h i r d  w e l l  w ou ld  b e  e i t h e r  e q u a l  t o  z e r o ,  o r  e q u a l  t o  
n
J  a . x .  -  t  + 1 .  The p r e s e n c e  o r  a b s e n c e  o f  c h a rg e  i n  t h i s  w e l l  r e s u l t s  
i = l  ^ ^
i n  an  o u t p u t  o f  a  l o g i c  1 o r  0 r e s p e c t i v e l y ,  r e g a r d l e s s  o f  t h e  amount 
o f  c h a r g e .
I t  i s  i n t e r e s t i n g  to  n o t e  t h a t  t h e  f u l l  a d d e r  c i r c u i t  o f  F i g u r e  
3 .1 3 ,  and  p a r t i c u l a r l y  t h e  q u a t e r n a r y  f u l l  a d d e r ,  t h e  c o n t e n t s  o f  w h ich  
a r e  shown i n  F i g u r e  3 .1 5 ,  a c t s  i n  a  v e r y  s i m i l a r  m anner to  a  t h r e s h o l d  
l o g i c  g a t e  w i t h  t h r e e  i n p u t s .  One o f  t h e  i n p u t s  h a s  a  w e ig h t  o f  o n e ,  
and  t h e  o t h e r  two c a n  h a v e  w e ig h ts  o f  up to  t h r e e .  The c h a r g e s  a r e  
summed and made to  o v e r f lo w  i n t o  w e l l s  5 and 6 ,  w h ich  can  t h e r e f o r e  be  
c o n s i d e r e d  as  a c t i n g  as  though  th e y  had  t h r e s h o l d s  o f  f o u r  and  f i v e .
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The f o l l o w i n g  s e c t i o n s  c o n s i d e r  how a c h a rg e  p a c k e t  p r o p o r t i o n a l  
t o  a^ can  be fo rm ed  and  how t h e  f i n a l  c h a rg e  can be  d e t e c t e d  a t  t h e  
o u t p u t .
3 . 3 . 1  C harge  I n p u t
A m ethod w h ic h  p r o v i d e s  t h e  i n p u t  o f  a  f i x e d  amount o f  c h a rg e  i s  
t h e  c h a rg e  e q u i l i b r a t i o n ,  o r  " f i l l - a n d - s p i l l "  ^ 2 , 3 , 4 , 5 ] ,  a s  shown i n  
F ig u r e  3 .1 6 .  I n i t i a l l y  t h e  i n p u t  d io d e  i s  s t r o n g l y  r e v e r s e  b i a s e d  
and  no  c h a rg e  r e s i d e s  u n d e r  g a t e s  1 , 2 ,  o r  3 as  i n  F i g u r e  3 . 1 6 ( a ) .
F i g u r e  3 .1 6 ( b )  shows t h e  v o l t a g e  on t h e  i n p u t  d io d e  s u d d e n ly  p u l s e d  
to  a  low v o l t a g e  so  t h a t  c h a rg e  o v e r f lo w s  t h e  w e l l s ,  i n  p a r t i c u l a r  
f i l l i n g  t h e  w e l l  u n d e r  V^. F i n a l l y  F ig u r e  3 .1 6 ( c )  shows t h a t  t h e  
v o l t a g e  on t h e  d io d e  i s  a g a in  s e t  to  i t s  o r i g i n a l  r e v e r s e  b i a s  s o  t h a t  
t h e  c h a rg e  s p i l l s  b a c k  l e a v i n g  o n l y  t h a t  c h a r g e  i n  w e l l  3 ,  t h e  amount 
o f  w h ich  i s  g i v e n ,  u s i n g  e q u a t i o n  3 : 1 ,  a s :
Q = -  CV, -  V 2 ) . C , , . A  3 . 7
The two g a t e s  w i t h  and a t t a c h e d  a r e  i n c l u d e d  i n s t e a d  o f  
t h e  u s u a l  one s o  t h a t  t h e  i n p u t  v a r i a b l e  c an  r e p l a c e  V^. Thus t h e  
p r e v i o u s  d e s c r i p t i o n  o c c u r s  when x^ = 1 ,  and  t h e r e f o r e  > V^.
How ever, i f  x^ = 0 ,  t h e n  = 0 and  c h a rg e  f ro m  t h e  i n p u t  d io d e  i s  
b l o c k e d  a s  i n  F i g u r e  3 .1 7 .
3 . 3 . 2  C harge  D e t e c t i o n
As p r e v i o u s l y  n o t e d ,  t h e  o u t p u t  h a s  to  d e t e c t  t h e  p r e s e n c e  o r  
a b s e n c e  o f  c h a rg e  r e g a r d l e s s  o f  t h e  amount o f  c h a r g e ,  and h e n c e  p r a c t i c a l  
a rg u m e n ts  a g a i n s t  t h e  u s e  o f  m u l t i - l e v e l s ,  n am e ly  t h e  d i f f i c u l t y  i n  
















F i g u r e  3.17^ Charge b l o c k i n g  when x .  = 0
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F ig u r e  3 .1 8  O u tp u t  c i r c u i t r y
S w itc h  51 i s  c lo s e d  long  enough f o r  t h e  v o l t a g e  on th e  c a p a c i t o r  
to  s e t t l e  a t  w hich  th e n  s t r o n g l y  r e v e r s e  b i a s e s  th e  o u t p u t  d io d e .
The s w i t c h  i s  th e n  opened  and , a ssu m in g  t h a t  t h e  a m p l i f i e r  h a s  a v e ry  
h ig h  i n p u t  r e s i s t a n c e ,  t h e  v o l t a g e  on th e  c a p a c i t o r  rem ains  c o n s t a n t .
Any c h a rg e  u n d e r  th e  l a s t  c lo c k e d  e l e c t r o d e  w i l l  o v e r f lo w  th e  o u tp u t  
g a te  w i t h  t h e  low v o l t a g e  on i t  when th e  c lo c k  p h a se  d ro p s  to  
ze ro  v o l t s ,  and w i l l  th e n  p a s s  v i a  t h e  o u t p u t  d io d e  to  th e  c a p a c i t o r ,  
th u s  l o w e r in g  th e  p o t e n t i a l  a c r o s s  t h e  c a p a c i t o r .  T h is  p o t e n t i a l  drop 
i s  a m p l i f i e d  and i n v e r t e d  so  t h a t  t h e  NAND g a te  r e c e i v e s  i t  as  a l o g i c  1 
s i g n a l .  ( I f  t h e r e  had b een  no c h a rg e  and t h e r e f o r e  no v o l t a g e  drop  on 
th e  c a p a c i t o r ,  t h e  NAND g a te  would r e c e i v e  a l o g i c  0 s i g n a l ) .  The p u l s e  
PI i s  s e t  to  a low v o l t a g e ,  l o g i c  0 ,  so  t h a t  t h e  o u t p u t  f{x)  i s  e q u i ­
v a l e n t  to  th e  l o g i c  i n p u t  from th e  a m p l i f i e r .  The p u l s e  PI i s  then  
r e s e t  to  a h ig h  v o l t a g e ,  l o g ic  1, which th e n  h o ld s  t h e  o u tp u t  f ( x )  a t
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th e  same l e v e l  e v e n  i f  t h e  s i g n a l  from  th e  a m p l i f i e r  i s  a l t e r e d .  The 
s w i tc h  S I  i s  th e n  c l o s e d  a g a i n  to  d i s c h a r g e  t h e  c a p a c i t o r  and th e  
p r o c e s s  r e p e a t e d .  A l l  t h e  d e v i c e s  shown, namely s w i t c h e s ,  a m p l i f i e r ,  
sam ple and  h o l d  c i r c u i t ,  c a n  b e  m a n u f a c tu r e d  u s i n g  M .O .S .F .E .T .* s  
which a r e  c o m p a t ib l e  w i t h  t h e  C .C .D . and th e  w ho le  c an  t h e r e f o r e  be  
i n c o r p o r a t e d  on to  t h e  same c h ip  [ lb ]  .
3 . 3 . 3  S y s te m  I n t e g r a t i o n
The i n p u t s  and  o u t p u t s  d e s c r i b e d  so f a r  h a v e  assum ed t h a t  t h e  
t h r e s h o l d  l o g i c  -gate i s  an i n d e p e n d e n t  d e v ic e  r e c e i v i n g  l o g i c  s i g n a l s  
o r  v o l t a g e  l e v e l s  and y i e l d i n g  t h e  same s i g n a l s  o r  v o l t a g e s .  How ever, 
i t  h a s  b e e n  s a i d  t h a t  t h e  d e s i r a b l e  f e a t u r e  o f  l o g i c  c i r c u i t s  i n  
C .C .D . ' s  i s  t h a t  t h e y  c an  b e  i n c o r p o r a t e d  i n t o  a  c o m p le te  d i g i t a l  p r o ­
c e s s i n g  s y s t e m ,  i . e .  a l l  C .C .D . d e v ic e s  on one  c h i p .  I n  t h i s  c a s e  t h e  
i n p u t s  an d  o u t p u t s  t h a t  t h e  i n t e r n a l  t h r e s h o l d  l o g i c  g a t e s  w ould  o b t a i n  
would  b e  u n i t  c h a r g e  p a c k e t s  as  i n  t h e  c a s e  o f  t h e  b i n a r y  l o g i c  g a t e s  
d e s c r i b e d  e a r l i e r .  T h i s  i s  e a s i l y  a d o p te d ,  h o w e v e r ,  u s i n g  t h e  c h a rg e  
s e n s i n g  a m p l i f i e r  d e s c r i b e d  i n  s e c t i o n  3 . 2 . 1 . 3 ,  d e t a i l s  o f  w h ich  a r e  
c o n s i d e r e d  i n  t h e  f o l l o w i n g  s e c t i o n s .  *
3 . 3 . 3 . 1  C harge  I n p u t
A t t h e  i n p u t ,  c h a rg e  i s  s e n s e d  i n  a  m a s t e r  w e l l  and t h e  s l a v e  i s  
e q u i v a l e n t  t o  Vg i n  F i g u r e  3 .1 6 ;  h e n c e  a c h a r g e  p a c k e t  o f  (V^ -  
i s  i n t r o d u c e d  to  t h e  t h r e s h o l d  l o g i c  g a t e .  I f  no c h a r g e  i s  p r e s e n t  
i n  t h e  m a s t e r  w e l l  th e n  t h e  v o l t a g e  Vg i s  a t  i t s  maximum, w hich  i s  s e t  
so  t h a t  ^ ^^2max ^ F ig u r e  3 .1 9 .
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charge flews bad
F i g u r e  3 .19  Charge b l o c k i n g
When t h e  i n p u t  d io d e  i s  now p u l s e d  a l l  c h a rg e  w i l l  s p i l l  back  o u t  
so  t h a t  no c h a rg e  p a c k e t  i s  fo rm ed .
3 . 3 . 3 . 2  C harge  O u tp u t
In  t h e  d e s c r i p t i o n  o f  a t h r e s h o l d  l o g i c  g a te  so f a r ,  i t  h a s  b e e n
assumed t h a t  t h e r e  i s  o n ly  one o u t p u t .  The p r e v io u s  c h a p t e r  showed th e
d e s i r a b i l i t y  o f  h a v in g  m u l t i - t h r e s h o l d s ,  and f o r t u n a t e l y  t h i s  i s  e a s i l y  
i n c o r p o r a t e d  i n t o  t h e  C .C .D . by  e x t e n d i n g  th e  o v e r f lo w  o f  ch a rg e  to  
more th a n  one  w e l l ,  each  o f  w h ich  h a s  a c h a rg e  h a n d l i n g  c a p a c i t y  
p r o p o r t i o n a l  to  t^  -  t ^ T h e  l o g i c a l  v a lu e s  o f  each  o f  th e s e  w e l l s  
th en  have  to  be e x c l u s i v e l y - o r e d  to  g iv e  th e  f i n a l  o u t p u t .  I f  t h e s e  
l o g i c  v a l u e s  a r e  v o l t a g e  l e v e l s  from  th e  o u t p u t  o f  t h e  c i r c u i t s  shown 
i n  F ig u re  3 .1 8  th e n  th e  e x c l u s i v e - o r  g a te  can  a l s o  be m a n u fa c tu re d  
u s in g  M .O .S .F .E .T . ’s [ l 7 ] .  However, i f  t h e  g a t e  i s  p a r t  o f  a d i g i t a l  
p r o c e s s o r ,  i t  i s  more l i k e l y  t h a t  th e  o u tp u t  w i l l  be r e q u i r e d  -to be
in  th e  form  o f  a u n i t  c h a rg e  p a c k e t .
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I f  t h e  m u l t i - t h r e s h o l d  w e l l s  d e s c r i b e d  above a r e  c o n s id e r e d  as 
t h e  m a s t e r  w e l l s  o f  t h e  m a s t e r  s l a v e  c h a rg e  s e n s o r s ,  th e n  th e  s l a v e  
end c o u ld  b e  e q u i v a l e n t  to  i n  F ig u re  3 .1 6 .  T h u s ,  i f  c h a rg e  i s  
p r e s e n t  i n  t h e  t h r e s h o l d  l o g i c  g a t e  w e l l s  t h e n  no c h a rg e  p a c k e t  i s  
c r e a t e d  i n  a n o t h e r  p a r t  o f  t h e  sy s te tn ,  and i f  t h e r e  i s  no c h a rg e  th e n  
a c h a r g e  p a c k e t  i s  i n t r o d u c e d .  Each o f  t h e s e  c h a rg e  p a c k e t s  can  th e n  
be  t r a n s f e r r e d  t o  an a r r a y  o f  C .C .D . b i n a r y  e x c l u s i v e - o r  g a t e s  [ 9] , one 
o f  w h ic h  i s  shown i n  F ig u r e  3 .2 0 .






F i g u r e  3 .2 0  B in a ry  e x c l u s i v e - o r  g a t e
The s t r u c t u r e  o f  t h e  e x c l u s i v e - o r  g a t e  i s  s i m i l a r  t o  t h e  AND/OR 
g a t e  o f  f i g u r e  3 .1 2  e x c e p t  t h a t  w e l l  4 i s  now a  m a s t e r  w e l l  o f  a  m a s te r -  
s l a v e  c h a r g e  s e n s o r .  Thus i f  w e l l  4 c o n t a i n s  c h a r g e ,  t h e  t r a n s f e r  o f  
c h a r g e  f ro m  w e l l  3 to w e l l  5 i s  b lo c k e d .  The c h a r g e  p a c k e t s  and 
Qg a r e  i n  f a c t  t h e  i n v e r s e  o f  w hat th ey  s h o u ld  b e  s i n c e  th e y  a r e  e q u i ­
v a l e n t  t o  a  l o g i c  1 i f  c h a rg e  i s  n o t  p r e s e n t  i n  t h e  t h r e s h o l d  w e l l  and 
a l o g i c  O i f  t h e r e  i s ,  w hich  i s  t h e  r e v e r s e  o f  w h a t  i s  n o r m a l ly  assum ed .
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However, i t  makes no l o g i c a l  d i f f e r e n c e  to  t h e  f i n a l  o u t p u t ,  s i n c e  th e  
e x c l u s i v e - o r  o f  two v a r i a b l e s  i s  e q u i v a l e n t  to  t h e  e x c l u s i v e - o r  o f  
t h e i r  i n v e r s e .
The p r e v i o u s  c h a p t e r  showed t h a t  t h e  " h a l f  e x c l u s i v e - o r  g a t e "  i s  
a l l  t h a t  i s  n e c e s s a r y  i n  a m u l t i - t h r e s h o l d  l o g i c  g a t e .  Thus t h e  s i m p l e r  
c i r c u i t  i f  F i g u r e  3 .2 1  c a n  b e  u s e d  i n s t e a d  o f  t h e  e x c l u s i v e - o r  g a t e .
WELL 1
WELL 3WELL 2
0 2 Half exclusive-or
F i g u r e  3 .2 1  H a l f  e x c l u s i v e - o r  g a t e
I n  t h i s  s i t u a t i o n ,  can  n e v e r  b e  a  1 when Q2  i s  a  0 ,  so  t h a t  th e  
o u t p u t  i s  e q u a l  t o  when i s  0 ,  and  e q u a l  t o  0 when i s  1 .  F o r  
more t h a n  two t h r e s h o l d s ,  a r r a y s  o f  t h e s e  g a t e s  w ou ld  b e  u s e d .  N o t e ,  
h o w e v e r ,  t h a t  t h e  e x c l u s i v e - o r  o r  h a l f  e x c l u s i v e - o r  o f  an  odd num ber 
o f  v a r i a b l e s  i s  i n v e r t e d  i f  t h e  v a r i a b l e s  a r e  i n v e r t e d .  Thus i f  t h e r e  
a r e  an  odd  num ber o f  t h r e s h o l d s  and  o u t p u t s  t h e n  t h e  l a s t  h a l f  e x c l u s i v e -  
o r  g a t e  m u s t  h a v e  e q u a l  to  a  l o g i c  1 to  i n v e r t  t h e  f i n a l  o u t p u t .
T h is  a l s o  a p p l i e s  when t h e r e  i s  o n l y  one t h r e s h o l d ,  s i n c e  t h i s  to o  i s  
an odd n u m b e r .  The a r r a y  o f  g a t e s  w ould  be  s t r u c t u r e d  so  t h a t  t h e  
c o n t e n t s  o f  w e l l  3 i n  e a c h  g a t e  r u n  i n t o  a common w e l l  w h ich  w ou ld  th e n
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c o n t a i n  t h e  o u t p u t  l o g i c  v a l u e .
3 .4  T h r e s h o ld  L o g ic  G ate
F i g u r e  3 .2 2  shows t h e  f u l l  s t r u c t u r e  o f  th e  p ro p o se d  t h r e s h o l d  
l o g i c  g a t e  [ i s ] .  I t  h a s  f o u r  i n p u t s  and f i v e  t h r e s h o l d s  and o u t p u t s  
w hich  a r e  a  s u f f i c i e n t  num ber t o  r e a l i s e  any f o u r  i n p u t  v a r i a b l e  
f u n c t i o n .
The g a t e  o p e r a t e s  a s  f o l l o w s :  c h a rg e  i s  form ed i n  w e l l s  G1 to  G4 
u s i n g  t h e  c h a rg e  e q u i l i b r a t i o n  m ethod d i s c u s s e d  e a r l i e r .  The amount 
o f  c h a r g e  i s  p r o p o r t i o n a l  t o  a^ i f  i s  a  l o g i c  1 ,  o r  n o t h i n g  a t  a l l  
i f  X£ i s  a  l o g i c  0 .  I t  i s  t h e n  t r a n s f e r r e d  u s in g  a  t h r e e  p h a s e  c lo c k  
to  t h e  l a r g e  w e l l  G5 w h e re  i t  i s  summed. The c h a rg e  h a n d l i n g  c a p a c i t y  
o f  w e l l  G5 i s  d e te r m in e d  by  a  v o l t a g e  p r o p o r t i o n a l  t o  t ^  -  1 ,  b u t  u n l i k e  
t h e  v o l t a g e s  o n  t h e  o t h e r  w e l l s ,  t h i s  one  h a s  t o  b e  s c a l e d  down by  a 
f a c t o r  k ,  w h e re  k  i s  t h e  r a t i o  o f  t h e  a r e a  o f  w e l l  G5 to  t h e  o t h e r  w e l l s ,  
w hich  a r e  assum ed  to  b e  a l l  t h e  same s i z e .  Any c h a rg e  i n  e x c e s s  o f  t ^
o v e r f lo w s  i n t o  w e l l  G6, more s t i l l  i n t o  G7 and so  o n .  Any c h a r g e  t h a t
i s  p r e s e n t  i n  w e l l s  G5 to  GIO i s  th e n  t r a n s f e r r e d  u s i n g  a  t h r e e  p h a s e  
c l o c k ,  t h i s  t im e  w i t h  t h e  p h a s e s  r e o r d e r e d  t o  m in im is e  d e l a y  and t o
a v o id  any  b a c k w a rd  f lo w  o f  c h a r g e .  The c h a r g e  f rom  G5 goes to  a  d r a i n
f o r  c l e a r i n g ,  w h e re a s  c h a r g e  from  t h e  o t h e r  w e l l s  go to  d r a i n s  w here  
i t  i s  t h e n  d e t e c t e d  u s i n g  c i r c u i t s  a s  d e s c r i b e d  e a r l i e r  s u c h  as  i n  
F ig u r e  3 . 1 8 .
I f  t h e  c i r c u i t  i s  t o  b e  i n c o r p o r a t e d  i n t o  a  s y s te m  w h ere  i t  w i l l  
r e c e i v e  b i n a r y  i n p u t s  i n  t h e  fo rm  o f  u n i t  c h a r g e  p a c k e t s  and  i s  r e q u i r e d  
to  y i e l d  c h a r g e  p a c k e t s  t h e n  o b v i o u s l y  t h e  g a t e  w ould  be  s l i g h t l y  
d i f f e r e n t  a l t h o u g h  i t s  b a s i c  s t r u c t u r e  w ou ld  re m a in  th e  sam e. A t th e  








F i g u r e  3 .2 2  C.C.D. m u l t i - t h r e s h o l d  l o g i c  g a t e
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g iv e  a s i t u a t i o n  s i m i l a r  to  t h a t  o f  F i g u r e  3 .1 9 ,  and a t  t h e  o u t p u t  
th e  c h a rg e  w ould  s t i l l  b e  t r a n s f e r r e d  to  d r a i n s  o n ly  i n  t h i s  c a s e  f o r  
a l l  o f  i t  to  be  c l e a r e d .  T h i s  i s  b e c a u s e  w e l l s  G6 to  CIO would  be 
m a s te r  w e l l s  o f  c h a r g e  s e n s i n g  a m p l i f i e r s  as d e s c r i b e d  i n  s e c t i o n  3 . 3 . 3 . 2 ,  
and s o  t h e  o u t p u t s  w ou ld  a l r e a d y  b e  d e te r m in e d  b e f o r e  t h e  c h a rg e  i s  
t r a n s f e r r e d  t o  t h e  d r a i n s .
F i g u r e  3 .2 3  i s  a  c r o s s  s e c t i o n  th ro u g h  t h e  d e v ic e  show ing  th e  
c o n t e n t s  o f  v a r i o u s  w e l l s  a t  v a r i o u s  s t a g e s  o f  o p e r a t i o n  l a b e l l e d  i n  
a c c o r d a n c e  w i t h  t h e  c lo c k  p h a s e s  shown i n  F i g u r e  3 . 8 .  The c r o s s  s e c t i o n  
i s  t a k e n  th ro u g h  t h e  i n p u t  l i n e  c o r r e s p o n d in g  to  x ^ ,  one end o f  G5, and 
th e  o u t p u t  l i n e  w h ich  i n  f a c t  c l e a r s  G5, b u t  t h i s  do es  n o t  a l t e r  i t s  
g e n e r a l i t y  s i n c e  t h e  o t h e r  l i n e s  a r e  i d e n t i c a l .  However, n o t  shown i s  
th e  p r o c e s s  o f  c h a r g e  o v e r f l o w  i n t o  w e l l s  G6 to  GIO s i n c e  t h i s  o c c u r s  
e f f e c t i v e l y  o u t  o f  t h e  p l a n e  o f  t h e  p a p e r .
I t  c a n  be  s e e n  f ro m  t h i s  f i g u r e  t h a t  t h e r e  i s  l a t e n c y  i n h e r e n t  
t o  t h e  s y s t e m ,  s i n c e  t h e  i n p u t s  a r e  sa m p le d  a t  i n t e r v a l s  o f  one  c lo c k  
p e r i o d ,  an d  t h e  d e l a y  b e tw e e n  th e  r e l e v a n t  o u t p u t  b e i n g  fo rm ed  i s  t h r e e  
c lo c k  p e r i o d s .
3 . 4 . 1  L i m i t a t i o n s  o f  t h e  T h r e s h o ld  L o g ic  D ev ice
One o f  t h e  m o st  s e r i o u s  l i m i t a t i o n s  o f  a l l  C .C .D .* s  i s  t h a t  a t  
e ach  c h a r g e  t r a n s f e r ,  a  s m a l l  f r a c t i o n  o f  c h a r g e  i s  l e f t  b e h i n d .  T h i s  
f r a c t i o n  e ^2,3,4,sj i s  u s u a l l y  o f  t h e  o r d e r  o f  10 w hich  a t  f i r s t  
a p p e a r s  t o  be  an i n s i g n i f i c a n t  am oun t.  H ow ever, i t  h a s  an  a c c u m u la t iv e  
e f f e c t .  C o n s id e r  t h e  g a t e  i n  F ig u r e  3.22. C harge  i s  e n t e r e d  and 
t r a n s f e r r e d  to  w e l l  G5, w h ich  i n v o l v e s  f o u r  c lo c k e d  t r a n s f e r s .  Thus 
th e  f r a c t i o n  o f  c h a rg e  r e a c h i n g  G5 i s :
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F i g u r e  3 .2 3  C ro ss  s e c t i o n  o f  g a t e  show ing  c h a rg e  
t r a n s f e r  th ro u g h  t h e  d e v ic e
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n
Q = (1 -  e) I  a . x .
i = l  ^
3 .8
S i n c e  e i s  v e ry  s m a l l  com pared  to  1 ,  h i g h e r  pow ers o f  e can  be  
i g n o r e d ,  g i v i n g  an a p p ro x im a te  v a lu e  f o r  Q as :
n
Q = (1 -  Ae) ][ a . x .
i = I  ^
3 .9
The w o r s t  c a s e  a r i s e s  when a l l  t h e  i n p u t  v a r i a b l e s  x .  a r e  l o g i c  I ' s ,
n
and t h e  f i f t h  t h r e s h o l d  t ,  i s  e q u a l  t o  ^ a . , so  t h a t  t h e  w e l l  GIO
i = l  ^
s h o u ld  c o n t a i n  a  u n i t  c h a rg e  p a c k e t .  I n  f a c t  t h e  amount w i l l  b e :
n
Q = (1  -  Ae ) J  a .  -  t  + 1 
i = l  1 ^
= 1 -  Aet, 3 .1 0
T h i s  c h a r g e  i s  th e n  t r a n s f e r r e d  to  t h e  o u t p u t  w h ich  a g a in  i n v o l v e s  
f o u r  c lo c k e d  t r a n s f e r s ,  s o  t h a t  t h e  am ount o f  c h a r g e  w h ic h  r e a c h e s  t h e  
o u t p u t  i n s t e a d  o f  one  c h a r g e  p a c k e t  i s :
1 — Ae — A et, 3 .1 1
- 3
T a b l e  3 .1  shows t h a t  e v e n  w i t h  e = 10 , a  90% c h a r g e  p a c k e t  can
n
be  o b t a i n e d  a t  t h e  o u t p u t  w i t h  v a l u e s  o f  t ,  and  h e n c e  7 a .  o f  up to
. ^2A. T h i s  i s  s u f f i c i e n t  f o r  any f o u r  i n p u t  v a r i a b l e  f u n c t i o n ,  b u t  may 
be  r e s t r i c t i v e  f o r  more t h a n  f o u r .




T a b le  3 .1  W o rs t  c a s e  v a l u e s  f o r  t_  and h e n c e  7 a .
-----------------  5 i = i  ^
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H ow ever, T ab le  3 .1  a l s o  shows t h a t  e i t h e r  an in ç ro v e m e n t  i n  t h e  
v a lu e  o f  e o r  a r e d u c t i o n  i n  t h e  amount o f  c h a rg e  r e a c h i n g  t h e  o u t p u t  
w ould a l l o w  l a r g e r  w e i g h t s  t o  be  accom m odated .
A n o th e r  p ro b le m  w h ich  r e s t r i c t s  t h e  g a t e  i s  t h e  f l u c t u a t i o n  i n
th e  v o l t a g e s  a p p l i e d  to  t h e  w e l l s .  C o n s id e r  t h e  s i t u a t i o n  w here  t h e
v o l t a g e s  c an  v a r y  by  t h e  f r a c t i o n a l  amount ± g . The w o r s t  c a s e  o c c u r s
when, a s  b e f o r e ,  a l l  t h e  i n p u t  v a r i a b l e s  a r e  l o g i c  I ' s ,  t ^  i s  e q u a l  t o
n
^ a . ,  and  a l l  t h e  v o l t a g e s  w h ich  a r e  p r o p o r t i o n a l  t o  t h e  w e ig h ts  a t
i = l  ^
th e  i n p u t  v a r y  by  - 8 ,  an d  t h o s e  p r o p o r t i o n a l  to  t h e  t h r e s h o l d s  by +3. 
The c h a r g e  now r e a c h i n g  t h e  o u t p u t  i n s t e a d  o f  b e i n g  one  c h a rg e  p a c k e t  
i s  :
Q = (1 -  8 ) . Cl -  4 c ) . t g  -  Cl + 8 ) . ( C g  ” 1) . Cl -  4e)
= Cl + 8 -  4c -  48 e )  +  t^ (1 2 8 E  -  28 -  4 e )  3 .1 2
I n  t h i s  i n s t a n c e  i t  i s  fou n d  t h a t  8 h a s  to  b e  o f  t h e  o r d e r  o f
- 3  n
10 to  o b t a i n  v a l u e s  o f  t ^  and  h e n c e  ^ a .  s i m i l a r  to  t h e  p r e v i o u s
i = l  ^
v a lu e s  a s  shown i n  T a b le  3 . 2 .
Q
0 .9 0 . 8
-*310 16 33
- 410 42 83
- 3
T a b l e  3 .2  W o rs t  c a s e  v a l u e s  f o r  t ^  w i t h  8 “  10
C l e a r l y  t h i s  i s  a  v e r y  d i f f i c u l t  s p e c i f i c a t i o n  to  m e e t .  However, 
i f  th e  v o l t a g e s  w h ic h  d e te r m in e  t h e  w e ig h t s  and  t h r e s h o l d s  c o u ld  b e  made 
to  d e v i a t e  i n  t h e  same way, i . e .  e i t h e r  a l l  t o o  h i g h  o r  a l l  to o  low , t h e n  
th e  s y s te m  w ould  b e  v a s t l y  im p ro v e d .  T h i s  c o u ld  b e  a c h ie v e d  i f  a l l  
v o l t a g e s  a r e  o b t a i n e d  by t a p p i n g  p o t e n t i a l  d i v i d e r s  f rom  th e  same
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v o l t a g e  r a i l .  The w o r s t  c a s e  now o c c u r s  when th e  v o l t a g e  f l u c t u a t e s  
by th e  f r a c t i o n  - 3 ,  a l l  o t h e r  c o n d i t i o n s  b e i n g  th e  same a s  b e f o r e .  
The c h a r g e  r e a c h i n g  t h e  o u t p u t  w ould  now b e :
= (1 -  3 ) . ( 1  -  4 c ) . t g  -  Cl -  -  1) . ( 1  -  4e)
= (1  -  3 ) . Cl -  4c -  4E t^ ) 3 .1 3
8 = lQ-2 = io“1
Q = 0 .9 0 .8 8 2 0 . 8
10-3 24 4 27
10-"^ 227 49 277
T ab l e  3 . 3  W o rs t  c a s e  v a l u e s  o f  t ^
I t  c a n  b e  s e e n  f ro m  T a b le  3 . 3  t h a t  t h e r e  i s  a  g r e a t  im provem ent,
_4
I n  f a c t  i t  i s  p o s s i b l e  t h a t  w ith ,  e = 10 a  c h a rg e  p a c k e t  o f  88.2% 
c a n  be  o b t a i n e d  a t  t h e  o u t p u t  w i t h  t h e  sum o f  t h e  w e i g h t s  h a v in g  a 
v a lu e  o f  up t o  4 9 ,  e v e n  when t h e  v o l t a g e  r a i l  f l u c t u a t e s  b y  10%.
3 .5  C o n c lu s io n s  and  F u r t h e r  Work
I n  c o m p a r is o n  w i t h  o t h e r  C .C .D . l o g i c  g a t e s ,  i t  can  b e  s e e n  t h a t  
t h e  t h r e s h o l d  l o g i c  g a t e  o f  F i g u r e  3 .2 2  i s  s i m i l a r  i n  many ways to  th e  
b i n a r y  and  p a r t i c u l a r l y  t h e  m u l t i - v a l u e d  f u l l  a d d e r  c i r c u i t  o f  F i g u r e  3 .1 3 .  
Thus t h e  g a t e  w ou ld  b e  o f  a  s i m i l a r  s i z e  and  o p e r a t e  a t  s i m i l a r  s p e e d s .
The main d i f f e r e n c e s ,  h o w e v e r ,  l i e  f i r s t l y  i n  t h e  f a c t  t h a t  t h e  t h r e s h o l d  
l o g i c  g a t e ,  a l t h o u g h  u s in g  m u l t i - l e v e l s ,  does  n o t  n e e d  t o  d e t e c t  d i f f ­
e r e n t  l e v e l s  b u t  j u s t  t h e  p r e s e n c e  o r  a b s e n c e  o f  c h a r g e ;  th u s  t h e  o u t p u t  
c i r c u i t r y  d o e s  n o t  n e e d  to  be  as  s o p h i s t i c a t e d  a s  i n  m u l t i - l e v e l  l o g i c .  
S e c o n d ly ,  o n l y  one  t h r e s h o l d  l o g i c  g a t e  i s  r e q u i r e d  w i t h  a  s m a l l  number 
o f  h a l f  e x c l u s i v e - o r  g a t e s ,  w h e re a s  u s i n g  b i n a r y  l o g i c  on a r r a y  would
95
be  r e q u i r e d  w h ich  may n eed  to  c o n t a i n  a  l a r g e  number o f  g a t e s .  T h e re ­
f o r e  t h r e s h o l d  l o g i c  p r o v i d e s  a  v e r y  c o n t a c t  s o l u t i o n  w h ic h  c o u ld  
e a s i l y  b e  i n c o r p o r a t e d  i n t o  a  l a r g e r  C .C .D . d i g i t a l  p r o c e s s i n g  sy s te m .
As an i n d i v i d u a l  d e v i c e ,  h o w e v e r ,  i . e .  a  s i n g l e  c h ip  c o n t a i n i n g  
a m u l t i - t h r e s h o l d  g a t e  o n l y ,  i t  w ou ld  seem t o  b e  a f a r  to o  c o m p l ic a t e d  
a p p r o a c h  when com pared  to  some o f  t h e  o t h e r  p r o p o s e d  t h r e s h o l d  l o g i c  
g a t e s  [is], and a l s o  much s lo w e r .  I n  f a c t  i t  i s  t h e  s p e e d  a s p e c t  w h ich  
s e v e r e l y  h a n d ic a p s  t h e  d e v ic e  as  r e c e n t  d e v e lo p m e n ts  h a v e  shown [ z o ] . 
The l i m i t i n g  f a c t o r  i n  t h e  s p e e d  o f  o p e r a t i o n  o f  a  C .C .D . i s  c h a rg e  
o v e r f l o w ;  t h e  f u r t h e r  t h e  c h a rg e  h a s  t o  o v e r f l o w  t h e  s lo w e r  t h e  d e v i c e .  
S in c e  t h e  t h r e s h o l d  l o g i c  g a t e  r e l i e s  h e a v i l y  on  t h i s  o p e r a t i o n ,  
p a r t i c i d l a r l y  w i t h  m u l t i - t h r e s h o l d s , t h i s  im p o se s  a  r e s t r i c t i o n  on th e  
number o f  t h r e s h o l d s  a l lo w e d  when a  p a r t i c u l a r  s p e e d  i s  r e q u i r e d .  
H ow ever, t h i s  p r o b le m  i s  common to  a l l  C .C .D . *s so  t h a t  t h e  t h r e s h o l d  
l o g i c  g a t e  i s  s t i l l  a  v i a b l e  a l t e r n a t i v e  t o  t h e  p r e s e n t  C .C .D . l o g i c  
g a t e s .
Some a l t e r n a t i v e  t e c h n o l o g i c a l  d e v e lo p m e n ts  t h a t  h a v e  a p p e a r e d  
o f  l a t e  may overcom e some o f  t h e  p ro b le m s  i n v o l v e d  w i t h  C . C . D . ' s .
F o r  e x a m p le ,  t h e  b u r i e d  c h a n n e l  d e v i c e ,  B .C .D . ,  can  in p r o v e  t h e  v a lu e  
o f  e and  t h e  s p e e d  o f  o p e r a t i o n ,  b u t  t h i s  h a s  t o  be  p a i d  f o r  b y  a 
d e c r e a s e  i n  c h a r g e  h a n d l i n g  c a p a c i t y  w h i c h ,  f o r  u s e  i h  a  t h r e s h o l d  l o g i c  
d e v i c e ,  i s  an  u n d e s i r a b l e  f e a t u r e .  A n o th e r  i d e a  i s  t h e  u s e  o f  G a l l iu m  
A r s e n id e ,  GaAs, i n s t e a d  o f  S i l i c o n ,  w h ic h  h a s  r e s u l t e d  i n  an i n c r e a s e  
i n  f r e q u e n c y  o f  o p e r a t i o n  from  j u s t  a  few  m e g a h e r tz  to  a  few  h u n d re d  .
[21 ] .
F i n a l l y ,  s i n c e  t h e  C.C.D. t h r e s h o l d  l o g i c  g a t e  i s  a  c lo c k e d  d e v i c e ,  
i t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  work h a s  b e e n  done i n v o l v i n g  sy n c h ro n o u s
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t h r e s h o l d  l o g i c  c i r c u i t s  [ 2 2 , 2 3 ] .  An a r e a  o f  f u r t h e r  w ork would  
t h e r e f o r e  be  to  expand  on t h i s  to  i n c l u d e ,  f o r  e x a m p le ,  t h e  r o l e  o f  
m u l t i - t h r e s h o l d  l o g i c  i n  s e q u e n t i a l  s y s te m s .  A ls o ,  t h e r e  i s  t h e  p o s s ­
i b i l i t y  o f  u s in g  f e e d b a c k  w h ic h  may i n c r e a s e  t h e  power o f  t h e  g a t e  and 
h e n c e  open  up a n o t h e r  a r e a  o f  f u t u r e  r e s e a r c h .
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4 .  S e r i a l  I n p u t  L o g ic
4 .1  G e n e ra l  and D e s i r a b l e  F e a t u r e s
R e c e n t  w ork h a s  i n d i c a t e d  a  n e e d  f o r  t h e  e f f i c i e n t  h i g h - s p e e d  
p r o c e s s i n g  o f  l o g i c  d a t a  w here  t h e  i n p u t  and o u t p u t  a r e  i n  a w o rd -  
f o r m a t t e d  s e r i a l  s t r e a m  ^ 1 , 2 ] .  F i g u r e  4 .1  shows a s c h e m a t i c  d ia g ra m  
o f  su c h  a s y s te m .
DELAY A  CLOCK PERIODS fCx)_____ f(x)____
input output
w ord w ord
CLOCK
F i g u r e  4 .1  S c h e m a t ic  r e p r e s e n t a t i o n  o f  a  s e r i a l  i n p u t  
l o g i c  s y s te m
The i n p u t  t o  t h e  s y s te m  r e c e i v e s  an n  b i t  w o rd ,  e a c h  b i t  c o r r e s ­
p o n d in g  t o  t h e  l o g i c a l  s t a t e  o f  one  o f  t h e  i n p u t  v a r i a b l e s  x ^ ,  and  
a f t e r  a  d e l a y  o f  A c l o c k  p e r i o d s  s i n c e  t h e  l a s t  b i t  e n t e r s  t h e  
s y s te m ,  y i e l d s  an  o u t p u t  f u n c t i o n  f ( x )  o f  t h e  i n p u t  w o rd .  The r e m a in d e r  
o f  t h e  b i t s  i n  t h e  o u t p u t  word a r e  d o n ' t  c a r e  te rm s  s i n c e  t h e y  a r e  
unw an ted  s i g n a l s .
The m o st  o b v io u s  m ethod o f  r e a l i s i n g  t h i s  t y p e  o f  s y s te m  i s  to  
i n i t i a l l y  p e r f o r m  a s e r i a l  to  p a r a l l e l  c o n v e r s i o n  u s i n g  a  s h i f t  r e g i s t e r  
and th e n  p r o c e s s i n g  t h e  d a t a  u s in g  c o n v e n t i o n a l  c o m b i n a t i o n a l  l o g i c  
c i r c u i t r y  a s  i n  F i g u r e  4 .2 .
S i n c e  t h e  d a t a  a r r i v e s  a t  t h e  s y s te m  i n p u t  a t  a  c o n s t a n t  r a t e ,  
w i t h  a  c l o c k  p e r i o d  o f  T , s a y ,  i n  o r d e r  t h a t  t h e  o u t p u t  i s  n o t  c o r r u p t e d  
by th e  en d  o f  t h e  p r e v i o u s  i n p u t  word o r  t h e  b e g i n n i n g  o f  t h e  n e x t
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i n p u t  w o rd ,  T m ust  be  g r e a t e r  th a n  o r  e q u a l  to  t h e  p r o p a g a t i o n  d e la y  
t im e o f  t h e  c o m b i n a t i o n a l  c i r c u i t .  Thus a l t h o u g h  t h e  d e la y  A o f  t h e  
s y s te m  i s  o n ly  one  c lo c k  p e r i o d  i n  t h i s  i n s t a n c e ,  t h a t  c lo c k  p e r i o d  
m ust b e  g r e a t e r  th a n  th e  p r o p a g a t i o n  d e la y  o f  t h e  c o m b i n a t i o n a l  l o g i c  
c i r c u i t r y ,  w h ic h  f i r s t l y  v a r i e s  a c c o r d i n g  to  w h a te v e r  f u n c t i o n  i s  b e i n g  
r e a l i s e d ,  and s e c o n d l y ,  f o r  l a r g e  v a lu e s  o f  n ,  t h i s  d e l a y  c o u ld  be  
l a r g e ,  t h u s  s lo w in g  down t h e  s y s te m .
.CLOCK.
r SHIFTREGISTER




F i g u r e  4 .2  S e r i a l  t o  p a r a l l e l  c o n v e r s i o n
I t  i s  d e s i r a b l e ,  t h e r e f o r e ,  f o r  a  s e r i a l  i n p u t  s y s te m  t o  have  
th e  f o l l o w i n g  f e a t u r e s :
a )  no s e r i a l  to  p a r a l l e l  c o n v e r s i o n ;  t h e  d a t a  i s  p r o c e s s e d  
a s  i t  a r r i v e s  a t  t h e  i n p u t ,
b )  no r e s e t t i n g  b e tw e e n  i n p u t  w ords  t h u s  s a v i n g  one  c lo c k  
p e r i o d  d e l a y ,
c) t h e  d e l a y  A s h o u ld  be  k e p t  t o  a  minimum, i . e .  o n e ,
d) t h e  l o g i c a l  h a rd w a re  s h o u ld  be  u n i f o r m ,  e . g .  u n i v e r s a l  
l o g i c  m o d u le s ,  so  t h a t  t h e  d e l a y  a t  e a c h  s t a g e  i s  w e l l  
d e f i n e d  and i f  p o s s i b l e  m in im a l .
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To d a t e  t h e  o n ly  s y s te m  t h a t  h a s  b een  d e v e lo p e d  w h ich  a p p ro a c h e s  
t h e s e  f o u r  i d e a l s  i s  m o d e - c o n t r o l l e d  l o g i c  w hich  w i l l  b e  d i s c u s s e d
i n  d e t a i l  l a t e r  i n  tH i s  c h a p t e r .  A more g e n e r a l  a p p ro a c h  to  o b t a i n i n g  
a s y s te m  which, a c h i e v e s  t h e  above f e a t u r e s  w i l l  now b e  c o n s id e r e d .
4 .2  C o n v e n t io n a l  S e q u e n t i a l  L o g ic  R e a l i s a t i o n
A g e n e r a l  s e q u e n t i a l  l o g i c  s y s te m  i s  shown i n  F i g u r e  4 . 3 .  The 
n e x t  s t a t e  N i s  a f u n c t i o n  o f  t h e  p r e s e n t  s t a t e  S and th e  i n p u t  x ,  
w h e re a s  t h e  o u t p u t  Z can  be  e i t h e r  a  f u n c t i o n  o f  t h e  p r e s e n t  s t a t e  
o n ly ,  i n  w h ic h  c a s e  t h e  s y s te m  i s  known as  t h e  Moore m o d e l ,  o r  t h e  
p r e s e n t  s t a t e  and  t h e  i n p u t ,  i n  w h ich  c a s e  i t  i s  known a s  t h e  Mealy 
model I n  t h e  f o l l o w i n g  d i s c u s s i o n  and t h r o u g h o u t  t h e  c h a p t e r






F i g u r e  4 . 3  G e n e r a l  s e q u e n t i a l  l o g i c  s y s te m
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T y p i c a l ly  a  s e q u e n t i a l  m achine would be  r e a l i s e d  by th e  f o l l o w i n g  
d e s ig n  p r o c e s s e s :
a) draw  a f lo w  d ia g ra m  o f  t h e  r e q u i r e d  s y s te m ,
b )  draw  a s t a t e  t a b l e ,
c) r e d u c e  th e  number o f  s t a t e s  to  g iv e  a m in im al s o l u t i o n ,
d) a s s i g n  l o g i c a l  v a lu e s  to  t h e  s t a t e s ,
e)  d e te rm in e  th e  h a rd w a re  r e a l i s a t i o n .
I t  i s  t h e  t h i r d  s t e p ,  s t a t e  m i n i m i s a t i o n ,  t h a t  i s  o f  p a r t i c u l a r  
i n t e r e s t  and w i l l  be  d i s c u s s e d  i n  g r e a t e r  d e p th .
4 . 2 . 1  S t a t e  R e d u c t io n  i n  t h e  R e a l i s a t i o n  o f  a  S p e c i f i c  F u n c t io n  
C o n s id e r  t h e  l o g i c a l  f u n c t i o n  g iv e n  i n  e q u a t i o n  4 . 1 .
f ( x )  = x ^.%2  + Xg 4 .1
F ig u r e  4 .4 ( a )  and (b) show th e  f lo w  d ia g ra m  and s t a t e  t a b l e  
r e s p e c t i v e l y  o f  a  sy s te m  w h ic h  r e a l i s e s  t h i s  f u n c t i o n  w i t h  s e r i a l  
i n p u t s .
a) R eq u ired  f u n c t i o n  o u tp u t
F i r s t  b i t  
o f  i n p u t  
word
Second b i t  
o f  i n p u t  
word
T h i r d  b i t  
o f  i n p u t
0,0




0 2 3 0
1 2 3 1
2 4 4 -
3 4 5 -
4 0 1 -
5 1 1 -
word
F ig u r e  4 .4  S e r i a l  i n p u t  s e q u e n t i a l  s y s te m
(a) Flow d ia g ra m  f o r  f ( x )  = x ^ .X 2 + Xg
(b) S t a t e  t a b l e  f o r  t h e  same f u n c t i o n
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I t  can  be  s e e n  f rom  t h e  f lo w  d ia g ra m  t h a t  i f  t h e  m ach ine  s t a r t s
i n  e i t h e r  s t a t e  0 o r  s t a t e  1 th e n  th e  f u n c t i o n  f ( x )  i s  p ro d u c e d  a t  th e
o u t p u t  im m e d ia te ly  a f t e r  t h e  a r r i v a l  o f  t h e  i n p u t  v a r i a b l e  x ^ .
T h e r e f o r e ,  th e  f i r s t  t h r e e  i d e a l  c h a r a c t e r i s t i c s  o f  a  s e r i a l  i n p u t  
p r o c e s s o r  h av e  b e e n  a c h ie v e d  i f  t h i s  f lo w  d ia g ra m  can  b e  r e a l i s e d .
A lso  i n  t h e  s t a t e  t a b l e  i t  can  be  s e e n  t h a t  t h e r e  a r e  a  l a r g e  number
o f  d o n ’ t  c a r e  te rm s  i n  t h e  o u t p u t  colum n w h ich  i s  u s e f u l  i n  t h e  r e d u c t i o n
o f  t h e  num ber o f  s t a t e s .
The u s u a l  m ethod  u s e d  f o r  r e d u c i n g  t h e  num ber o f  s t a t e s  o f  a  
m ach ine  [ s , 6 , 7 , 8 , 9 j  i n v o l v e s  t h e  u s e  o f  c o m p a t ib l e  p a i r s  o f  s t a t e s  
w h ic h  a r e  d e f i n e d  a s  f o l l o w s :
D e f i n i t i o n  A . l
A p a i r  o f  s t a t e s  and S j  a r e  s a i d  t o  b e  o u t p u t  c o m p a t ib l e ,  shown 
as 'V S j , i f  t h é  o u t p u t s  o f  t h e s e  two s t a t e s ,  nam ely  and Z , ,  a r e
i d e n t i c a l  i n  a  c o m p l e t e l y  s p e c i f i e d  m a c h in e ,  o r  i f  one  o r  b o t h  o u t p u t s  
a r e  d o n ’ t  c a r e  t e r m s  i n  an  i n c o n ^ l e t e l y  s p e c i f i e d  m a c h in e . I f  th e y  
a r e  c o m p a t ib l e  t h e n  t h e  c o m p a t ib l e  p a i r  C = S^S j c a n  be  fo rm e d .
W h e th e r  o r  n o t  p a i r s  o f  s t a t e s  a r e  c o m p a t ib l e  u s u a l l y  d ep en d s  on  
w h e th e r  o r  n o t  t h e  p a i r s  o f  n e x t  s t a t e s  f o r  a l l  i n p u t  v a l u e s  a r e  a l s o  
c o m p a t ib l e .  T hese  p a i r s  o f  n e x t  s t a t e s  a r e  s a i d  t o  b e  i n ç l i e d  by th e  
o r i g i n a l  c o m p a t i b l e s  and  a r e  t h e r e f o r e  known as  t h e  i m p l i e d  c o m p a t i b l e s .
The s e t  o f  p r im a r y  i m p l i e d  c o m p a t i b l e s ,  PC’ s ,  c a n  be  d e f i n e d  
as  f o l l o w s :
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D e f i n i t i o n  4 .2
A c o m p a t ib l e  h a s  a  s e t  o f  p r im a r y  im p l ie d  c o m p a t ib le s  PC^ 
w h ich  c o n s i s t s  o f  a l l  c o m p a t ib l e s  i m p l i e d  by f o r  an i n p u t  Xj 
s u c h  t h a t :
i ) Cij h a s  more th a n  one  e l e m e n t .
i i ) C . j (i h
i i i ) C , . (t h k '
I n c o n ^ a t i b i l i t y  can  now b e  d e f i n e d  a s  f o l l o w s :
D e f i n i t i o n  4 . 3
A p a i r  o f  s t a t e s  and  S j a r e  s a i d  t o  b e  i n c o m p a t i b l e ,  shown as 
S i  'p S j , i f  t h e i r  o u t p u t s ,  nam e ly  and Z j ,  a r e  n o t  e q u a l ,  i . e .  one  
i s  a  l o g i c  0 a n d  t h e  o t h e r  i s  a  l o g i c  1 , o r  i f  a t  l e a s t  one o f  t h e i r  
p r im a r y  i m p l i e d  c o m p a t ib l e  p a i r s  o f  s t a t e s  i s  i n c o m p a t i b l e .
S e t s  o f  c o m p a t ib l e  s t a t e s  c a n  b e  fo rm ed  b y  c o m b in in g  c o m p a t ib le  
p a i r s .
D e f i n i t i o n  4 .4
A s e t  o f  s t a t e s  C « ^ i ^ 2 ’ * '^ k  ^ s t a t e  t a b l e  o f  a  m achine M
i s  a  c o m p a t ib l e  s e t  i f  and  o n ly  i f  f o r  e v e r y  p a i r  o f  s t a t e s  S ^ ,S j  € C,
S . 'V/ S . . ,1 J
I n  t h e  c a s e  o f  c o m p l e t e l y  s p e c i f i e d  m a c h in e s  t h e  c o m p a t i b i l i t y
f u n c t i o n  i s  t r a n s i t i v e  i . e .  i f  S. 'v S . and  S . ^  S, , th e n  i t  f o l lo w s
1 J J k '
t h a t  'V/ and  t h e  c o m p a t ib l e  C = c a n  b e  fo rm e d .  F o r  i n c o m p le t e ly
s p e c i f i e d  m ac h in e s  t h i s  i s  n o t  t h e  c a s e  and  so  i n  o r d e r  to  fo rm  t h e  
c o m p a t ib l e  C = S .S .S  , a l l  t h r e e  p a i r s  o f  s t a t e s  h a v e  to  b e  shown to  b e
1  J  K.
c o m p a t i b l e .
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S e t s  o f  maximal c o m p a t i b l e s ,  M C's, can  b e  form ed w here  th e y  a r e  
d e f i n e d  as  f o l l o w s :
D e f i n i t i o n  4 .5
A maximal c o m p a t ib l e  i s  a c o m p a t ib l e  w h ic h  i s  n o t  a  s u b s e t  o f  any 
o t h e r  c o m p a t i b l e .
A m ethod f o r  d e t e r m i n i n g  a l l  t h e  c o m p a t ib l e  p a i r s  i s  t h e  " p a i r  
c h a r t "  a s  s h o w n ' in  F i g u r e  4 . 5 .  V
1 X
2 2 .43 .4
2 .4
3 .4











5 2 ,13 ,1
2 ,1
3 ,1 4 ,1
4 .1
5 .1 XI
0 1 2 3 4
F i g u r e  4 . 5  P a i r  c h a r t
The p a i r  c h a r t  i s  draw n su c h  t h a t  e v e r y  p a i r  o f  s t a t e s  a r e  exam ined , 
and w r i t t e n  i n  t h e i r  c o r r e s p o n d i n g  b o x e s  a r e  t h e  f u l l  s e t s  o f  p r im a ry  
i m p l i e d  c o m p a t ib l e s  f o r  e a c h  p a i r .  I f  a  p a i r  o f  s t a t e s  a r e  i n c o m p a t ib le  
t h e n  a  c r o s s  i s  p l a c e d  o v e r  t h e  c o r r e s p o n d i n g  b o x ,  e . g .  t h e  p a i r  o f  
s t a t e s  O and 1 a r e  i n c o m p a t i b l e  a s  c an  be  s e e n  f rom  t h e  s t a t e  t a b l e  o f  
F i g u r e  4 . 4 ( b )  s i n c e  th e y  h a v e  o p p o s i t e  o u t p u t s .  U s in g  d e f i n i t i o n  4 . 3 ,  
i t  c an  b e  s e e n  t h a t  4 5 b e c a u s e  0 9^  1 and h e n c e  2 ^  3 .  The r e m a in in g
c o m p a t ib l e s  a r e :
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0 2 , 0 3 , 0 4 ,  1 2 , 1 3 , 1 4 , 2 4 , 2 5 , 3 4 , 3 5
C om bin ing  c o m p a t ib l e  p a i r s ,  t h e  m axim al c o m p a t ib l e s  can  be
fo rm e d ,  e . g .  t h e  t h r e e  p a i r s  0 2 ,  0 4 ,  and 24 can  b e  com bined to  g iv e
0 2 4 .  The m axim al c o m p a t ib l e s  a r e  t h e r e f o r e :
0 2 4 ,0 2 5 ,0 3 4 ,0 3 5 ,1 2 4 ,1 2 5 ,1 3 4 ,1 3 5
N o te  t h a t  a  c o m p a t ib l e  p a i r  c an  b e  u s e d  to  fo rm  more t h a n  one
o f  t h e  m axim al c o m p a t ib l e s  s i n c e  t h e  m ach ine  i s  i n c o m p l e t e l y  s p e c i f i e d .
Had i t  b e e n  c o m p l e t e l y  s p e c i f i e d  t h e n  t h i s  w ou ld  n o t  b e  t h e  c a s e  and 
t h e r e f o r e  t h e  maximal c o m p a t ib l e s  w ould  h a v e  b e e n  d i s j o i n t .
I n  o r d e r  to  o b t a i n  t h e  f i n a l  s o l u t i o n ,  a  m in im a l  c l o s e d  c o v e r  i s  
lo o k e d  f o r  w h e re  i t s  s t a t e s  c an  b e  s e l e c t e d  f rom  t h e  o r i g i n a l  s t a t e s  
o r  f rom  t h e  s e t s  o f  c o m p a t ib l e  s t a t e s  i n c l u d i n g  t h e  m axim al c o m p a t ib le s
D e f i n i t i o n  4 .6
A m ac h in e  M h a v in g  s t a t e s  S i s  s a i d  t o  b e  c o v e re d  b y  a  m ach ine  
M* w i t h  s t a t e s  S '  i f  e v e r y  s t a t e  i n  S i s  a  s u b s e t  o f  a t  l e a s t  one o f  
t h e  s t a t e s  i n  S ' .
D e f i n i t i o n  4 .7
A s e t  o f  c o m p a t ib l e s  i s  s a i d  t o  b e  c l o s e d  i f  e v e r y  c o m p a t ib le  
i n  t h e  s e t  h a s  i t s  p r im a r y  i m p l i e d  c o m p a t ib l e s  a l s o  c o n t a i n e d  i n  a t  
l e a s t  one  o f  t h e  c o m p a t ib l e s  i n  t h e  s e t .
D e f i n i t i o n  4 . 8
I f  a  m ach ine  M can  b e  r e p l a c e d  by  a  m ac h in e  M ',  t h e n  M' i s  s a i d  
t o  be  m in im a l  i f  e v e ry  o t h e r  m ach ine  M" t h a t  can  r e p l a c e  M and M i t s e l f  
h a s  more s t a t e s  th a n  M '.
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F o r  a c o m p l e t e l y  s p e c i f i e d  m ach ine  t h e  s e t  o f  maximal c o m p a t ib le s  
form  t h e  m in im a l  c l o s e d  c o v e r  and t h e r e f o r e  t h e  o r i g i n a l  m achine  can  
be  r e p l a c e d  by a new m ach ine  whose s t a t e s  a r e  t h e  maximal c o m p a t ib l e s .  
F o r  a n  i n c o m p l e t e l y  s p e c i f i e d  m ach ine  t h e  s i t u a t i o n  i s  f a r  more 
com plex ; n o t  o n ly  have  th e  maximal c o m p a t ib l e s  t o  be  c o n s id e r e d  b u t  
a l l  s u b s e t s  i n c l u d i n g  t h e  s i n g l e  s t a t e s .
D e f i n i t i o n  4 .9
The s e t  o f  p r im e  c o m p a t ib l e s  c o n s i s t s  o f  a l l  m aximal c o m p a t ib le s  
and  a l l  s u b s e t s  o f  m axim al c o m p a t ib l e s  w h ich  a r e  n o t  d o m in a te d  by 
any o t h e r  c o m p a t ib l e s .
D e f i n i t i o n  4 .1 0
A c o m p a t ib l e  i s  s a i d  t o  d o m in a te  a n o t h e r  c o m p a t ib l e  Cj i f  
C. C. and  P C .Cl PC. w here  PC. and  PC. a r e  t h e  p r im a r y  i m p l ie d
L  J  1 —  J 1  J
c o m p a t i b l e s  a s  d e f i n e d  i n  d e f i n i t i o n  4 . 2 .
F o r  t h e  exam ple  u n d e r  c o n s i d e r a t i o n  t h e  f u l l  s e t  o f  p r im e  
c o m p a t ib l e s  i s  shown i n  T a b le  4 . 1 ,
I n c l u d e d  i n  t h e  t a b l e  a r e  t h e  f u r t h e r  i n ^ l i e d  c o m p a t ib l e s  w h ich  
a r e  t h e  c o m p a t ib l e s  i m p l ie d  by t h e  p r im a r y  i m p l i e d  c o m p a t ib l e s  and 
t h e n  t h o s e  i m p l i e d  by  t h e  f i r s t  s e t  o f  f u r t h e r  i m p l i e d  and  t h e  p r o c e s s  
r e p e a t e d  t o  g i v e  t h e  f u l l  c l o s u r e  c l a s s  s e t .
D e f i n i t i o n  4 .1 1
The c l o s u r e  c l a s s  s e t  o f  a c o m p a t ib l e  C^ i s  a  s e t  o f  a l l
c o m p a t ib l e s  im p l ie d  by C^ o b t a i n e d  by  r e p e a t e d  u s e  o f  t h e  t r a n s i t i v i t y
o f  i m p l i c a t i o n  su c h  t h a t  t h e  c o m p a t ib l e s  w h ich  a r e  s u b s e t s  o f  e i t h e r
C. o r  any o t h e r  member o f  E. a r e  rem oved from  t h e  s e t .1 1
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C lo s u re  c l a s s  s e t
Prim e
c o m p a t ib l e s
P r im a ry  im p l ie d  
c o m p a t ib le s
F u r t h e r  im p l ie d  
c o m p a t ib l e s
I m p l i c a t i o n
c o n d i t i o n
024 134 1 3 5 ,124 I
025 12 4 ,1 3 4 0 2 4 ,1 3 5 U
034 0 2 4 ,1 3 5 13 4 ,1 2 4 U
035 124 ,135 0 2 4 ,1 3 4 U
124 0 2 4 ,1 3 4 135 I
125 1 2 4 ,1 3 4 0 2 4 ,1 3 5 U
134 0 2 4 ,1 3 5 124 I
135 124 0 2 4 ,1 3 4 I
02 2 4 ,3 4 0 4 , 1 4 , 1 5 , 1 3 , 1 2 , 3 5 I
03 2 4 ,3 5 0 4 , 1 4 , 1 5 , 0 2 , 1 2 , 1 3 , 3 4 u
04 0 2 ,1 3 2 4 , 3 4 , 3 5 , 1 4 , 1 5 , 1 2 I
05 1 2 ,1 3 2 4 , 3 4 , 3 5 , 0 4 , 1 4 , 1 5 , 0 2 U
12 2 4 ,3 4 0 4 , 1 4 , 1 5 , 1 3 , 1 2 , 3 5 I
13 2 4 ,3 5 0 4 , 1 4 , 1 5 , 0 2 , 1 2 , 3 4 I
14 0 2 ,1 3 2 4 , 3 4 , 3 5 , 1 4 , 1 5 , 1 2 I
15 1 2 ,1 3 2 4 ,3 5 , 3 4 , 0 4 , 1 4 , 0 2 - I
24 0 4 ,1 4 0 2 , 1 3 , 3 4 , 3 5 , 1 5 , 1 2 I
25 14 0 2 , 1 3 , 2 4 , 3 4 , 3 5 , 0 4 , 1 5 , 1 2 u
34 0 4 ,1 5 0 2 , 1 3 , 1 2 , 2 4 , 3 5 , 1 4 I









T a b le  4 .1  F u l l  s e t  o f  p r im e  c o m p a t ib l e s  and  t h e i r  i m p l ie d  
c l o s u r e  s e t
Ill
As an  exam ple  c o n s i d e r  t h e  c o m p a t ib l e  = 0 2 4 .  From t h e  s t a t e  
t a b l e  o f  F i g u r e  4 . 4 ( b )  i t  can  b e  found  t h a t  th e  im p l ie d  c o m p a t ib l e s  
a r e  024 and  134 , b u t  by  d e f i n i t i o n  4 .1 1  t h e  f o rm e r  i s  rem oved b e c a u s e  
i t  i s  a  s u b s e t  o f  . The c o m p a t ib l e  = 134 f u r t h e r  i m p l i e s  135 and 
02 4 ,  t h e  l a t t e r  a g a i n  b e i n g  rem oved , w h ic h  i n  t u r n  i m p l i e s  124 and 
135 , 135 b e i n g  rem oved b e c a u s e  £ t  h a s  a l r e a d y  a p p e a r e d .  The c o m p a t ib le  
124 i m p l i e s  024 and  134 , b o t h  o f  w h ic h  c a n  be  rem oved and  so  t h e  
i m p l i c a t i o n  p r o c e s s  i s  t e r m i n a t e d ,  and t h e  f u l l  c l o s u r e  c l a s s  s e t  h a s  
b e e n  f o u n d .
A lso  i n c l u d e d  i n  t h e  t a b l e  i s  t h e  i n f o r m a t i o n  a b o u t  w h e th e r  a  
c o m p a t ib l e  i s  i m p l i e d  o r  n o t ,  m arked  I  o r  U r e s p e c t i v e l y ,  i . e .  w h e th e r  
o r  n o t  t h e  c o m p a t ib l e  i s  a  s u b s e t  o f  a t  l e a s t  one  o f  t h e  c o m p a t ib l e s  
c o n t a i n e d  i n  any  o t h e r  c o m p a t i b l e ' s  c l o s u r e  c l a s s  s e t .  T h i s  c a n  th e n  
be  u se d  t o  remove some more p r im e  c o m p a t ib l e s  f ro m  t h e  t a b l e  by  t h e  
u s e  o f  t h e  f o l l o w i n g  d e f i n i t i o n :
D e f i n i t i o n  4 .1 2
I f  a  c o m p a t ib l e  i s  u n im p l ie d  and a t  l e a s t  one  o f  i t s  s t a t e s  i s  
i n c l u d e d  i n  a t  l e a s t  one  o f  t h e  c o m p a t ib l e s  o f  i t s  c l o s u r e  c l a s s  s e t  
th e n  t h a t  c o m p a t ib l e  can  b e  e l i m i n a t e d  f rom  t h e  s e t  o f  p r im e  c o m p a t ib l e s  -[ô]
i
I n  T a b le  4 .1  a l l  t h e  u n im p l ie d  c o m p a t ib l e s  c a n  b e  e l i m i n a t e d  by  
t h i s  d e f i n i t i o n ,  and  a  m in im a l  c l o s e d  c o v e r  c a n  now b e  c h o s e n  from  
t h e  r e m a in i n g  i m p l i e d  c o m p a t i b l e s .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  a l l  
r ^ ^  o r d e r e d  c o m p a t i b l e s ,  i . e .  t h o s e  t h a t  h a v e  r  s t a t e s ,  im p ly  c l o s u r e  
c l a s s  s e t s  o f  o n ly  r ^ ^  o r d e r e d  c o m p a t i b l e s .  I t  w ou ld  be  f u t i l e  
t h e r e f o r e  t o  fo rm  a  c o v e r  w i t h  m ixed o r d e r  c o m p a t ib l e s  b e c a u s e  t h e  
h i g h e s t  o r d e r e d  o n e s  i n  t h a t  c o v e r  w ou ld  fo rm  a  c l o s e d  c o v e r  by  them­
s e l v e s .  Thus a l l  c l o s e d  c o v e r s  h a v e  t o  c o n t a i n  o n l y  c o m p a t ib l e s  o f
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th e  same o r d e r ,  w hich i n  t h i s  i n s t a n c e  means t h a t  t h e r e  a r e  t h r e e  
p o s s i b l e  c o v e r s :
a) 0 2 4 ,1 2 4 ,1 3 4 ,1 3 5
b) 0 2 ,1 4 ,1 2 ,1 3 ,1 4 ,1 5 ,2 4 ,3 4 ,3 5
c) 0 , 1 , 2 , 3 , 4 , 5
C l e a r l y  t h e  s e t  o f  maximal c o m p a t ib le s  i s  t h e  m in im al c lo s e d  
c o v e r  s i n c e  i t  h a s  o n ly  f o u r  e l e m e n t s .  The new f lo w  d ia g ra m  and s t a t e  
t a b l e  f o r  t h i s  m achine  i s  shown i n  F ig u r e  4 .6C a) and ( b ) ,  w here  i t  can 
be  s e e n  t h a t  t h e  i n p u t  x i s  nov  n o t  l a b e l l e d  w i t h  x ^ ,  x^ and x^ s i n c e  
i t  no l o n g e r  m a t t e r s  w hat s t a t e  t h e  m achine  s t a r t s  i n .
a)





s N N Z
024 024 134 0
124 024 134 1
134 024 135 1
135 124 135 1
F i g u r e  4 . 6 (a )  Reduced flow  d iag ra m  f o r  f u n c t i o n  f ( x )  = x^.Xg + x^
(b) S t a t e  t a b l e  f o r  t h e  same f u n c t i o n
lia­
i t  h a s  t h e r e f o r e  b e e n  shown t h a t  t h e  m in im al  c lo s e d  c o v e r  f o r  
t h i s  p a r t i c u l a r  f u n c t i o n  i s  composed o f  t h e  im p l ie d  m aximal c o m p a t ib le s .  
T h is  i s  due  to  t h r e e  r e a s o n s :
i )  e v e r y  r ^ ^  o r d e r  c o m p a t ib l e  i m p l i e s  r ^ ^  o r d e r  c o m p a t ib le s  
so  t h a t  t h e  c l o s u r e  c l a s s  s e t s  c o n t a i n  c o m p a t ib l e s  o f  
t h e  same o r d e r  o n l y ,
L i)  e v e r y  u n lm p l ie d  c o m p a t ib l e  c o u ld  b e  e l i m i n a t e d  f rom  
t h e  s e t  o f  p r im e  c o m p a t ib l e s  u s i n g  d e f i n i t i o n  4 .1 2 ,
i i i )  a l t h o u g h  a s  y e t  u n s t a t e d  i t  c a n  be  s e e n  t h a t  e v e ry  r*"**
o r d e r  c l o s e d  c o v e r  i s  t h e  c o m p le te  s e t  o f  r ^ ^  o r d e r  su b ­
s e t s  o f  t h e  m axim al c o m p a t ib l e s  c o v e r  and h e n c e  c o n t a i n s  
more e l e m e n t s .
I f  t h e s e  t h r e e  c o n d i t i o n s  can  b e  shown to  o c c u r  f o r  any  f u n c t i o n  
th e n  t h e  p r o b le m  o f  s t a t e  m i n i m i s a t i o n  i s  g r e a t l y  r e d u c e d  and  w ould  
c o n s i s t  o f  m e r e ly  f i n d i n g  t h e  s e t  o f  i m p l i e d  m axim al c o n p a t i b l e s ,  and 
com paring  t h e i r  num ber w i t h  t h a t  o f  t h e  s i n g l e  s t a t e s  o f  t h e  o r i g i n a l  
m a c h in e . I f  t h i s  num ber i s  l e s s ,  t h e n  t h e  m axim al c o m p a t ib l e s  become 
th e  s t a t e s  o f  t h e  new re d u c e d  m ac h in e ,  an d  i f  m ore t h e n  t h e  m ach ine  
c a n n o t  b e  r e d u c e d  and  t h e r e f o r e  s t a y s  a s  i t  i s .  How ever, t h e r e  may 
be  some a d v a n ta g e  i n  u s i n g  t h e  m aximal c o m p a t ib l e  m ach in e  even  i f  
t h e r e  a r e  more s t a t e s ,  b e c a u s e  t h e  r e s t r i c t i o n  o f  t h e  m ach ine  s t a r t i n g  
i n  p a r t i c u l a r  s t a t e s  w ou ld  b e  e l i m i n a t e d .
4 . 2 . 2 .  S t a t e  R e d u c t io n  f o r  a  G e n e ra l  F u n c t i o n
F i g u r e  4 . 7 ( a )  shows t h e  f lo w  d ia g r a m  f o r  any  t h r e e  i n p u t  v a r i a b l e  
f u n c t i o n .  S t a t e s  4 ,  5 ,  6 and 7 a l l  b r a n c h  to  e i t h e r  s t a t e  0  o r  s t a t e  1 
d e p e n d e n t  on t h e  f u n c t i o n  b e i n g  p r o c e s s e d  and  so  t h e  l a b e l s  p^ a r e
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P a i r s  o f  s t a t e s  f ro m  l e v e l  1
V,
P a i r s  o f  s t a t e s  f rom  l e v e l  2
P a i r s  o f  s t a t e s  
from  l e v e l  3
F i g u r e  A . 7 ( a )  G e n e r a l  f l o w  d ia gram f o r  any f u n c t i o n  o f  n
(b )  Tru th  t a b l e
( c )  S t a t e  t a b l e
(d )  P a i r  c h a r t
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i n c l u d e d  w h ich  can  e q u a l  0  o r  1 and c o r r e s p o n d  to  t h e  f u n c t i o n  a t  
a l l  t h e  m in te rm  p o s i t i o n s  a s  shown i n  t h e  t r u t h  t a b l e  o f  F i g u r e  4 . 7 ( b ) .  
The s t a t e  t a b l e  o f  F i g u r e  4 . 7 ( c )  a l s o  i l l u s t r a t e s  t h i s  p o i n t  and can  
be  u se d  to  fo rm  t h e  p a i r  c h a r t  shown i n  F i g u r e  4 . 7 ( d ) .
I f  t h i s  p a i r  c h a r t  i s  exam ined  i n  d e t a i l  i t  i s  n o t i c e d  t h a t  t h e  
o n ly  p o s s i b l e  i n c o m p a t i b l e  p a i r s  o f  s t a t e s  a r e  t h o s e  on t h e  same 
l e v e l ,  s t a t e s  f ro m  d i f f e r e n t  l e v e l s  b e i n g  a lw ays  c o m p a t ib l e .  I n  
p a r t i c u l a r  w h e th e r  s t a t e s  4 ,  5 ,  6 and 7 a r e  c o m p a t ib l e  o r  n o t  i s  
d e p e n d e n t  on t h e  p^  v a l u e s ,  e . g .  s t a t e s  6 and  7 a r e  c o m p a t ib l e  i f  
p^ =* Pg and  pg = p ^ ,  i n  w h ic h  c a s e  t h e i r  s e t  o f  p r im a r y  im p l ie d  
c o m p a t ib l e s  i s  e n p t y ,  o r  t h e y  a r e  i n c o m p a t i b l e  i f  p^ ^ p^ o r  p^ ^ py 
s i n c e  t h e n  t h e y  w ou ld  im p ly  t h e  c o m p a t ib l e  C = 01 w h ic h  i s  a l r e a d y  
shown to  b e  i n c o m p a t i b l e .
F u r th e r m o r e ,  among t h e s e  f o u r  s t a t e s  c o m p a t i b i l i t y  i s  t r a n s i t i v e ,
e . g .  i f  4 'v 5 and  4 'V/ 6 t h e n  f o r  t h i s  to  b e  so  i t  m u st  b e  b e c a u s e
Pq “ ^ 2 ’ ^ 1  ~ P 3 * Pg ” P4 = P g '  I t  t h e r e f o r e  f o l l o w s  t h a t ...................
Pg = p^  and  p^ = p^  w h ic h  s a t i s f i e s  t h e  c o n d i t i o n s  f o r  5 'V/ 6 . F i n a l l y ,
i t  c an  b e  shown t h a t  i f  two o f  t h e s e  s t a t e s ,  S . and  S . s a y  a r e  c o m p a t ib l e
2. j
th e n  no p r im e  c o m p a t ib le  w i l l  e x i s t  w h ich  h a s  o n l y  S . o r  o n ly  S .  i n  i t .
^ j
T h is  i s  b e c a u s e  from  d e f i n i t i o n  4 . 1 0 ,  any p r im e  c o m p a t ib l e  w h ich  
c o n t a i n s  o n l y  o r  o n l y  Sj i s  a  s u b s e t  o f  t h e  p r im e  c o m p a t ib l e  w h ich  
c o n t a i n s  t h e  same s t a t e s  b u t  w i t h  b o t h  and  , and  s i n c e  t h e  com­
p a t i b l e  p a i r  S^Sj inç> lie s  an  em pty s e t ,  b o t h  t h e s e  p r im e  c o m p a t ib l e s  
w ould  im p ly  t h e  same c o m p a t ib l e s  so  t h a t  t h e  l a t t e r  w ou ld  d o m in a te  t h e  
fo rm e r  w h ic h  c o u ld  t h e r e f o r e  b e  rem oved .
T hese  f e a t u r e s  a r e  s i m i l a r  to  th o s e  t h a t  c a n  b e  fo u n d  i n  c o m p le te ly  
s p e c i f i e d  m ach in es  w hich  e n a b le s  t h e  e q u i v a l e n c e  r e l a t i o n s h i p  to
be u s e d .  T hus ,  o f  t h e  s t a t e s  4 ,  5 ,  6 and 7 , i f  any  tw o , and S ^ , s a y .
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a r e  c o m p a t ib l e  t h e n  th e y  can  a l s o  be s a i d  t o  be  e q u i v a l e n t ,  i . e .
S . — S . .
1 J
S t a t e s  o t h e r  t h a n  4 ,  5 ,  6 and  7 b u t  which, a r e  on t h e  same l e v e l  
as  e a c h  o t h e r  i n p l y  s t a t e s  w h ic h  a r e  a l s o  on t h e  same l e v e l  as each  
o t h e r ,  w h ic h  u l t i m a t e l y  im p ly  some o f  t h e  s t a t e s  4 ,  5 ,  6  and 7.
As t h e  e q u i v a l e n c e  o p e r a t i o n  i s  t r a n s i t i v e  i t  f o l l o w s  t h a t  any s t a t e s  
w h ich  a r e  on t h e  same l e v e l  and w h ic h  a r e  c o m p a t ib l e  a r e  a l s o  e q u i ­
v a l e n t .
E s s e n t i a l l y ,  w h a t  t h i s  e q u i v a l e n c e  o p e r a t i o n  do es  t o  t h e  f lo w  
d ia g ra m  o f  F i g u r e  4 . 7 ( a )  i s  to  m erge  t o g e t h e r  i n t o  one s t a t e  any s t a t e s  
on t h e  same l e v e l  w h ic h  a r e  fo u n d  to  b e  c o m p a t i b l e .  I f  t h e  f lo w  d ia g ra m  
o f  F i g u r e  4 . 4 ( a )  i s  exam ined  and  com pared  t o  t h e  g e n e r a l  f lo w  d ia g ra m ,  
th e n  i t  c a n  b e  s e e n  t h a t  t h e  t h r e e  s t a t e s  4 ,  5 and  6  h a v e  b e e n  merged 
i n t o  one  s t a t e  4 ,  b e c a u s e  e a c h  o f  t h e s e  t h r e e  s t a t e s ,  upon  t h e  a r r i v a l  
o f  t h e  v a r i a b l e  x ^ ,  b r a n c h  i n  t h e  same m anner t o  s t a t e s  0  and  1 and 
a r e  t h e r e f o r e  e q u i v a l e n t .
T h i s  e q u i v a l e n c e  o p e r a t i o n  c a n  b e  p u t  t o  good u s e  i n  t h e  d e r i v a t i o n  
o f  t h e  m axim al c o m p a t ib l e s  w h ic h  i n  t h i s  i n s t a n c e  u s e s  t h e  p r o d u c t - o f -  
sums m ethod  j^ioj . E s s e n t i a l l y  t h i s  i s  done b y  t a k i n g  e v e r y  i n c o m p a t ib le  
p a i r  o f  s t a t e s ,  and  s a y ,  f o rm in g  t h e  l o g i c  sum (S^ + S j ) ,  and 
th e n  t a k i n g  t h e  l o g i c a l  p r o d u c t  o f  a l l  t h e s e  sum s. E x p a n d in g  t h i s  
e x p r e s s i o n  y i e l d s  a  s u m - o f - p r o d u c t s , e a c h  p r o d u c t  t e r m  b e i n g  u se d  to  
d e r i v e  a  m axim al c o m p a t ib le  b y  rem o v in g  t h e  s t a t e s  i n  t h à  p r o d u c t  te rm  
from  t h e  f u l l  s e t  o f  s t a t e s .  As an e x a m p le ,  t h e  p a i r  c h a r t  o f  
F i g u r e  4 .5  shows t h a t  t h e r e  a r e  t h r e e  i n c o m p a t i b l e  p a i r s ,  nam ely  0 1 ,
23 and 4 5 .  T hese  can  be u s e d  to  fo rm  t h e  p r o d u c t - o f - s u m s  a s  i n  
e q u a t i o n  4 . 2 .
117
( 0  + 1 ) . ( 2  + 3 ) .  (4 + 5) 4 .2
E x p a n d in g  g i v e s  :
024 + 025 + 034 + 035 + 124 + 125 + 134 + 135 4 .3
E ach  p r o d u c t te rm i s  th e n  u sed to  o b t a i n  t h e  maximal c o m p a t ib l e s
by s u b t r a c t i n g  i t from t h e  f u l l  s e t 0 1 2 345 . T h u s :
P r o d u c t te rm s Maximal c o m p a t ib l e s
024 g i v e s  . 135
025 g i v e s 134
034 g i v e s 125
035 g i v e s 124
124 g iv e s 035
125 g iv e s 034
134 g iv e s 025
135 g i v e s 024
T a b le  4 .2
C om paring  w i t h  T a b le  4 .1  i t  i s  fou n d  t h a t  t h e  m axim al c o m p a t ib l e s  
a r e  i d e n t i c a l .
A s i m p l e r  m ethod  o f  p r e s e n t i n g  t h e  m axim al c o m p a t i b l e s ,  r a t h e r  
th a n  t o  l i s t  them , i s  to  e x p r e s s  them  a l s o  i n  a  p r o d u c t - o f - s u m s .  Thus 
th e  a b o v e  s e t  o f  maximal c o m p a t ib l e s  can  be  su m m arised  a s  t h e  e x p r e s s i o n  
g iv e n  i n  e q u a t i o n  4 . 4 .
( 0  + 1 ) . ( 2  + 3 ) . ( 4  + 5) 4 .4
I t  i s  a  c o in c i d e n c e  t h a t  f o r  t h i s  exam ple  e q u a t i o n s  4 .2  and  4 .4  
a r e  i d e n t i c a l ,  t h i s  n o t  b e i n g  t h e  u s u a l  c a s e .  R e t u r n i n g  to  t h e  g e n e r a l  
c a s e ,  i t  h a s  b e e n  s a i d  t h a t  t h e  o n ly  p o s s i b l e  p a i r s  o f  s t a t e s  t h a t  can
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be i n c o m p a t i b l e  a r e  t h o s e  on t h e  same l e v e l .  Thus c o n s i d e r  t h e  
s i t u a t i o n  w here  a l l  o f  t h e s e  a r e  i n c o m p a t i b l e ,  g i v i n g  t h e  p r o d u c t - o f -  
sums a s :
(0  + 1 ) .C 2  + 3 ) .C 4  + 5 ) .C 4  + 6 ) .  ( 4  + 7 ) .  (5 + 6) . (5 + 7 ) .  (6 + 7)
4 .5
P a r t i a l l y  e x p a n d in g  g i v e s :
CO + 1 ) .C 2  + 3 ) . ( 4 5 6  + 457 + 467 + 567) 4 .6
I f  t h i s  e x p r e s s i o n  i s  f u l l y  e x p a n d e d ,  t h e  maximal c o m p a t ib le s  
f o u n d  f ro m  t h e  p r o d u c t  te rm s  and  th e n  r e o r g a n i s e d  i n t o  a  p r o d u c t - o f -  
sums e x p r e s s i o n  a s  done p r e v i o u s l y ,  t h e n  e q u a t i o n  4 .7  i s  o b t a i n e d .
(0  + 1 ) . ( 2  + 3 ) . ( 4  + 5 + 6 + 7) 4 .7
N o te  t h a t  e a ch  b r a c k e t  c o n t a i n s  t h e  sum o f  t h e  s t a t e s  on any 
p a r t i c u l a r  l e v e l .  I f ,  i n s t e a d  o f  a l l  p a i r s  o f  s t a t e s  o n  th e  same l e v e l  
b e i n g  i n c o m p a t i b l e ,  some a r e  c o m p a t ib l e ,  e . g .  6 'v» 7 ,  t h e n  i t  h a s  b e e n  
shown t h a t  6 = 7 , and t h u s  t h e  e x p r e s s i o n  f o r  t h e  m aximal c o m p a t ib le s  
becom es :
(0  + 1) - (2  + 3) . ( 4  + 5 + 6 + 6) = (0  + 1) . (2  + 3) . ( 4  + 5 + 6)
4 .8
s i n c e  6 + 6 = 6 .
T h i s  e x p r e s s i o n  i s  t h e  same as  w ou ld  h a v e  b e e n  o b t a i n e d  i f  t h e  
s t a t e s  6 and  7 w ere  f i r s t  m erged  i n t o  one  s t a t e  c a l l e d  s t a t e  6 and t h e n  
t h e  m axim al c o m p a t ib l e s  o b t a i n e d .  Thus i n  t h e  exam ple  i n  t h e  p r e v i o u s  
s e c t i o n ,  i t  h a s  b e e n  s a i d  t h a t  i t  i s  e q u i v a l e n t  to  t h e  g e n e r a l  s o l u t i o n  
b u t  w i t h  t h e  s t a t e s  4 = 5 = 6 .  S u b s t i t u t i n g  t h i s  i n t o  e q u a t i o n  4 .7  
g i v e s :
(0  + 1 ) . ( 2  + 3).(4 + 4 + 4 + 7) = (0  + 1 ) . ( 2  + 3 ) . ( 4  + 7) 4 .9
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T h i s  e x p r e s s i o n  a g r e e s  w i t h  t h a t  o r i g i n a l l y  found  i n  e q u a t i o n  4 .4  
e x c e p t  t h a t  s t a t e  5 h a s  b e e n  c a l l e d  s t a t e  7 w h ich  i s  a t r i v i a l  d i f f ­
e r e n c e  t h a t  a r i s e s  s im p ly  b e c a u s e  o f  t h e  i n i t i a l  s t a t e  l a b e l l i n g ,  and 
d o e s  n o t  a f f e c t  t h e  s o l u t i o n .
T h e r e f o r e  t h e  g e n e r a l  e x p r e s s i o n  f o r  t h e  m aximal c o m p a t ib l e s  
c o m p r i s e s  o f  t h e  l o g i c a l  p r o d u c t - o f - s u m s ,  w h ere  e a c h  sum c o n s i s t s  o f  
a l l  t h e  s t a t e s  on any  p a r t i c u l a r  l e v e l ,  w h ic h  may t h e n  b e  fou n d  t o  be  
e q u i v a l e n t  and  h e n c e  rem oved from  t h e  t e r m .  S i n c e  e a ch  m axim al com­
p a t i b l e  i s  fou n d  b y  t h e  e x p a n s io n  o f  t h e  p r o d u c t - o f - s u m s  e x p r e s s i o n  
t h e i r  o r d e r  m ust b e  e q u a l  to  t h e  num ber o f  b r a c k e t e d  te rm s  w h ic h ,  s i n c e  
e a c h  r e p r e s e n t s  t h e  s t a t e s  on  a p a r t i c u l a r  l e v e l ,  m ust e q u a l  t h e  number 
o f  l e v e l s .  How ever, t h e  number o f  l e v e l s  a r i s e s  b e c a u s e  o f  t h e  num bet 
. o f  i n p u t  v a r i a b l e s  t h a t  a r e  b e i n g  p r o c e s s e d ,  i%, and  h e n c e  t h e  o r d e r  o f  
th e  m axim al c o m p a t ib l e s  i s  n .  F u r th e r m o r e ,  i t  can  b e  s e e n  f ro m  th e  
f lo w  d i a g r a m  o f  F i g u r e  4 . 7 ( a )  t h a t  s t a t e s  on l e v e l  i ,  s a y ,  im p ly  o r  
h a v e  n e x t  s t a t e s  on l e v e l  i  + 1 e x c e p t  f o r  t h e  v e r y  l a s t  l e v e l  w h ich  
r e t u r n s  t o  t h e  f i r s t  l e v e l .  Thus e a c h  b r a c k e t e d  t e r m  i n  t h e  p r o d u c t -  
o f - s u m s  e x p r e s s i o n  f o r  t h e  m axim al c o m p a t i b l e s  i m p l i e s  s t a t e s  f ro m  a 
d i f f e r e n t  b r a c k e t e d  t e r m .  ^
The t e r m  (0  + 1) i m p l i e s  s t a t e s  c o n t a i n e d  i n  t h e  t e r m  (2  + 3)
C2 + 3) "  ” (4  + 5 + 6 + 7)
( 4  + 5 + 6 + 7) "  " (0  + 1)
H ence no s t a t e s  on  d i f f e r e n t  l e v e l s  c a n  i n p l y  s t a t e s  on t h e  same
l e v e l  a n d  i t  f o l l o w s  t h a t  i f  t h e  m axim al c o m p a t ib l e s  a r e  o f  t h e  o r d e r  
n ,  t h e n  t h e y  im p ly  c o m p a t ib l e s  o f  t h e  o r d e r  n .  I n  f a c t  t h i s  a p p l i e s  t o  
a l l  c o m p a t i b l e s  o f  any  o r d e r  r ,  i . e .  a l l  r ^ ^  o r d e r  c o m p a t ib l e s  im p ly  
o n ly  r ^ ^  o r d e r  c o m p a t i b l e s ,  so  t h a t  t h e  f i r s t  c o n d i t i o n  f o r  a  g e n e r a l
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s o l u t i o n  c o n s i s t i n g  o f  m aximal c o m p a t i b l e s ,  a s  s t a t e d  a t  th e  end o f  
s e c t i o n  4 . 2 . 1 ,  h a s  b e e n  m et .
The n e x t  c o n d i t i o n  t o  b e  d e te r m in e d  i s  w h e th e r  o r  n o t  a l l  t h e  
u n im p l ie d  c o m p a t ib l e s  c a n  be  removed from  th e  s e t  o f  p r im e  c o m p a t ib le s  
u s in g  d e f i n i t i o n  4 . 1 2 .
I t  i s  p o s s i b l e  t o  d e r i v e  t h e  i m p l i e d  maximal c o m p a t ib l e s  d i r e c t l y  
from  t h e  g e n e r a l  e x p r e s s i o n  o f  e q u a t i o n  4 .7  u s i n g  t h e  s t a t e  t a b l e  o f  
F ig u r e  4 . 7 ( c )  a s  f o l l o w s :
S t a t e s  i n  (0  + 1) h a v e  n e x t  s t a t e s  i n  (2 )  when x  i s  a  0 and (3 )  when x i s  a  1 
(2  + 3) '• (4  + 6 ) " (5 + 7) "
" (4  + 5 + 6  + 7) "  ^Pq ^2 ^4  ^ ^ 6  ^ "  ^^1 ^3  ^5 ^7^ ”
Thus t h e  e x p r e s s i o n  f o r  t h e  p r im a ry  i m p l i e d  m axim al c o m p a t ib l e s  i s :
( 2 ) .  (4  + 6 ) . ( p ^  + + p ^  + Pg) + ( 3 ) .  (5  + 7) . ( p ^  + Pg + Pg + Py)
4 .1 0
The te rm s  p^ a r e  e i t h e r  I ' s  o r  0 * s  a n d  so  i t  c a n  be  s e e n  t h a t  t h e  
s e t  o f  m axim al c o n p a t i b l e s  c o n t a i n e d  i n  e q u a t i o n  4 .1 0  a r e  a  s u b s e t  o f  
t h o s e  c o n t a i n e d  i n  e q u a t i o n  4 . 7 .  The m axim al c o m p a t ib l e s  n o t  c o n t a i n e d  
i n  e q u a t i o n  4 .1 0  a r e  t h e r e f o r e  some o f  t h e  u n im p l ie d  c o m p a t ib l e s  and 
s i n c e  a l l  t h e  s t a t e s  a r e  c o n t a i n e d  i n  e q u a t i o n  4 . 1 0 ,  by  d e f i n i t i o n  4 .1 2  
th e  u n im p l ie d  c o m p a t ib l e s  can  be  d e l e t e d  f ro m  t h e  s e t  o f  p r im e  c o m p a t i b l e s .
The m axim al c o m p a t ib l e s  i n  e q u a t i o n  4 .1 0  f u r t h e r  im p ly  c o m p a t ib l e s  
as  f o l l o w s :
S t a t e s  i n  (2 )  h a v e  n e x t  s t a t e s  i n  (4) when x i s  a  0  and (5 )  when x  i s  a  1
(4  + 6 )
(3 )
(5  + 7)
(P l  + P ]  + P 5  + P 7 )
(P q + P ^ ) " (P 1  + P 5 )
( 2 ) "  (3 )
( 6 ) "  (7 )
(P;  + Pg) " (P 3  + P7 )
(2 )  " (3 )
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Thus t h e  e x p r e s s i o n  f o r  t h e  f i r s t  s e t  o f  f u r t h e r  i m p l ie d  c o m p a t ib le s
Ls :
CpQ + P^)-C2).(4) + (p^ + p ^ ) , ( 3 ) . ( 5 )  + CPg + P ^ ) .(2 ) .C 6 )
+ (P 3  + P y ) .C 3 ) .C 7 )  4 .1 1
The s e t  o f  c o m p a t ib l e s  im p l ie d  b y  t h i s  s e t  t u r n s  o u t  t o  be  t h e  
sam e, s o  t h a t  no f u r t h e r  i m p l i c a t i o n  i s  n e e d e d ,  and  t h e r e f o r e  t h e  
m axim al c o m p a t ib l e s  c o n t a i n e d  i n  t h i s  e x p r e s s i o n  fo rm  a  c l o s e d  c o v e r .
The c o m p a t i b l e s  n o t  c o n t a i n e d  i n  t h i s  s e t  a r e  t h e  u n im p l ie d  maximal 
c o m p a t i b l e s ,  and  f o r  t h e  same r e a s o n  a s  b e f o r e  c an  b e  e l i m i n a t e d  from  
th e  s e t  o f  p r im e  c o m p a t i b l e s .
Low er o r d e r e d  c o m p a t ib l e s  a r e  a l s o  fo u n d  t o  b e  t h e  same i n  t h a t  
a l l  u n im p l i e d  c o n ç a t i b l e s  c an  b e  e l i m i n a t e d  u s i n g  t h e  same p r o c e s s  a s  
a b o v e .  As a r e s u l t .  T a b le  4 . 3  c an  b e  c o m p i le d  w h ic h  c o n t a i n s  a l l  t h e  
i m p l ie d  p r im e  c o m p a t ib l e s  f o r  a  g e n e r a l  f u n c t i o n  o f  n  = 3.
I t  can  b e  s e e n  f rom  T a b le  4 . 3  t h a t  t h e  s e c o n d  o r d e r  c o m p a t ib l e s  
a r e  t h e  f u l l  s e c o n d  o r d e r  s u b s e t  o f  t h e  m axim al c o m p a t i b l e s .  I n  f a c t  
i t  c an  b e  showp t h a t  a l l  i m p l ie d  c o m p a t ib l e s  a r e  s u b s e t s  o f  t h e  i m p l i e d  
m axim al c o m p a t ib l e s  as  f o l l o w s :
L e t  a  m axim al c o m p a t ib l e  MC  ^ = b e  i m p l i e d  by  a  maximal
c o m p a t ib le  . . .  S ^ ,  w here  t h e  s u b s c r i p t s  on t h e  s t a t e s  r e f e r
t o  th e  l e v e l  t h a t  t h o s e  s t a t e s  a r e  o n .  T h e n :
S *S l . . .  S '  ~  S . S .  . . .  S 4 .1 21 2  n  1 2  n
S i n c e  e v e r y  s t a t e  i m p l i e s  a  s t a t e  o n  a  d i f f e r e n t  l e v e l  i t  can  b e  
s a i d  t h a t :
S.* 'X/ S . , f o r  i  = 1 to  n -1  4 .1 3
1  1+ 1
and S ' 'X' S, n 1
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3 *^^  o r d e r  m aximal 
c o m p a t ib l e s
2^ ^  o r d e r  
c o m p a t ib l e s
1®** o r d e r  c o m p a t ib le s  
o r  s i n g l e  s t a t e s




P4 2 4 P22 4
p^35 P26 5
















T a b le  4 . 3  I m p l ie d  p r im e  c o m p a t ib l e s  f o r  g e n e r a l  
f u n c t i o n  o f  n  = 3
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E v e ry  s u b s e t  o f  MC  ^ m ust  t h e r e f o r e  a l s o  be  im p l ie d  by t h e  same 
o r d e r e d  s u b s e t  o f  MC^, e . g . :
4 .1 4
Thus e v e r y  s u b s e t  o f  e v e r y  im p l ie d  m axim al c o m p a t ib le  m ust a l s o  
be  an i m p l i e d  c o m p a t i b l e .  T h i s  means t h a t  a l l  t h r e e  c o n d i t i o n s  
r e q u i r e d  f o r  t h e  m in im a l  c l o s e d  c o v e r  c o n s i s t i n g  o f  t h e  im p l ie d  maximal 
c o m p a t ib l e s  h a v e  b e e n  a c h ie v e d  w h ich  g r e a t l y  r e d u c e  t h e  amount o f  work 
r e q u i r e d  to  f i n d  a  r e d u c e d  s y s te m .
R e t u r n i n g  t o  t h e  exam ple  o r i g i n a l l y  u s e d ,  i . e .  f ( x )  = x^.Xg + x ^ ,  
i f  t h e  v a l u e s  i n  t h e  m axim al c o m p a t ib l e s  i n  T a b le  4 . 3  a r e  a s s ig n e d  
a c c o r d i n g  t o  t h i s  f u n c t i o n ,  and b e a r i n g  i n  m ind t h a t  s t a t e s  4 ,  5 and 6 
a r e  e q u i v a l e n t ,  t h e n  T a b le  4 . 4  c an  b e  d raw n .
C om paring  w i t h  t h e  o r i g i n a l  s o l u t i o n  i t  i s  fo u n d  t h a t  t h e  maximal 
c o m p a t ib l e s  a r e  t h e  same.
G e n e r a l  i m p l i e d  
m axim al c o m p a t ib l e s
S p e c i f i c  i m p l i e d  m axim al 
c o m p a t ib l e s  f o r  f ( x )  = x^.Xg + x^
Po2* 024
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Tab l e  4 . 4  I m p l ie d  maximal c o m p a t i b l e s ,  w h e re  te rm s  a r e  c r o s s e d
o u t  i f  t h e y  a p p e a r  m ore t h a n  o n c e ,  t h u s  l e a v i n g  s i n g l e  
r e p r e s e n t a t i v e s  o f  e a c h  i m p l i e d  m axim al c o m p a t ib le
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A l l  a rg u m e n ts  t h a t  h a v e  b e e n  p r e s e n t e d  a p p ly  e q u a l l y  w e l l  to  
f u n c t i o n s  o f  any  v a l u e  o f  n .  Thus a new c l a s s  o f  m ach ines  h a s  b e e n  
o b t a i n e d  w h e re b y ,  i f  t h e  number o f  s t a t e s  c an  b e  r e d u c e d ,  t h e  new 
m ach in e  w ould  c o n t a i n  s t a t e s  w h ich  a r e  t h e  im p l ie d  maximal c o m p a t ib le s  
o b t a i n e d  from  t h e  o r i g i n a l  m a c h in e .  I f  t h e  num ber o f  s t a t e s  c a n n o t  
be  r e d u c e d ,  i . e .  t h e  num ber o f  s t a t e s  i n  t h e  o r i g i n a l  m ach ine  i s  l e s s  
t h a n  t h e  num ber o f  i m p l i e d  m axim al c o m p a t i b l e s ,  t h e n  i t  s t i l l  may be  
a d v a n ta g e o u s  t o  ch o se  t h e  l a t t e r  s i n c e  i t  d i s p e n s e s  w i t h  t h e  c o n d i t i o n  
t h a t  t h e  m ach ine  h a s  t o  s t a r t  i n  e i t h e r  o f  t h e  s t a t e s  0 o r  1.
P r e v i o u s l y  t h e r e  w ere  o n ly  two c l a s s e s  o f  m ach ine  w h ich  had  m in im a l  
c l o s e d  c o v e r s  c o n s i s t i n g  o f  m axim al c o m p a t i b l e s ,  nam e ly :
i )  f u l l y  s p e c i f i e d  m ac h in e s  i n  w h ic h  i t  c o n s i s t s  o f  
a l l  t h e  maximal c o m p a t i b l e s ,
i i )  a n o t h e r  c l a s s  d e f i n e d  b y  M cCluskey  | l l ,  11^ i n  w h ic h
e v e r y  c o v e r  c o n s i s t i n g  o f  m axim al c o m p a t ib l e s  i s  c l o s e d .
The  s e r i a l  i n p u t  m a c h in e s ,  t h e r e f o r e ,  f o r m  an  i n t e r e s t i n g  t h i r d  
c l a s s .
4 . 2 . 3  S t a t e  A ss ig n m en t  and H ardw are  R e a l i s a t i o n
H a v in g  r e d u c e d  t h e  number o f  s t a t e s  o f  t h e  m a c h in e ,  th e y  now h av e  
t o  b e  a s s i g n e d  b i n a r y  v a lu e s  i n  o r d e r  t o  o b t a i n  a  h a rd w a re  r e a l i s a t i o n ,  
i n  t h i s  r e s p e c t  a  s e r i a l  i n p u t  l o g i c  s y s te m  i s  no d i f f e r e n t  f rom  any 
o t h e r  s e q u e n t i a l  s y s te m  and t h e r e f o r e  s t a t e  a s s ig n m e n t  w i l l  n o t  b e  
d i s c u s s e d  b u t  c an  be  fo u n d  i n  a  num ber o f  - t e x t s  [8 ,9 ,1 !^  . However, 
i t  h a s  b e e n  s a i d  e a r l i e r  t h a t  one o f  t h e  i d e a l  c h a r a c t e r i s t i c s  o f  a  
s e r i a l  i n p u t  s y s te m  i s  t h a t  i t  c o n s i s t s  o f  u n i f o r m  l o g i c  h a rd w a re .
Thus i n  t h e  d ia g ra m  o f  F i g u r e  4 .3  i t  i s  d e s i r a b l e  t h a t  t h e  c o m b i n a t i o n a l  
l o g i c  c o n s i s t s  o f  u n i fo rm  l o g i c  t y p e s ,  e . g .  t h r e s h o l d  l o g i c  g a t e s  [ l 4 j ,
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m u l t i p l e x e r s  [ i s ] , u n i v e r s a l  l o g i c  m odules  e t c .  T e c h n iq u e s  have  b e e n  
d e v e lo p e d  w h ich  e n a b l e  s u c h  r e a l i s a t i o n s  to  be  o b t a i n e d  u s in g  th e  
R adem acher-W alsh  s p e c t r u m  d i s c u s s e d  in  C h a p te r  2 .  However, a  f e a t u r e  
w h ich  i s  o v e r l o o k e d  i n  t h e s e  m ethods i s  t h a t  t h e r e  i s  a  c h o ic e  o f  d e l a y  
g a t e  o r  b i s t a b l e  u s e d  i n  t h e  s y s te m .  The f o u r  p o s s i b l e  ty p e s  o f  b i ­
s t a b l e ,  t h e i r  c h a r a c t e r i s t i c  e q u a t i o n s  and t h e i r  s p e c t r a l  e q u i v a l e n t  
w i l l  t h e r e f o r e  b e  b r i e f l y  d i s c u s s e d .
4 . 2 . 3 . 1  C h a r a c t e r i s t i c  E q u a t io n s  o f  B i s t a b l e s  (lb]
The g e n e r a l  s c h e m a t i c  d ia g ra m  o f  a  b i s t a b l e  i s  shown i n  F i g u r e  4 . 8 ,  
w here  t h e  n e x t  s t a t e  q^ i s  a  f u n c t i o n  o f  t h e  p r e s e n t  s t a t e  y^  and t h e  
i n p u t s  q^  and q j , and  a p p e a r s  upon t h e  a r r i v a l  o f  t h e  c lo c k  p u l s e .
T h is  f u n c t i o n  i s  known a s  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e  b i s t a b l e  
and  i s  l i s t e d  f o r  e a c h  t y p e  o f  b i s t a b l e  i n  T a b le  4 . 5 .
CLOCK
F i g u r e  4 . 8  G e n e r a l  b i s t a b l e
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Type o f  b i s t a b l e I n p u t  c o n n e c t io n s C h a r a c t e r i s t i c  e q u a t io n
D q! = q l  = D q .  = D
1 J 1
J -K q l  » J  q l  = K q .  = y . . J  + y .  .K
1 J L 1 '  1
R-S q! = S q j  = R q^ » R. (S + y^)
w h ere  R and S a r e  d i s j o i n i
T q- » q ]  = T q^ '  y£ 0  T
T a b le  4 .5  C h a r a c t e r i s t i c  e q u a t i o n  o f  b i s t a b l e s
D b i s t a b l e
U s u a l l y  i t  i s  assum ed t h a t ,  due t o  i t s  s i m p l i c i t y ,  t h e  D -type  
b i s t a b l e  i s  u s e d  i n  w h ic h  c a s e  t h e  n e x t  s t a t e  q .  i s  o b t a i n e d  from  th e  
n e x t  s t a t e  f u n c t i o n  as  i n  e q u a t i o n  4 . 1 5 .
= D = f . 4 .1 5
w h e re  m i s  t h e  num ber o f  b i s t a b l e s  i n  t h e  s y s te m .
The h a r d w a r e  r e a l i s a t i o n  c o u ld  t h e n  b e  o b t a i n e d  by  f i n d i n g  th e  
c o m b i n a t i o n a l  l o g i c  s o l u t i o n  f o r  e a c h  o f  t h e  n e x t  s t a t e s  q ^ .  However, 
i t  c a n  b e  s e e n  f ro m  T a b le  4 . 5  t h a t  i f  any  o t h e r  ty p e  o f  b i s t a b l e  i s  
u se d  t h e  h a r d w a r e  t o  be  r e a l i s e d  w ou ld  b e  q u i t e  d i f f e r e n t .  I n  f a c t  i f  
t h e  s p e c t r u m  o f  t h e  f u n c t i o n  i n  e q u a t i o n  4 .1 5  i s  a s  i n  e x p r e s s i o n  4 .1 6 ,  
t h e n  i t  i s  i n t e r e s t i n g  to  d e te r m i n e  t h e  s p e c t r a  o f  t h e  o t h e r  f u n c t i o n s  
J ,K ,R ,S  an d  T .
^0 ^1 ^2 *^ 3 * "  ^m+1 ^12 ^13 ^123 ..m m +l
E ach  o f  t h e  2™*^ c o e f f i c i e n t s  i n  e q u a t i o n  4 .1 6  a r e  o b t a i n e d  u s in g
th e  R ad e m ac h e r-W a lsh  t r a n s f o r m  as d e s c r i b e d  i n  C h a p t e r  2 .  T h e re  a r e  
m+1 v a r i a b l e s  b e c a u s e  from  e q u a t i o n  4 .1 5  i t  can  b e  s e e n  t h a t  t h e r e  a r e
m p r e s e n t  s t a t e s  p l u s  one i n p u t  v a r i a b l e  x w hich  c an  be  r e g a r d e d  a s  t h e
v a r i a b l e  y . .m+1
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J -K  b i s t a b l e
I t  h a s  b een  shown [ l? ]  t h a t  i f  a f u n c t i o n  f ( x )  i s  decomposed a b o u t  
one o f  i t s  i n p u t  v a r i a b l e s  x ^ , a s  i n  e q u a t i o n  4 . 1 7 ,  th e n  t h e  s p e c t r a l  
c o e f f i c i e n t s  o f  t h e  two s u b - f u n c t i o n s  a r e  r e l a t e d  to  t h e  s p e c t r a l
c o e f f i c i e n t s  o f  t h e  o r i g i n a l  f u n c t i o n ,  r ^ , a s  i n  e q u a t i o n  4 . 1 8 .
f ( x )  = x ^ . f^ C x )  + x ^ . f ^ C x )  4 .1 7
C o e f f i c i e n t s  o f  f ^ ( x )  a r e :  j ^ r .  + r . . )  f o r  a l l  s u b s c r i p t e  j  t h a t  do n o t
^ c o n t a i n  i
4 .1 8
C om paring  w i t h  t h e  c h a r a c t e r i s t i c  e q u a t i o n  f o r  a J -K  b i s t a b l e  i t  
c a n  b e  s e e n  t h a t  J  = f ^ ( x )  and  K = f g C x ) . Thus t h e  s p e c t r a l  c o e f f i c i e n t s  
f o r  J  and  K a r e  :
4 .1 9
= i ( r . j  + r . )
Kj -  r \ j )  = K r . j - r ^ )
f o r  a l l  s u b s c r i p t s  j  t h a t  do n o t  c o n t a i n  i .
R-S b i s t a b l e
S i n c e ,  i n  t h e  c h a r a c t e r i s t i c  e q u a t i o n  o f  t h e  R-S b i s t a b l e  i t  i s  
s t a t e d  t h a t  R and S a r e  d i s j o i n t ,  t h e  e q u a t i o n  can  b e  r e a r r a n g e d  t o  g i v e :
q^ = y ^ .S  + y . . R  4 .2 0
where  R and  S a r e  d i s j o i n t .
T h u s ,  c o m p ar in g  w i t h  t h e  c h a r a c t e r i s t i c  e q u a t i o n  o f  t h e  J -K  b i s t a b l e  
i t  can b e  s e e n  t h a t  i f  J  and K a r e  d i s j o i n t  t h e  e q u a t i o n s  a r e  i d e n t i c a l  
and  th e  s p e c t r a l  c o e f f i c i e n t  v a lu e s  s t a t e d  i n  e q u a t i o n  4 .1 9  c a n  be  
u sed  f o r  S and R. One way o f  t e s t i n g  w h e t h e r  J  and  K a r e  d i s j o i n t  o r  
n o t  i s  a s  f o l l o w s :
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I f  J  and  K a r e  d i s j o i n t  t h e i r  s p e c t r a l  c o e f f i c i e n t s  obey th e  
f o l l o w i n g  e q u a t i o n  j^lbj :




1 2 . . .m+1
J
S u b s t i t u t i n g  f ro m  e q u a t i o n  4 .1 9  g i v e s :
j  [ ‘ U  ■ ' S  ]f o r  
n o t
c o n t a i n i n g  i
1 4 .2 2
B ut i t  h a s  b e e n  shown t h a t  [ is ]  t h e  sum o f  t h e  s q u a r e s  o f  t h e  s p e c t r a l  
c o e f f i c i e n t s  i s  t h u s :
S j  K * ' i ]
.2 (m+1) 4 .2 3
f o r  
n o t
c o n t a i n i n g  1
T h u s ,  c o m b in in g  t h e  two e q u a t i o n s :
s
f o r  a l l  j  
n o t
c o n t a i n i n g  i
2 * + \ r . 4 .2 4
Thus i t  can  be  s a i d  t h a t  i f  a l l  t h e  c o e f f i c i e n t s  i n  t h e  o r i g i n a l  
s p e c t r u m  o f  t h e  r e q u i r e d  f u n c t i o n ,  a s  i n  e q u a t i o n  4 . 1 6 ,  c o n t a i n i n g  i  i n  
t h e i r  s u b s c r i p t s  a r e  s q u a r e d  and  th e n  summed, com pared  w i t h  t h e  c o e f f ­
i c i e n t  r ^  t im e s  2™^^, and  fo u n d  to  be t h e  same th e n  t h e  n e x t  s t a t e  q^ 
can b e  o b t a i n e d  u s i n g  an R-S b i s t a b l e ,  w i t h  t h e  S and R i n p u t s  e q u a l  to  
t h e  J  and  K f u n c t i o n s  r e s p e c t i v e l y ,  th e  s p e c t r a  o f  w h ic h  a r e  g iv e n  i n
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e q u a t i o n  4 , 1 9 .  I f  th e y  a r e  n o t  t h e  sam e, i . e .  e q u a t i o n  4 .2 4  i s  found 
to  be  i n v a l i d ,  th e n  th e  s u g g e s t e d  S and R f u n c t i o n s  a r e  g iv e n  by 
e q u a t i o n  4 .2 5  w h ich  e n s u r e s  t h a t  th e y  a r e  d i s j o i n t .
S = J . y .
^ 4 .2 5
R = K .y .'  1
I n  t h i s  i n s t a n c e ,  t h e i r  s p e c t r a l  c o e f f i c i e n t s  a r e  shown to  b e :
+ ' o )  + 2 "  -  V  *
Sj = ICf i j  + r . )  Rj -  K r . j  -  r . )
4 .2 6
^ i  '  K ^ i  " ^ ^ 0  ^ -  “  K ^ q  -  r . )  + 2™
h i  ‘  = H r j  -  r . j )
f o r  a l l  s u b s c r i p t s  j  n o t  i n c l u d i n g  i .
T b i s t a b l e
I n  t h i s  i n s t a n c e  t h e  f u n c t i o n  T c a n  e a s i l y  b e  o b t a i n e d  from  i t s  
c h a r a c t e r i s t i c  e q u a t i o n  s i n c e  t h e  e x c l u s i v e - o r  f u n c t i o n  i s  c o m m u ta t iv e .  
Thus :
T “  q£ 0  y .  4 .2 7
I n  t h e  s p e c t r a l  dom ain  t h i s  o p e r a t i o n  i s  e q u i v a l e n t  t o  o u t p u t  
s p e c t r a l  t r a n s l a t i o n  w h ic h  was d e s c r i b e d  i n  d e t a i l  i n  s e c t i o n  2 . 2 . 1  i n  
C h a p t e r  2 .
The s p e c t r a  o f  e a c h  o f  t h e  b i s t a b l e s  c a n  now b e  u s e d  i n  t h e  h a r d ­
w are  r e a l i s a t i o n  w h e r e ,  f o r  e x a m p le ,  t h e  J -K  b i s t a b l e  may b e  c h o se n  
b e c a u s e  o f  t h e  f a c t  t h a t  t h e  J  and K f u n c t i o n s  o n ly  r e q u i r e  a t  m ost  m 
v a r i a b l e s  s i n c e  th e y  a r e  i n d e p e n d e n t  o f  t h e  p r e s e n t  s t a t e  y ^ .  As 
a n o t h e r  e x a m p le ,  t h e  T - ty p e  b i s t a b l e  may be  u s e f u l  s i n c e  many o f  t h e
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m ethods o f  h a rd w a re  r e a l i s a t i o n  in v o lv e  s p e c t r a l  t r a n s l a t i o n s ,  and 
th u s  i f  t h e  T - ty p e  b i s t a b l e  i s  u se d  t h e r e  c o u ld  be  a s a v i n g  o f  one 
e x c l u s i v e - o r  g a t e .
I t  h a s  b e e n  s a i d  t h a t  a d e s i r a b l e  f e a t u r e  o f  a  s e r i a l  i n p u t  l o g i c  
s y s te m  i s  t h a t  i t  s h o u ld  c o n s i s t  o f  u n i fo rm  l o g i c  h a rd w a re  and  t h a t  
one s u c h  r e a l i s a t i o n  t h a t  can  b e  o b t a i n e d  u s e s  u n i v e r s a l  l o g i c  m odu les .  
The f o l l o w i n g  s e c t i o n s  show t h a t  i f  t h e s e  a r e  c h o se n  a t  t h e  s t a r t  o f  
t h e  d e s i g n  p r o c e d u r e  t h e n  s t a t e  a s s ig n m e n t  can  b e  o m i t t e d  a l t o g e t h e r .
4 .3  M o d u la r  S o l u t i o n
4 . 3 . 1  M u l t i p l e x e r - a n d  D e la y  Module
The m odu le  t h a t  h a s  b e e n  c h o s e n  i s  shown i n  F i g u r e  4 .9  w h ich  i s  






F i g u r e  4 .9  U n i v e r s a l  l o g i c  m odule
The e q u a t i o n  f o r  N i s  g iv e n  i n  e q u a t i o n  4 . 2 8 .  
N = x .A  + x .B 4.28
T h is  m odule  was c h o s e n  f o r  t h r e e  m ain  r e a s o n s :
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i )  i t  h a s  b e e n  shown [ l9 ,2 ( ^  t h a t  any f i n i t e  s t a t e  m achine 
c an  be  r e p r e s e n t e d  by a n e tw o rk  o f  t h e s e  m odules and t h a t  
f u r t h e r m o r e  any " d e f i n i t e ” s e q u e n t i a l  m achine  can be 
r e a l i s e d  w i t h  t h e  minimum d e l a y  A, i . e .  one  c lo c k  p e r i o d .
A d e f i n i t e  m ach in e  i s  d e f i n e d  as  one  w h ich  does n o t  
r e q u i r e  f e e d b a c k  [2l] , and i t  i s  c l e a r  from  F ig u r e  4 . 2 ,  
w h ic h  i s  a  v a l i d  r e a l i s a t i o n ,  t h a t  s e r i a l  i n p u t  l o g i c  
s y s te m s  a r e  d e f i n i t e .
i i )  i t  h a s  b e e n  shown \Z2^ t h a t  t h e  maximum r a t e  t h a t  d a t a
c an  a r r i v e  a t  a  s y s t e m  i n p u t  i s  e q u a l  to  t h e  r e c i p r o c a l
o f  t h e  m o d u le ' s  d e l a y ,  and  t h a t  t h i s  p a r t i c u l a r  module
h a s  t h e  minimum p o s s i b l e  d e l a y .
i l i )  i t  h a s  b e e n  shown t h a t  a  n e tw o rk  o f  t h e s e  m o d u le s ,
p a r t i c u l a r l y  i f  t h e r e  i s  no  f e e d b a c k ,  i s  e a s i l y  
t e s t a b l e  |2 3 ,2 4 ]  .
I t  w o u ld  seem  t h e r e f o r e  t h a t  by t h e s e  t h r e e  f a c t s  a lo n e  th e  
m odule i s  a  good c h o i c e ,  p a r t i c u l a r l y  w i t h  r e g a r d  t o  t h e  sp e e d  a s p e c t
w h e re ,  c o m b in in g  C i) an d  ( f i ) ,  upon t h e  a r r i v a l  o f  t h e  l a s t  i n p u t
^  . . .
v a r i a b l e ,  o r  l a s t  b i t  o f  t h e  i n p u t  w o rd ,  t h e r e  i s  a  d e l a y  w hich  i s
e q u a l  to  t h e  d e l a y  o f  one  m odu le  b e f o r e  t h e  f u n c t i o n  o u t p u t  i s  g iv e n .
The d e s i g n  p r o c e d u r e  u s i n g  t h i s  m odule  i s  a s  f o l l o w s  : c o n s i d e r  
th e  s t a t e  d ia g r a m  o f  F i g u r e  4 . 6 ( b ) ,  and renam e t h e  s t a t e s  1 , 2 , 3  and 4 
as  i n  F i g u r e  4 . 1 0 .
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0 , 1
s N N Z
1 1 3 0
2 1 3 1
3 1 4 1
4 2 4 .. 1
F i g u r e  4 .1 0  S t a t e  t a b l e  o f  th e  s e r i a l  i n p u t
s e q u e n t i a l  m achine  w h ich  r e a l i s e s  t h e  
f u n c t i o n  f ( x )  = x^.Xg + x^ .
A g ra p h  i s  drawn w h ich  c o n s i s t s  o f  i n t e r c o n n e c t e d  nodes  o r  c i r c l e s  
i n  a c c o r d a n c e  w i t h  t h e  f o l l o w i n g  s t e p s  j ? , 1 9 , 2 o j .
S te p  1 . N o te  a l l  t h e  s t a t e s  w hich  have  o u t p u t s  o f  l o g i c  1 , w hich  i n  
t h i s  c a s e  a r e  s t a t e s  2 ,  3 and 4 .  T hese  s t a t e s  a r e  t h e n  g ro u p ed  t o g e t h e r  
and w r i t t e n  i n  t h e  f i r s t  node as  i n  F i g u r e  4 . 1 1 ( a ) .
S te p  2 . A l l  s t a t e s  w h ic h  im p ly  th e  p r e v i o u s  s t a t e s ,  i . e .  have  them 
as t h e i r  n e x t  s t a t e s  N, a r e  n o t e d  and two new n o d e s  a r e  d raw n; one 
c o n t a i n i n g  t h e  s t a t e s  t h a t  im p ly  th e  p r e v i o u s  s t a t e s  when x = 0 ,  and 
th e  o t h e r  when x = 1 . Arrowed l i n e s  a r e  th e n  draw n f ro m  each  o f  t h e s e  
new n o d e s  t o  t h e  p r e v i o u s  n o d e ,  above w h ic h  i s  w r i t t e n  t h e  c o r r e s p o n d in g  
X v a l u e .
S te p  3 . S t e p  2 i s  r e p e a t e d  f o r  e v e r y  new node u n t i l  a l l  no d es  a r e  
t e r m i n a l .  A node  i s  t e r m i n a l  i f  i t  c o n t a i n s  no s t a t e s  o r  a l l  t h e  s t a t e s  
i n  w h ich  c a s e  i t  i t  s a i d  to  be  empty o r  f u l l  and i s  shown as unshaded  
o r  s h a d e d  r e s p e c t i v e l y .  I t  can  a l s o  be t e r m i n a l  i f  i t  c o n t a i n s  a s e t  
o f  s t a t e s ,  S^ s a y ,  s u c h  t h a t  some o t h e r  node  a l s o  c o n t a i n s  th e  s e t  , 
o r  i f  some o t h e r  node c o n t a i n s  t h e  s e t ,  s a y ,  su c h  t h a t  Sg = S ,







F ig u r e  4 .1 1  (a )  Graph o f  n o d e s  and b r a n c h e s  
(b )  M odular  r e a l i s a t i o n
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F i g u r e  A .1 1 ( a )  s h o v s  t h e  g ra p h  f o r  t h e  exam ple  and F i g u r e  4 .1 1 ( b )  
shows t h e  m o d u la r  r e a l i s a t i o n .
E v e ry  n o n - t e r m i n a l  node i n  t h e  g ra p h  i s  r e p l a c e d  by a m odule i n  
th e  f i n a l  n e tw o r k .  The A and  B i n p u t s  to  e a c h  m odule  c o r r e s p o n d  t o  
th e  a r ro w e d  l i n e s  f ro m  p r e v i o u s  nodes  l a b e l l e d  0 and 1 r e s p e c t i v e l y  
and em erge  f ro m  t h e  N o u t p u t s  o f  t h e  m odu les  c o r r e s p o n d i n g  to  th e  
i n ç l y i n g  n o d e s .  I f  t h e  im p ly in g  node i s  empty o r  f u l l  t h e n  i t  i s  
r e p l a c e d  b y  a  c o n s t a n t  l o g i c  0  o r  1 r e s p e c t i v e l y .  I f  a  no d e  i s  
t e r m in a l  b e c a u s e  i t  c o n t a i n s  t h e  same o r  i n v e r s e  s e t  o f  s t a t e s  as 
a n o th e r  n o n - t e r m i n a l  n o d e ,  th e n  i n  t h e  m o d u la r  r e a l i s a t i o n  t h e  module 
c o r r e s p o n d in g  to  t h e  n o n - t e r m i n a l  node s u p p l i e s  v i a  i t s  N o r  N o u t p u t  
r e s p e c t i v e l y  t h e  i n p u t s  o f  t h e  m odu les  i n c i t e d  by t h e  t e r m i n a l  n o d e s .
T h u s ,  a  m o d u la r  r e a l i s a t i o n  i s  o b t a i n e d  d i r e c t l y  f ro m  t h e  e t a t e  
t a b l e  a n d  t h e r e f o r e  does  n o t  r e q u i r e  t h e  s t a t e  a s s ig n m e n t  s t a g e  o f  
th e  d e s i g n  p r o c e d u r e .
4 . 3 . 2  M o d e - C o n t r o l l e d  L o g ic  f l ,2 ]
I n  s e c t i o n  4 . 1  i t  was s t a t e d  t h a t  t o  d a t e  t h e  o n l y  o t h e r  a p p ro a c h  
to  t h e  r e a l i s a t i o n  o f  a  s e r i a l  i n p u t  s y s te m  i s  m o d e - c o n t r o l l e d  l o g i c ,  







F i g u r e  4 .1 2  M o d e - c o n t r o l l e d  l o g i c  m odule
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Compared to  th e  m odule i n  t h e  p r e v i o u s  s e c t i o n  i t  can  be s e e n  
t h a t  t h e r e  i s  one  e x t r a  i n p u t ,  M, t h e  mode c o n t r o l l e r .  The e q u a t i o n  
f o r  N i s  now g i v e n  a s :  '
N = M.D + M.CF.E + F.D) 4 .2 9
The mode i s  s e t  so  t h a t  e i t h e r  t h e  v a r i a b l e  D i s  s im p ly  c o p ie d  
a t  t h e  o u t p u t  when M *= 1 o r  a f u n c t i o n  o f  F and D i s  p e r fo rm e d  when 
M = 0 ,  The f u n c t i o n  o f  F and  D i s  p r e s e t  by  c h o o s in g  a s u i t a b l e  v a lu e  
f o r  E a s  i n  T a b l e  4 . 6 .  N o te  t h a t  t h e  l a t t e r  c a s e  i s  i d e n t i c a l  to  
e q u a t i o n  4 . 2 8 .




A ssum ing t h a t  n o t  o n l y  F and D 
b u t  t h e i r  i n v e r s e  a l s o  a r e  a v a i l a b l e
T a b le  4 .6  V a lu e s  o f  E f o r  s e l e c t e d  f u n c t i o n s
M odules a r e  t h e n  c o n n e c te d  i n  tandem  i n  a  s i n g l e  p a t h ,  i . e .  e v e ry  
N o u t p u t  o f  a  m odule  g oes  to  t h e  D i n p u t  o f  t h e  m odule i n  f r o n t  o f  i t  
a s  i n  F i g u r e  4 . 1 3 .
 f(x)
CLOCK
F i g u r e  4 .1 3  Tandem c o n n e c te d  s i n g l e  p a th  s y s te m  o f  m odules
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The F i n p u t  o f  e v e ry  m odule  i s  o b t a i n e d  a s  a  f e e d b a c k  o r  f e e d ­
fo rw ard  l i n k  f ro m  any o t h e r  m o d u le .  Thus th e  d e s i g n  p r o c e d u r e  c o n s i s t s  
o f  f i n d i n g  t h e  l o g i c a l  v a l u e r  f o r  E and  M and d e t e r m i n in g  w here  to  
a t t a c h  th e  i n p u t s  F . The a p p ro a c h  i s  v e r y  u n c o n v e n t i o n a l  and c o n s i s t s  
o f  f i r s t l y  t h e  u s e  o f  s p e c t r a l  t r a n s l a t i o n  f o l lo w e d  by an a lg o r i t h m .
The d e t a i l s  o f  t h i s  a r e  f e l t  to  be  n o t  r e q u i r e d  f o r  t h i s  t h e s i s  s i n c e  
o n ly  a c o m p a r is o n  o f  t h e  s o l u t i o n s  i s  n e c e s s a r y ,  b u t  can  be  found  i n  
the  l i s t e d  r e f e r e n c e s  ^ , 2 ] .
The m ain  d ra w b a c k s  o f  t h i s  s y s te m  a r e :
i )  a d d i t i o n a l  c i r c u i t r y  i s  r e q u i r e d  f o r  t h e  mode c o n t r o l l i n g  
s i g n a l s
i i )  i n h e r e n t  l a t e n c y  i n  t h e  s y s te m ,  i . e .  t h e  d e la y  A b e tw e e n
t h e  l a s t  b i t  o f  t h e  i n p u t  w ord  e n t e r i n g  t h e  s y s te m  and th e
r e q u i r e d  o u t p u t  b e i n g  g e n e r a t e d  i s  g r e a t e r  th a n  one c lo c k  
p e r i o d
i i i )  u n d e f i n e d  num ber o f  m o d u le s ,  i . e .  no u p p e r  l i m i t  i s  g i v e n .
H ow ever, a c t u a l  m odu les  h a v e  b e e n  m a n u f a c tu r e d  [sJ u s i n g  E .C .L .
c i r c u i t r y  and  h a v e  b e e n  o p e r a t e d  a t  f r e q u e n c i e s  o f  up to  1 GHz. T y p i c a l  
sy s tem s  t h a t  i t  h a s  b e e n  a p p l i e d  to  a r e ,  f o r  e x a m p le ,  s e r i a l  i n p u t  
a d d e r s ,  m u l t i p l i e r s ,  a  t h r e s h o l d  l o g i c  g a t e  and  a  Grey code c o n v e r t e r ,  
d e t a i l s  o f  w h ic h  a r e  a l l  docum ented  i n  t h e  l i s t e d  r e f e r e n c e s  |2 , aJ .
4 .4  T re e  S t r u c t u r e s
In  s e c t i o n  4 .2  t h e  p ro b le m  o f  u t i l i s i n g  t h e  d o n ' t  c a r e  te rm s  i n  
th e  d e s ig n  p r o c e d u r e  was c o n f in e d  t o  t h e  p r o c e s s  o f  s t a t e  m i n i m i s a t i o n .  
However, two p o i n t s  m ust  be  r a i s e d :
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i )  s t a t e  m i n i m i s a t i o n  d oes  n o t  n e c e s s a r i l y  o p t im i s e  th e  s y s te m  
s i n c e  a r e d u c t i o n  i n  t h e  number o f  s t a t e s  does  n o t  g u a r a n t e e  
a r e d u c t i o n  i n  th e  num ber o f  s t a t e  v a r i a b l e s ,  i . e .  t h e  number 
o f  b i s t a b l e s ,  b u t  m e r e ly  i n t r o d u c e s  d o n ' t  c a r e  te rm s i n t o  t h e  
n e x t  s t a t e  f u n c t i o n .  F o r  e x a m p le ,  i f  o r i g i n a l l y  a m achine  
i s  s p e c i f i e d  b y  e i g h t  s t a t e s ,  i t  r e q u i r e s  t h r e e  s t a t e  v a r i ­
a b l e s  to  u n i q u e l y  l a b e l  e a c h  s t a t e .  I f ,  by  t h e  p r o c e s s  o f  
s t a t e  r e d u c t i o n ,  t h e  new num ber o f  s t a t e s  becom es f i v e ,  t h r e e  
s t a t e  v a r i a b l e s  a r e  s t i l l  r e q u i r e d ,  o n ly  now t h e r e  a r e  t h r e e  
d o n ' t  c a r e  s t a t e s .
i i )  a  m o d u la r  s o l u t i o n  h a s  b e e n  shown i n  s e c t i o n  4 . 3 . 1  w hich  e a s e s  
t h e  d e s i g n  p r o c e d u r e  b y  e l i m i n a t i n g  s t a t e  a s s ig n m e n t .  A l s o ,  
b e c a u s e  o f  t h e  s t r i c t l y  d e f i n e d  d e l a y s  t h a t  e a c h  module 
i n v o l v e s ,  t h e  t im in g  o f  t h e  s y s te m  c a n  b e  w e l l  o r g a n i s e d  and  
t h u s  o p e r a t e  a t  a  h i g h  s p e e d .  H ow ever, i f  i t  i s  d e c id e d  a t  
t h e  o u t s e t  t h a t  m odu les  a r e  t o  b e  u s e d ,  a s  i n  t h e  c a s e  o f  
t h e  m o d e - c o n t r o l l e d  l o g i c  s y s te m ,  t h e n  p o s s i b l y  t h e r e  i s  a  I 
d e s i g n  p r o c e d u r e  w h ic h  c an  g iv e  a  s o l u t i o n  more d i r e c t l y ,  f o r  
exam ple  o m i t t i n g  t h e  s t a t e  r e d u c t i o n  p h a s e  a l t o g e t h e r .  T h i s  
c o u ld  b e  done i f  t h e  d o n ' t  c a r e  te rm s  i n  t h e  i n i t i a l  s t a t e  
d ia g r a m  c o u ld  b e  i n c o r p o r a t e d  i n t o  t h e  g r a p h i c a l  d e s ig n  m ethod 
a s  i n  F i g u r e  4 . 1 1 ( a ) .  F o r t u n a t e l y  t h i s  i s  p o s s i b l e  and i s  
t h e r e f o r e  d i s c u s s e d  i n  f o l l o w i n g  s e c t i o n s .
4 . 4 . 1  M odu la r  S o l u t i o n  I n c o r p o r a t i o n  D o n ' t  C a re  Terms
A t e c h n i q u e  e x i s t s  w h ic h  g i v e s  a  m o d u la r  s o l u t i o n  t o  i n c o m p le t e ly  
s p e c i f i e d  m a c h in e s  [ jz s ] , t h e  m odu les  b e i n g  t h e  same a s  t h a t  d e s c r i b e d  
i n  s e c t i o n  4 . 3 . 1 .  The t e c h n i q u e  u s e s  n e x t  s t a t e  m appings  a s  i n  
F i g u r e  4 .1 4  w h ich  shows t h e  p a r t i c u l a r  m app ings  f o r  t h e  n e x t  s t a t e
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0 2 3 0
1 2 3 1
2 4 4 -
3 4 5 -
4 0 1 -




F i g u r e  4 .1 4  (a )  S t a t e  t a b l e  f o r  f u n c t i o n  f ( x )  = x ^ .% 2  + x^
Cb) N e x t  s t a t e  m appings and  w here  g iv e s  
t h e  n e x t  s t a t e  when x = 0 ,  and  g i v e s  th e  
n e x t  s t a t e  when x = 1 .
The m app ings  m^ and m^ c o r r e s p o n d  to  t h e  n e x t  s t a t e s ,  on t h e  r i g h t ,  
o f  a l l  t h e  p r e s e n t  s t a t e s ,  on t h e  l e f t ,  f o r  x e q u a l  to  0 and 1 r e s p e c t ­
i v e l y ,  e . g .  t h e  s t a t e s  0  and  1 h a v e  th e  n e x t  s t a t e  2 when x i s  0 as  
shown i n  t h e  m apping  m^.
A s i m p l e r  m ethod t h a n  th e  m appings i s  t o  u s e  e q u i v a l e n t  n e x t  s t a t e  
m a t r i c e s  m^ and  m  ^ as  shown i n  F i g u r e  4 .1 5 .
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tn. m.
0 0 1 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 1 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 1 0 0 0 0
0 1 0 0 0 0
F i g u r e  4 .1 5  N ex t s t a t e  m a t r i c e s  m^ and m^
T h u s ,  i f  t h e  co lum ns o f  t h e  s t a t e  t a b l e  o f  F i g u r e  4 .1 4 ( a )  a r e  
r e g a r d e d  a s  colum n m a t r i c e s ,  t h e  p r o d u c t  o f  t h e  m a t r i x  m^ w i t h  t h e  
column l a b e l l e d  S ,  i . e .  t h e  p r e s e n t  s t a t e s ,  r e s u l t s  i n  a  column m a t r i x  
e q u i v a l e n t  t o  N when x  «= 0 ,  i . e .  t h e  n e x t  s t a t e s ,  and  t h e  p r o d u c t  o f  m^ 
arid S g i v e s  N when x = 1 .
A r e v e r s e  r e s p o n s e  t r e e  c a n  now b e  d raw n w h e re  t h e  i n i t i a l  node 
i s  draw n w i t h  a  l a b e l  e q u i v a l e n t  t o  t h e  colum n m a t r i x  Z i n  t h e  s t a t e  
t a b l e  t r a n s p o s e d ,  i . e .  c o n v e r t e d  to  a  row  f ro m  a  c o lum n . The d e s c e n c a n t  
nodes a r e  draw n and  l a b e l l e d  w i t h  t r a n s p o s e d  colum n v e c t o r s  e q u i v a l e n t  
to  th e  p r o d u c t  o f  m^ and  Z on t h e  l e f t  and  m  ^ and  Z on  t h e  r i g h t .  T h is  
p r o c e s s  i s  r e p e a t e d  f o r  e v e r y  node  w i t h  t h e  d e s c e n d a n t s '  l a b e l s  
o b t a i n e d  from  t h e  p r o d u c t s  o f  t h e  p a r e n t  n o d e ' s  l a b e l  and  th e  m a t r i c e s






F i g u r e  4 .1 6  R e v e rse  r e s p o n s e  t r e e  f o r  t h e  s t a t e  t a b l e  o f
■c»-* —^  /■ 1
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The t r e e  s t o p s  b r a n c h i n g  when a l l  nodes  a r e  t e r m i n a l ,  i n d i c a t e d  
by u n d e r l i n i n g  t h e  l a b e l s .  Nodes become t e r m i n a l ,  o r  a r e  s a i d  to  be  
p r u n e d ,  i f  t h e y  a r e  i n  a c c o r d a n c e  w i t h  any o f  t h e  f o l l o w i n g  c o n d i t i o n s
i )  p ru n e  any  node  l a b e l l e d  i f  t h e r e  e x i s t s  a n o th e r  node
l a b e l l e d  su c h  t h a t  f o r  e v e r y  e le m e n t  o f  e a ch  l a b e l  = Lg
i i )  a s  above  b u t  w i t h  L ^ , i . e .  i t s  i n v e r s e .
i i i )  p ru n e  a n y  node  l a b e l l e d  w i t h  a l l  O 's  o r  a l l  l * s ,  o r  a 
m ix t u r e  o f  O 's  and d o n ' t  c a r e s  o r  I ' s  and d o n ' t  c a r e s .
To o b t a i n  a  m o d u la r  n e tw o rk  r e p l a c e  a l l  n o n - t e r m i n a l  no d es  w i t h  a  
m odule  h a v in g  i t s  A and  B i n p u t s  c o n n e c te d  t o  t h e  N o u t p u t s  o f  t h e  
m odule  e q u i v a l e n t  o f  i t s  l e f t  and r i g h t  d e s c e n d a n t  nodes  r e s p e c t i v e l y  
( t h e  A and B i n p u t s  a r e  shown i n  F i g u r e  4 .9 )  . I f  a  d e s c e n d a n t  node i s  
t e r m i n a l  b e c a u s e  o f  c o n d i t i o n  ( i i i )  t h e n  i t  i s  r e p l a c e d  by a c o n s t a n t  
0 o r  1 ,  and  i f  i t  i s  b e c a u s e  o f  c o n d i t i o n s  ( i )  o r  ( i i )  t h e n  i t  i s  
o b t a i n e d  from  t h e  N o r  N o u t p u t  o f  t h e  m odule e q u i v a l e n t  t o  t h e  non­
t e r m i n a l  node w i t h  t h e  same o r  i n v e r s e  l a b e l .
C l e a r l y  t h i s  i s  t h e  same p r o c e s s  a s  f o r  a  f u l l y  s p e c i f i e d  m ach ine  
a s  d e s c r i b e d  i n  s e c t i o n  4 . 3 . 1 ,  and t h e  r e s u l t i n g  m o d u la r  s o l u t i o n  o f  
th e  r e v e r s e  r e s p o n s e  t r e e  o f  F i g u r e  4 .1 6  i s  i d e n t i c a l  t o  t h a t  o f  
F i g u r e  4 . 1 1 ( b ) .  H ow ever, i t  h a s  b e e n  a r r i v e d  a t  f a r  more q u i c k l y  and 
e a s i l y  t h a n  when u s i n g  th e  s t a t e  r e d u c t i o n  m eth o d .
4 . 4 . 2  G e n e ra l  S o l u t i o n
R e c o n s id e r  t h e  g e n e r a l  t h r e e  i n p u t  v a r i a b l e  f u n c t i o n  shown i n  
F i g u r e  4 . 7 ( a ) ,  (b )  and ( c ) . From t h e  s t a t e  t a b l e  t h e  n e x t  s t a t e  
m a t r i c e s  can  be  o b t a i n e d  and fo u n d  to  b e  as  i n  F i g u r e  4 .1 7 .
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"o 0 1 0 0 0 0 0 0 0 0 1 0 0 0 6"
0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1
Pq 0 0 0 0 0 0 Pi 0 0 0 0 0 0
P2 0 0 0 0 0 0 P3 0 0 0 0 0 0
P4 0 0 0 0 0 0 P5 0 0 0 0 0 0
-■^6 P6 0 0 0 0 0 0 ÿ ï P7 0 0 0 0 0 0^
ni. in.
F i g u r e  4 .1 7  N ex t s t a t e  m a t r i c e s
The e le m e n t s  o f  t h e  n e x t  s t a t e  m a t r i c e s  f o r  any v a lu e  o f  n a r e  
l i s t e d  i n  T a b le  4 . 7 .
m_ m.
i j m. .
i j
j " i j
1 3 1 4 1
2 t o  2 " - l 2 i -  2 1 2 i 1
2*"1 + 1 to 2" 1 P 2 i - 2 * - 2 1 P 2 i - 2 * - l
2 " " ^  + 1 to 2" 2
P 2 i - 2 * - 2 2 P 2 i - 2 * - l
a l l  o t h e r s 0 0
T a b le  4 .7  E le m e n ts  m . . o f  t h e  n e x t  s t a t e  m a t r i c e s  m. and m,-------------------  i j  0 . 1
w h e re  i  and j  r e p r e s e n t  t h e  row and colum n numbers 
r e s p e c t i v e l y
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The n e x t  s t a t e  m a t r i c e s  o f  F i g u r e  4 .1 7  c an  be  u se d  to  g e n e r a t e  th e  
l a b e l s  on  t h e  no d es  o f  a r e v e r s e  r e s p o n s e  t r e e  u s in g  t h e  same method 
a s  i n  s e c t i o n  4 . 4 . 1 ,  t h e  i n i t i a l  node  b e i n g  l a b e l l e d  w i t h  t h e  t r a n s p o s e  
o f  t h e  colum n m a t r i x  e q u i v a l e n t  to  Z i n  F i g u r e  4 . 7 ( c ) .  The r e s u l t  i s  
shown i n  F i g u r e  4 . 1 8 .
I t  c an  b e  s e e n  f rom  t h i s  r e v e r s e  r e s p o n s e  t r e e  t h a t  a l l  t h e  nodes  
on th.e f o u r t h  l e v e l ,  i . e .  a f t e r  t h r e e  b r a n c h i n g s ,  c a n  b e  t e r m in a t e d  o r  
p r u n e d  i n  a c c o r d a n c e  w i t h  t h e  p r u n in g  c o n d i t i o n s  s t a t e d  i n  t h e  p r e v i o u s  
s e c t i o n ,  i . e .  l a b e l s  c o n s i s t i n g  o f  0 * s  and d o n ' t  c a r e s  o r  I ' s  and d o n ' t  
c a r e s .  T h e r e f o r e  t h e  maximum num ber o f  n o d e s  and  h e n c e  m odules i s  2^ -  1 
H ow ever, t h e  n o d e s  on  t h e  t h i r d  l e v e l  c o n s i s t  o f  d o n ' t  c a r e  te rm s  and
two p^ te rm s  so  t h a t  e v e r y  node  h a s  t h e  p o s s i b i l i t y  o f  h a v in g  one  o f
t h e ' f o l l o w i n g  f o u r  l a b e l s :
i )  — — 0  0  —
i i )  — — 0 1 — — — —
i i i )  1 0 ------------
i v )  — — 1 1  — — — —
I f  any o f  t h e  nodes  h av e  t h e  l a b e l s  ( i )  o r  ( i v )  t h e n  th e y  c a n  be 
p ru n ed  i n  t h e  same m anner as  t h e  f o u r t h  l e v e l  n o d e s .  Of t h e  r e m a in in g  
n o d e s ,  l e t  one  have  th e  l a b e l  ( i i ) ; t h e n  any o t h e r  n o d e s  w i th  l a b e l s  
( i i )  o r  ( i i i )  can  be  p ru n ed  by t h e  f i r s t  and s e c o n d  c o n d i t i o n s  o f
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p r u n in g  r e s p e c t i v e l y ,  i . e .  b e c a u s e  t h e  l a b e l  a p p e a r s  e l s e w h e r e  i n  th e  
t r e e  o r  t h a t  t h e  i n v e r s e  a p p e a r s  e l s e w h e r e .  T h e r e f o r e  t h e r e  can  o n ly  
be one u n p ru n ed  node  on t h e  t h i r d  l e v e l  so t h a t  t h e  maximum number o f  
m odules  i n  t h i s  c a s e  i s  f o u r ,  o r  more g e n e r a l l y  2^ I n  f a c t  even 
t h i s  f i g u r e  i s  a  l i t t l e  to o  h i g h  b e c a u s e  u s in g  t h e  same a rgum en t as  
above i t  c a n  b e  shown t h a t  t h e  maximum number o f  m odules  on any l e v e l ,  
k s a y ,  i s  g iv e n  i n  e q u a t i o n  4 . 3 0 .
t h  2 * " k + l_ i
Maximum num ber o f  m odu les  on t h e  k l e v e l  = 2 - /-  1 4 .3 0
T h u s ,  f o r  e x a m p le ,  when n  = 5 ,  t h e  number o f  m o du les  on th e  f o u r t h
l e v e l  w ou ld  i n i t i a l l y  seem  t o  b e  a t  m ost  e i g h t ,  b u t  by  a p p ly in g
e q u a t i o n  4 .3 0  w i t h  n  = 5 ,  k  = 4 i t  i s  fo u n d  t o  b e  s e v e n .  Thus t h e
maximum num ber o f  m odu les  i n s t e a d  o f  b e i n g  2^ ^ *= 16 i s  15 . The maximum
number o f  m odu les  f o r  an y  f u n c t i o n  i s  g iv e n  i n  e q u a t i o n  4 .3 1 .
n+1 . , _ n -k + l
Maximum num ber o f  m o du les  = J  m in.C2 ,2  -  1) 4 .3 1
k = l
T h i s  e q u a t i o n  t a k e s  t h e  sum o f  a l l  t h e  lo w e r  o f  t h e  two e x p r e s s i o n s  
i n  t h e  b r a c k e t s  f o r  a l l  v a l u e s  o f  k .
So f a r  no a c c o u n t  h a s  b e e n  t a k e n  o f  t h e  don* t  c a r e  te rm s  w hich  
can b e  a s s i g n e d  v a l u e s  i n  o r d e r  t o  p r u n e  even  more n o d e s .  T h re e  p o s s i b l e  
m ethods o f  a s s i g n i n g  v a l u e s  w i l l  now b e  c o n s id e r e d  and  t h e  p r o s  and 
cons o f  e a c h  d i s c u s s e d .
4 . 4 . 2 . 1  Random A ss ig n m e n t
L a b e l s  on t h e  same l e v e l  i n  F ig u r e  4 .1 8  c a n  b e  p ru n e d  i f  t h e i r  
c o r r e s p o n d in g  p^ v a l u e s  a r e  a l l  t h e  same o r  a l l  d i f f e r e n t  i n  a c c o rd a n c e  
w i th  t h e  c o n d i t i o n s  f o r  p r u n i n g .  However, l a b e l s  on  n o d e s  on  d i f f e r e n t  
l e v e l s  a r e  su c h  t h a t  t h e  p^ terras  i n  one  l a b e l  c o r r e s p o n d  i n  p o s i t i o n
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w i th  d o n ' t  c a r e  te rm s  i n  t h e  o t h e r  o r  v i c e  v e r s a .  T h e r e f o r e  any node 
on any l e v e l  can  be  p ru n ed  by s e t t i n g  i t s  d o n ' t  c a r e  te rm s  so t h a t  i t s  
l a b e l  c o r r e s p o n d s  t o  any o t h e r  l a b e l .  T h i s  w ould  a p p e a r  to  be an 
a d v a n ta g e  i n i t i a l l y ,  b u t  on c l o s e r  e x a m in a t io n  i t  i s  found  t h a t  t h e r e  
a r e  a  num ber o f  d raw backs  due t o  th e  f a c t  t h a t  l a b e l s  a r e  o b t a i n e d  from  
th e  l a b e l s  o f  p a r e n t  nodes  u s i n g  th e  n e x t  s t a t e  m a t r i c e s .  T h u s ,  i f  a  
d o n ' t  c a r e  te rm  i s  a s s i g n e d  a v a lu e  t h e n  some o f  t h e  d o n ' t  c a r e  term s 
i n  t h e  d e s c e n d a n t  n o d e s  have  to  b e  a s s i g n e d  t h e  same v a l u e .  Nodes 
w h ich  h a v e  a l r e a d y  b e e n  p r u n e d  may now h a v e  t h e i r  l a b e l s  changed  w hich  
may make them  u n a b le  to  be  p ru n e d  and h e n c e  a g r e a t  d e a l  o f  c o n f u s io n  
a r i s e s .  A l s o ,  t h e  n o d e s  on t h e  f o u r t h  l e v e l  w h ich  p r e v i o u s l y  c o u ld  a l l  
be p r u n e d  may now n o t  be  a b l e  to  be  p ru n e d  by t h e  p r e v i o u s  a rg u m e n t ,  
w hich  t h e r e f o r e  means t h a t  t h e  r e v e r s e  r e s p o n s e  t r e e  may n o t  h av e  a 
f i n i t e  num ber o f  l e v e l s  so  t h a t  t h e  maximum num ber o f  m odu les  c a n n o t  
be d e te r m in e d  a s  b e f o r e .  As an exam ple  o f  t h i s ,  c o n s i d e r  w ha t  happens  
i f  i t  i s  d e c id e d  to  a s s i g n  d o n ' t  c a r e  v a l u e s  su c h  t h a t  t h e  f o l l o w i n g  
nodes  a r e  t h e  sam e:
 P0P2P4P6 P5P7 i '* '  “  “  P5P7P0P2P4P6
The r e s u l t i n g  r e v e r s e  r e s p o n s e  t r e e  i s  shown i n  F i g u r e  4 .1 9  w here  
n o t  a l l  t h e  s u b - t r e e s  a r e  drawn f o r  e a s e  o f  i d e n t i f i c a t i o n .  However, t h e  
one node  w h ich  i s  f u l l y  expanded  shows t h a t  t h e  num ber o f  l e v e l s  i s  
d o u b led  and  t h e  number o f  m odu les  g r e a t l y  i n c r e a s e d .  S in c e  t h e  p u rp o se  
o f  a s s i g n i n g  v a l u e s  t o  t h e  d o n ' t  c a r e  te rm s  i s  t o  r e d u c e  t h e  s i z e  o f  
t h e  t r e e ,  i t  c a n  b e  s e e n  t h a t  t h i s  m ethod i s  n o t  p a r t i c u l a r l y  good.
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P 1P 3P5 P 7
~  P3P 7P0 P2P4P6
P3 P 7P0 P2P4 P6
p n ----------  P3 P3 P0 P4
P3P 3P0 P0 P0 P0
P3P3P0P0-------
P3P3P0P0-------
f u r t h e r  
^  b r a n c h i n g
P 0 P 0 - - P 3 P 3 P 3 P 3 P 0 P 0 - - P 3 P 3 P 3 P 3
F i g u r e  4 .1 9  Randomly a s s i g n e d  d o n ' t  c a r e  te rm s  i n  t h e  
r e v e r s e  r e s p o n s e  t r e e
4 . 4 . 2 . 2  I n v i s i b l e  D o n ' t  C a re s  [26]
I f  o n l y  n o d e s  o n  t h e  same l e v e l  a r e  com pared f o r  p r u n in g  t h e n  th e  
d o n ' t  c a r e  te rm s  a r e  s u p e r f l u o u s  and c a n  be  i g n o r e d .  T h i s  r e s u l t s  i n  
th e  r e v e r s e  r e s p o n s e  t r e e  o f  F i g u r e  4 .2 0  w hich  i s  a  much s i m p l e r  one 
th a n  b e f o r e .
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C o n s id e r  now a s i m i l a r  t r e e  w i t h  th e  i n i t i a l  node l a b e l l e d  w i th  
th e  f u n c t i o n  f ( x )  t h a t  i s  b e i n g  r e a l i s e d .  The l a b e l s  on th e  second  
l e v e l  n o d e s  a r e  o b t a i n e d  by s e t t i n g  to  0  f o r  t h e  l e f t  hand  node 
and x^ t o  1 f o r  t h e  r i g h t  hand  n o d e .  F u r t h e r  d e s c e n d a n t  nodes  a r e  
l a b e l l e d  by  s e t t i n g  x^ and f i n a l l y  x^ t o  0 and  1 as  i n  F ig u r e  A .21 
w here t h e  s p e c i f i c  f u n c t i o n  f ( x )  = x^ .X g + x^  i s  shown. Nodes a r e  
p ru n ed  i f  tihey h a v e  l a b e l s  c o n s i s t i n g  o f  0 * s ,  I ' s  o r  B oo lean  
e x p r e s s i o n s  w h ich  a r e  t h e  same o r  t h e  i n v e r s e  o f  some o t h e r  nodes on 
th e  same l e v e l .
01
PP Z i
F i g u r e  A .20 R e v e r s e  r e s p o n s e  t r e e  w i t h o u t  t h e  d o n ' t  c a r e  te rm s
X1
F i g u r e  A .21 R e v e r s e  r e s p o n s e  t r e e  o f  f u n c t i o n  f ( x )  = x^.Xg + Xg
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C om paring  t h e s e  two r e v e r s e  r e s p o n s e  t r e e s  shows t h a t  i n  f a c t  
th ey  a r e  i d e n t i c a l .  F o r  e x a m p le ,  c o n s i d e r  t h e  s i t u a t i o n  w here  th e  two 
nodes  l a b e l l e d  PqP^ and P^P^ a r e  t h e  same and t h e r e f o r e  one o f  them i s  
e q u i v a l e n t  t o  t h e  i n i t i a l  B o o le a n  e x p r e s s i o n  w i t h  x^ = x^ = 0 f o r  th e  
l a t t e r  and x^  = Xg = 0 f o r  t h e  f o r m e r .  Thus t h e  two l a b e l s  a r e :
%lPQ + X1P4 and x^p^  + x^p^ 4 .3 2
T h e r e f o r e  , f o r  t h e  two e x p r e s s i o n s  to  be  i d e n t i c a l ,  i t  i s  r e q u i r e d  
t h a t  Pq = p^  and  p^ = p ^ ,  which, i s  t h e n  a s  f o r  t h e  o t h e r  r e v e r s e  r e s p o n s e  
t r e e .
C om paring  t h e  r e v e r s e  r e s p o n s e  t r e e  o f  F i g u r e  4 .2 1  w i t h  t h a t  o f  
F i g u r e  4 .1 6 ,  i t  i s  fo u n d  t h a t  th e y  a r e  i d e n t i c a l  and would r e s u l t  i n  
t h e  same m o d u la r  r e a l i s a t i o n .  I t  i s  c l e a r ,  h o w e v e r ,  t h a t  t h e  d e r i v a t i o n  
o f  t h e  f o rm e r  i s  f a r  s i m p l e r  th a n  t h e  l a t t e r  w h ic h  r e l i e d  on s t a t e  
m i n i m i s a t i o n  as  i t s  means a f  u t i l i s i n g  t h e  d o n ' t  c a r e  te r m s .  H ow ever, 
t h i s  m ethod to o  h a s  one  d raw back  w hich  i s  t h a t  o n ly  nodes  on t h e  same 
l e v e l  c a n  b e  p r u n e d  i f  t h e y  h av e  t h e  same o r  i n v e r s e  l a b e l s .  As an 
exam ple  o f  a  s i t u a t i o n  w h e re  t h i s  d raw back  becom es a p p a r e n t  c o n s i d e r  
th e  f u n c t i o n  g i v e n  i n  e q u a t i o n  4 .3 3 .
f ( x )  = x^ .X g  + Xg 4 .3 3
The r e v e r s e  r e s p o n s e  t r e e  and m o d u la r  r e a l i s a t i o n  i s  shown i n  
F ig u r e  4 . 2 2 ( a )  and  ( b ) .
The mode i n  w h ic h  t h e  s y s te m  o p e r a t e s  i s  t h a t  a s  an  i n p u t  v a r i a b l e  
a r r i v e s  a t  t h e  s y s te m  i t  i s  p r o c e s s e d  by t h e  m o du les  i n  one p a r t i c u l a r  
t im e s l o t .  F o r  e x a n ç l e ,  t h e  i n p u t  v a r i a b l e  x^ w ou ld  be p r o c e s s e d  by  
th e  m odu les  2 and  3 i n  t h e  t im e  s l o t  2 ,  t h e  r e s u l t  o f  w hich w ould  th e n  









F i g u r e  4 .2 2  ( a )  R e v e r s e  r e s p o n s e  t r e e  
(b )  M odu lar  r e a l i s a t i o n
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i n p u t  v a r i a b l e  i n  t im e  s l o t  3. T h e r e f o r e ,  m odules  i n  a p a r t i c u l a r  
t im e s l o t  a r e  o n ly  r e q u i r e d  to  o p e r a t e  i n  t h a t  t im e  s l o t ,  a t  a l l  o t h e r  
t im es  th e y  a r e  r e d u n d a n t .  C l e a r l y ,  h o w e v e r ,  t h e  m odu les  a r e  s t i l l  
o p e r a t i n g  and  i t  i s  o n l y  t h e  r e s u l t s  o f  t h e s e  o p e r a t i o n s  t h a t  a r e  
r e d u n d a n t .  Thus i t  can  be  s e e n  i n  F i g u r e  4 .2 2  t h a t  m odule 1 p r o c e s s e s  
x^ and m odule  3 p r o c e s s e s  x^ one c lo c k  p e r i o d  l a t e r ,  and  s i n c e  b o t h  
r e c e i v e  t h e  same i n p u t  i n f o r m a t i o n  i t  m ust  be  t h e  same p r o c e s s  so  t h a t  
in  f a c t  m o d u les  1 and  3 a r e  i d e n t i c a l  and i n t e r c h a n g e a b l e ,  r e s u l t i n g  




F i g u r e  4 .2 3  Im proved  m o d u la r  r e a l i s a t i o n  o f  f ( x )  * x ^ .x ^  + x^
I t  i s  d i f f i c u l t  to  d i s c o v e r  w h ic h  m odules  a r e  i d e n t i c a l  and  i n t e r ­
c h a n g e a b le  f ro m  t h i s  m ethod and  so  t h e  f o l l o w i n g  im p ro v e d  m ethod w h ic h  
a l lo w s  p r u n i n g  o f  nodes  on d i f f e r e n t  l e v e l s  w i t h  t h e  same o r  i n v e r s e  
l a b e l s  h a s  b e e n  d e v e lo p e d .
4 . 4 . 2 . 3  S p e c i f i c  A ss ig n m e n t  o f  D o n ' t  C are  Terms
In  t h i s  m ethod th e  l a b e l s  on t h e  n o d e s  o f  t h e  r e v e r s e  r e s p o n s e  
t r e e  a r e  f i r s t  o b t a i n e d  a s  i n  F i g u r e  4 .1 8  and th e n  a d j u s t e d  i n  t h e  
f o l l o w i n g  m anne r :  a l a b e l  w h ic h  h a s  k s p e c i f i e d  e le m e n t s  h a s  i t s  d o n ' t  
c a r e  te rm s  to  t h e  r i g h t  o f  t h e s e  k e l e m e n t s  a s s i g n e d  to  t h e  k e le m e n ts
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i n  s e t s  o f  k .  Thus t h e  l a b e l ;
k a s s i g n e d  Two g ro u p s  o f
e le m e n t s  k u n a s s i g n e d  e le m e n ts
-  -  -  . . . -  L L_ . . . .  L, -  - -  . . . -1 2 k
becomes A l l  t h r e e  g ro u p s  o f  k e l e m e n t s  a r e  a s s i g n e d  w i th  to
. . .  -  ----------------
The r e v e r s e  r e s p o n s e  t r e e  f o r  a  g e n e r a l  f u n c t i o n  o f  n = 3 now 
becomes a s  i n  F i g u r e  4 . 2 4 .
The i n i t i a l  node  i s  l e f t  a s  i t  i s  s i n c e  i t  p l a y s  no p a r t  i n  th e  
p r u n in g  due  to  t h e  f a c t  t h a t  no node  c a n  h a v e  t h e  same l a b e l  as one o f  
i t s  d e s c e n d a n t  n o d e s .  T h i s  i s  b e c a u s e ,  a s  s t a t e d  a t  t h e  b e g i n n i n g  o f  
th e  c h a p t e r ,  a  s e r i a l  i n p u t  l o g i c  s y s te m  i s  a  d e f i n i t e  o n e ,  i . e .  n eeds  
no f e e d b a c k  l o o p s .  I n  t h e  c a s e  o f  t h i s  p a r t i c u l a r  l a b e l l i n g  s y s te m  i t  
i s  i m p o s s i b l e  f o r  a  d e s c e n d a n t  node  to  b e  p r u n e d  by  v i r t u e  o f  h a v in g  th e  
same l a b e l  a s  a  p a r e n t  n o d e ,  e . g .  l e t  t h e  l a b e l  -  -  PQP^PgP^PQP^ b e  t h e  
same a s  t h e  l a b e l  -  -  -  -  PoP2 ^ 4 ^ 6 * t h i s  t o  h ap p en  i t  i s  r e q u i r e d
t h a t  Pq “  ? 2  “  P4 “ P^ w h ich  c a s e  t h e  l a t t e r  w ould  h a v e  a l r e a d y  b e e n  
p ru n e d  by  v i r t u e  o f  t h e  f a c t  t h a t  i t  can  b e  r e p l a c e d  by a  l o g i c a l  
c o n s t a n t  0 o r  1 . How ever, l a b e l s  on d i f f e r e n t  l e v e l s  w h ic h  a r e  n o t  
d e s c e n d a n t s  o f  e a c h  o t h e r  can  be  t h e  same and t h e r e f o r e  p r u n e d .  As an 
exam ple  c o n s i d e r  t h e  two n o d e s  l a b e l l e d  - - - - -  PQP2P4 P5 
-  -  P 1P5 P 1P5 P 1P5 '  I n  o r d e r  f o r  t h e s e  two l a b e l s  to  b e  t h e  sam e, i t  i s  
r e q u i r e d  t h a t  e q u a t i o n  4 .3 4  i s  o b e y e d .
P i  = Pq '  P4 4 .3 4
P 5 = P2 = ? 6
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Now i f ,  as  i n  t h e  c a s e  o f  t h e  i n v i s i b l e  d o n ' t  c a r e s  o f  s e c t i o n
4 . 4 . 2 . 2 ,  a s i m i l a r  r e v e r s e  r e s p o n s e  t r e e  i s  drawn w i t h  t h e  i n i t i a l  l a b e l
b e in g  t h e  B o o le a n  e x p r e s s i o n  o f  t h e  r e q u i r e d  f u n c t i o n ,  and d e s c e n d a n t
nodes l a b e l l e d  by t h e  c o r r e s p o n d i n g  d e c o m p o s i t i o n  a b o u t  th e  a p p r o p r i a t e  
i n p u t  v a r i a b l e s ,  t h e n  t h e  B o o le a n  e x p r e s s i o n s  f o r  t h e  two nodes  u n d e r  
e x a m in a t io n  w ould  b e  as i n  e q u a t i o n  4 .3 5 .
^ 1 * ^ 2 ' P q * 1 ' * 2 ' P 2  * 1 ' * 2 ' P 4  * 1 ' * 2 ' P 6  ^ ^1^1 ^1^5 4 . 3 5
T h i s  e q u a t i o n  w ou ld  b e  s a t i s f i e d  i f  e q u a t i o n  4 .3 6  i s  s a t i s f i e d ,  
w hich  i s  n o t  t h e  r e q u i r e d  c o n d i t i o n .
Pq = ? 2  "  P i  4 .3 6
P4 = P 6  = P5
I f ,  h o w e v e r ,  t h e  i n p u t  v a r i a b l e s  i n  t h e  B o o le a n  e x p r e s s i o n s  f o r  
l a b e l s  a r e  a d j u s t e d  i n  a c c o r d a n c e  w i t h  t h e  f o l l o w i n g  r u l e ,  t h e  c o r r e c t  
c o n d i t i o n s  c an  b e  m e t .
R ule  4 .1
I f  t h e  i n p u t  v a r i a b l e  a r r i v i n g  a t  t h e  s y s te m  i s  x ^ ,  t h e n  a l l  i n p u t
v a r i a b l e s  x .  m ust b e  a l t e r e d  to  x . . and  t h e  l a b e l s  o f  t h e  d e s c e n d a n t  
J  n - L + j
nodes o b t a i n e d  by d e c o m p o s in g  a b o u t  t h e  v a r i a b l e  x ^ .  T h u s ,  on  th e  f i r s t
l e v e l ,  t h e  in c o m in g  v a r i a b l e  i s  x ^ ,  so  t h a t  i  = n and a l l  v a r i a b l e s
rem a in  u n c h a n g e d .  On t h e  s e c o n d  l e v e l ,  t h e  in c o m in g  v a r i a b l e  i s  x ^ _ ^ ,
so t h a t  i  = n -  1 and a l l  te rm s  x .  on t h a t  l e v e l  become x . . - .  T h u s ,
J  J + i
i n  g e n e r a l  when d r a w in g  t h e  r e v e r s e  r e s p o n s e  t r e e ,  a s  e a c h  l e v e l  i s  
r e a c h e d ,  t h e  i n p u t  v a r i a b l e s  i n  t h e  B o o le a n  e x p r e s s i o n s  h a v e  t h e i r  
s u b s c r i p t s  i n c r e m e n t e d .
U s in g  t h i s  l a b e l l i n g  schem e , t h e  r e q u i r e d  e q u a t i o n  to  b e  s a t i s f i e d  
i n  o r d e r  t h a t  t h e  two n o d e s  h a v e  t h e  same l a b e l  i s  g iv e n  by e q u a t i o n  4 .3 7 .
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X2 .X3 .P 0  + X2 .X3 . p 2 + X2 X3 P4 * * 2 '* 3 'P 6  * 3 'P i  X g'Ps 4 .3 7
Now t h e  c o n d i t i o n s  f o r  t h i s  e q u a t i o n  to  be  s a t i s f i e d  a r e  t h e  same 
a s  i n  e q u a t i o n  4 . 3 4 ,  so  t h a t  t h i s  l a b e l l i n g  scheme e n s u r e s  t h a t  nodes  
w i t h  t h e  same o r  i n v e r s e  B o o le a n  e x p r e s s i o n s  c an  be  p ru n e d  r e g a r d l e s s  
o f  w ha t  l e v e l  t h e y  a r e  on .
A p p ly in g  t h i s  m ethod to  t h e  exam ple  g iv e n  i n  e q u a t i o n  4 .3 3 ,  t h e  
r e v e r s e  r e s p o n s e  t r e e s  o f  F i g u r e  4 .2 5  c a n  b e  d raw n.
a )
X2
F i g u r e  4 .2 5  ( a )  and  Cb) R e v e r s e  r e s p o n s e  t r e e s  o f  f u n c t i o n
fCx)
B o th  t r e e s  i n  F i g u r e  4 .2 5  a r e  t h e  same i n  t h a t  t h e  m o d u la r  
r e a l i s a t i o n  o f  them  w ould  be  i d e n t i c a l  to  F i g u r e  4 . 2 3 .  I t  can  t h e r e f o r e  
be  s e e n  t h a t  t h i s  m ethod  i s  s im p le  to  a p p l y  and e n s u r e s  t h a t  t h e  number 
o f  m odu les  i n  t h e  s o l u t i o n  i s  k e p t  t o  a  minimum. The p r o c e d u r e  c an  be  
sum m arised  i n t o  t h e  f o l l o w i n g  s t e p s :
S te p  1 E x p r e s s  t h e  r e q u i r e d  f u n c t i o n  a s  s  B o o le a n  e x p r e s s i o n  an d  l a b e l
t h e  i n i t i a l  node w i t h  i t .
S te p  2 Decompose t h i s  e x p r e s s i o n  a b o u t  t h e  v a r i a b l e  x ^ ,  l a b e l l i n g  t h e  
l e f t  hand  d e s c e n d a n t  node  w i t h  t h e  e x p r e s s i o n  when x^ * 0 , and  t h e  r i g h t  
hand  d e s c e n d a n t  node w i t h  t h e  e x p r e s s i o n  when x^ * 1 . I n c r e m e n t  t h e  
s u b s c r i p t s  o f  a l l  t h e  i n p u t  v a r i a b l e s  i n  t h e  d e s c e n d a n t  n o d e s '  e x p r e s s i o n s
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S te p  3 R e p e a t  s t e p  2 a n o t h e r  n -  1 t i m e s ,  p r u n in g  a l l  nodes  l a b e l l e d  
0 , 1 ,  o r  t h o s e  t h a t  have  t h e  same o r  i n v e r s e  l a b e l s  a s  t h e  l a b e l s  o f  any 
nodes  t h a t  h a v e  a p p e a r e d  i n  t h e  t r e e .
S te p  4 C o n v e r t  to  t h e  m o d u la r  r e a l i s a t i o n  by r e p l a c i n g  a l l  non­
t e r m in a l  n o d e s  w i t h  m odu les  and  w i r e  i n  t h e  same m anner a s  d e s c r i b e d  
p r e v i o u s l y  i n  s e c t i o n  4 . 4 . 1 .
T h i s  r e v e r s e  r e s p o n s e  t r e e  w i t h  B o o le a n  e x p r e s s i o n s  f o r  l a b e l s  
g iv e s  r i s e  t o  a  v e r y  i n t e r e s t i n g  r e s u l t .  C o n s id e r  a g a in  t h e  r e d u c e d  
m achine  c o n s i s t i n g  o f  t h e  i m p l i e d  m axim al c o m p a t ib l e s  from  s e c t i o n
4 . 2 . 2 .  F i g u r e  4 .2 6  shows t h e  s t a t e  t a b l e ,  n e x t  s t a t e  m a t r i c e s ,  and 
r e v e r s e  r e s p o n s e  t r e e  f o r  a  g e n e r a l  f u n c t i o n  o f  n , = 3 o b t a i n e d  from  t h e  
g e n e r a l  m axim al c o m p a t ib l e s  o f  T a b le  4 . 4  and  t h e  f lo w  d ia g ra m  o f  
F ig u re  4 . 7 ( a ) .
The r e v e r s e  r e s p o n s e  t r e e  i s  o f  p a r t i c u l a r  i n t e r e s t  b e c a u s e  i t  h a s  
t h e  same s t r u c t u r e  a s  a l l  t h e  o t h e r s  o b t a i n e d  i n c l u d i n g  t h e  f e a t u r e  
t h a t  i t  t e r m i n a t e s  a f t e r  t h r e e  b r a n c h e s .  How ever, when c o n ^ a r e d  w i t h  
t h e  r e v e r s e  r e s p o n s e  t r e e  o f  F i g u r e  4 .2 4  i t  i s  fo u n d  to  be  a lm o s t  i d e n t i c a l ,  
t h e  o n ly  d i f f e r e n c e  b e i n g  t h e  f a c t  t h a t  i t  i s  f u l l y  s p e c i f i e d .  The 
r e v e r s e  r e s p o n s e  t r e e  w i t h  B o o le a n  e x p r e s s i o n s  f o r  l a b e l s  i s  found  to  
be  a l s o  i n t e r c h a n g e a b l e  w i t h  t h i s  new r e v e r s e  r e s p o n s e  t r e e ,  and  s i n c e  
i t  h a s  b e e n  found  t o  b e  s u f f i c i e n t  to  i d e n t i f y  a l l  nodes t h a t  can  be  
p ru n e d  and t h e r e f o r e  o p t i m a l ,  i t  can  b e  s a i d  t h a t  t h e  maximal c o m p a t ib l e s  
m achine  i s  a l s o  o p t i m a l ,  a t  l e a s t  when a  m o d u la r  s o l u t i o n  i s  d e s i r e d .
Thus t h e  a rg u m e n ts  p r e s e n t e d  a t  t h e  b e g i n n i n g  o f  t h i s  s e c t i o n  a g a i n s t  
t h e  s t a t e  r e d u c t i o n  m ethod f o r  p r o d u c i n g  t h e  m in im a l  s o l u t i o n  do n o t  
a p p ly  i n  t h i s  i n s t a n c e  and  t h e r e f o r e  t h e  r e v e r s e  r e s p o n s e  t r e e  w i t h  
B oo lean  e x p r e s s i o n s  o r  t h a t  o f  F ig u r e  4 . 2 6 ( c )  can  be  u sed  to  o b t a i n  a  
m o d u la r  s o l u t i o n .
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a) X = 0 , 1
S N N Z
Pq2 « Pq 24 Pl3 5 Pq
p^35 P^ZG P3 3 7 P i
P226 p^24 Pg37 P2
P]3 7 Pg26 p ? ] ? P 3
P4 2 4 Po24 p^35 P4
P5 3 5 P2 2 6 P3 3 7 P5
Pg26 P42 4 P3 3 5 P6
P , 3 7 p^26 Py37 P 7
b) m0 m.
“ 1 0 0 0 0 0 0 o' 0 1 G G G G G g“
0 0 1 0 0 0 0 0 G G G 1 G G G G
0 0 0 0 1 0 0 0 G G G G G 1 G G
0 0 0 0 0 0 1 G G G G G G G G 1
1 0 0 0 0 0 0 G G 1 G 0 G G G G
0 0 1 0 0 0 0 G G G G 1 G G G G
0 0 0 0 1 0 0 G G 0 G G G 1 G G
_0 0 0 0 0 0 1 ° . G G G 0 G G 0
F i g u r e  4 .2 6  ( a )  G e n e r a l  r e d u c e d  m ac h ine  s t a t e  t a b l e
(b)  N e x t  S t a t e  m a t r i c e s
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I f  t h e  r e v e r s e  r e s p o n s e  t r e e  w i t h  t h e  m in t e rm  l a b e l s  r a t h e r  than  
th e  B o o le a n  e x p r e s s i o n s  i s  u sed  t h e n  t h e  n e x t  s t a t e  m a t r i c e s  a r e  used 
t o  o b t a i n  e a c h  l a b e l .  T a b l e  A .8 sum m ar ises  t h e  e l e m e n t s  o f  t h e  m a t r i c e s  
f o r  any v a l u e  o f  n .
m m
i j m . •i j j
in * # 
i j
1 t o 2 i  -  1 1 2 i 1
+ 1 t o  2 " 2 i  -  1 -  2* 1 . 2 i  -  2 " 1
A l l  o t h e r s 0 0
T a b l e  A . 8 Summary o f  e l e m e n t s  o f  n e x t  s t a t e  m a t r i c e s
A .A .3 A d d i t i o n a l  F e a t u r e s
So f a r  i t  h a s  b e e n  shown t h a t  g i v e n  any f u n c t i o n  f ( x )  w h ich  i s  to  
be  r e a l i s e d  i n  s e r i a l  f o rm ,  t h e  o p t i m a l  s o l u t i o n  c a n  be  o b t a i n e d  by 
f i n d i n g  a  m ac h in e  c o n s i s t i n g  o f  t h e  i m p l i e d  maximal  c o m p a t i b l e s  and 
t h e n  c h o o s i n g  any a p p r o p r i a t e  t y p e  o f  l o g i c  e l e m e n t s .  I f  t h e  r e a l i s a t i o n  
i s  t o  b e  m o d u la r  t h e n  t h i s  t o o  c o u l d  b e  o b t a i n e d  f rom  t h i s  m ac h in e ,  b u t  
i t  h a s  b e e n  shown t h a t  t h e r e  i s  a  more d i r e c t  a p p r o a c h  u s i n g  a  r e v e r s e  
r e s p o n s e  t r e e  w i t h  t h e  B o o l e a n  e x p r e s s i o n s  o f  t h e  f u n c t i o n  and i t s  
d e c o m p o s i t i o n  a b o u t  t h e  a p p r o p r i a t e  i n p u t  v a r i a b l e s  a s  t h e  l a b e l s  on 
t h e  n o d e s .  However ,  i t  h a s  a l s o  b e e n  shown t h a t  t h i s  i s  e q u i v a l e n t  to  
t h e  r e v e r s e  r e s p o n s e  t r e e  o f  t h e  m ach ine  c o n s i s t i n g  o f  t h e  maximal  
c o m p a t i b l e s  w h ic h  c a n  a l s o  be  o b t a i n e d  d i r e c t l y  by  t h e  u s e  o f  t h e  n e x t  
s t a t e  m a t r i c e s .  I t  i s  t h i s  l a t t e r  r e v e r s e  r e s p o n s e  t r e e  w h ic h  p r o v e s  
u s e f u l  when d e a l i n g  w i t h  i n c o m p l e t e l y  s p e c i f i e d  f u n c t i o n s ,  s i n c e  t h e  
d o n ' t  c a r e  t e rm s  can  be  p r e s e n t  i n  t h e  node l a b e l s  w h ic h  i s  n o t  p o s s i b l e  
when B o o l e a n  e x p r e s s i o n s  a r e  u s e d .
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4 . 4 . 3 . 1  I n c o m p l e t e l y  S p e c i f i e d  F u n c t i o n s
Given  a f u n c t i o n  f ( x )  w h ich  i s  i n c o m p l e t e l y  s p e c i f i e d ,  i t  i s  
p o s s i b l e  t o  u t i l i s e  t h e  d o n ’ t  c a r e  te rm s  to  r e d u c e  t h e  number o f  modules  
r e q u i r e d  t o  r e a l i s e  i t .  As an e x a m p l e ,  c o n s i d e r  t h e  f u n c t i o n  shown i n  
t h e  t r u t h  t a b l e  o f  F i g u r e  4 . 2 7 ( a ) .
*1*2*3 f  (x)
0 0 0 0
0 0 1 0
0 1 0 -
O i l 1
1 0  0 -
1 0  1 1
1 1 0 1
1 1 1 0
00 - 1-110
(b— 10— 1\ 01100110
- l - l - l - l  DIO IO IO I \ ^ 0 1 0 1 0 1 0 )  
\  11111111 00000000







F i g u r e  4 . 2 7  ( a )  T r u t h  t a b l e  o f  r e q u i r e d  f u n c t i o n
(b)  I n i t i a l  r e v e r s e  r e s p o n s e  t r e e  w i t h  d o n ’ t  c a r e s
( c )  R e v e r s e  r e s p o n s e  t r e e  a f t e r  t h e  a s s i g n m e n t  o f  
t h e  d o n ’ t  c a r e  v a l u e s .
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F i g u r e  4 . 2 7 ( b )  shows t h e  i n i t i a l  r e v e r s e  r e s p o n s e  t r e e  and t h e  
c i r c l e d  l a b e l s  a r e  t h e  ones  s e l e c t e d  su c h  t h a t  one can  b e  p ru n ed  by 
v i r t u e  o f  h a v i n g  i t s  l a b e l  t h e  i n v e r s e  o f  t h e  o t h e r .  S p e c i a l  a t t e n t i o n  
must  be  drawn to  t h e  f a c t  t h a t  no d e s  c a n n o t  b e  p ru n e d  i f  t h e y  have  t h e  
same o r  i n v e r s e  l a b e l s  o f  one o f  t h e i r  d e s c e n d a n t  nodes  s i n c e  t h i s  
would  v i o l a t e  t h e  f e e d b a c k  c o n d i t i o n ,  i . e .  no f e e d b a c k  p e r m i t t e d .
4 . 4 . 3 . 2  M u l t i - O u t p u t  Sys tem
I f  more t h a n  one  f u n c t i o n  i s  r e q u i r e d  t o  o c c u r  s i m u l t a n e o u s l y  i n  
a s y s t e m ,  t h e n  a  r e d u c e d  s y s t e m  can  be o b t a i n e d  by  d r a w in g  t h e  r e v e r s e  
r e s p o n s e  t r e e s  f o r  e a c h  o u t p u t  f u n c t i o n  and t h e n  c r o s s - p r u n i n g  b e tw e en  
them. As an example  o f  t h i s ,  c o n s i d e r  t h e  s i t u a t i o n  o f  a  b i n a r y  coded 
d e c im a l  ( B . C . D . )  t o  Grey  c ode  c o n v e r t e r  [9] , t h e  t r u t h  t a b l e  f o r  a 
f o u r  b i t  c o n v e r t e r  b e i n g  shown i n  F i g u r e  4 . 2 8 .
S i n c e  t h e r e  a r e  d o n ' t  c a r e  t e rm s  i n  t h e  f u n c t i o n s  t h e  r e v e r s e  
r e s p o n s e  t r e e s  w i t h  a c t u a l  m in t e r m  v a l u e s  a r e  u s e d .  The f o u r  t r e e s  
f o r  G^, Gg, and  Gg a r e  shown i n  F i g u r e  4 . 2 9 ,  w he re  i t  can  be  s e e n  
t h a t  e a c h  o f  t h e  i n i t i a l  l a b e l s  o f  t h e  t h r e e  l a t t e r  o u t p u t s  can  be  
found  i n  t h e  t r e e  f o r  G^ and t h e r e f o r e  c a n  b e  p r u n e d .  The m o d u la r  r e a l ­
i s a t i o n  i s  shown i n  F i g u r e  4 . 2 9 ( e ) .
The l e t t e r s  i n  b r a c k e t s  n e x t  t o  t h e  l a b e l s  i n  t h e  r e v e r s e  r e s p o n s e
t r e e s  a r e  i n c l u d e d  f o r  e a s e  o f  i d e n t i f i c a t i o n  o f  no d e s  w i t h  e q u i v a l e n t  
l a b e l s .
I t  c a n  be  shown t h a t  i f  t h e  number o f  b i t s  i n  t h e  c o n v e r s i o n  i s  n ,  
t h e n  t h e  number  o f  m odules  i s  n ,  t h e  a d d i t i o n a l  m odu le s  b e i n g  p l a c e d
a f t e r  module  4 and w i r e d  i n  t h e  same manner  as  module 4 i s  t o  module 3 .  •
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G1G2C4G8
0 0 0 0 0 0 0 0
0 0 0 1 0 0 11
0 0 10 0 1 1 0
0 0 11 0 10 1
0 10 0 1 1 0  0
0 10 1 1 1 1 1
0 1 1 0 10 10
0 1 1 1 10 0 1
10 0 0 10 0 0
10 0 1 10 11
10 10 —  —  —  —
10 11 —  —  — —
1 1 0  0 — —  —  —
1 1 1 0 —  — —  —
1 1 1 1 — — —  —
F i g u r e  4 . 2 8  Fo u r  b i t  B .C .D .  t o  Grey code  c o n v e r t e r
a)
(B) 00111 ---------- 00111 -




00111---------- 00111  (B)
01- - 01- - 01- - 01- -  (c)
1 - 1 - 1 - 1 - 1 - 1 - 1 ^ 1 ~  (D) 
1111111111111111
b)  • 0011110000 (B)
c) • 0110011001  --------■ -  -  (C)





F i g u r e  A .29 ( a ) , C b ) , Cc) and (d)  R e v e r s e  r e s p o n s e  t r e e s  f o r
^1» ^2* ^4
Ce) M odu la r  r e a l i s a t i o n
4 . 4 . 3 . 3  M u l t i - I n p u t  Sys tem s
I t  may be  n e c e s s a r y  i n  some s i t u a t i o n s  t o  b e  a b l e  to  p r o c e s s  more 
t h a n  one  word  f o r m a t t e d  s e r i a l  i n p u t  i n  a  s y s t e m ,  such- as  i n  a r i t h m e t i c  
f u n c t i o n s .  The d e s i g n  i n  t h i s  s i t u a t i o n  wou ld  a l s o  i n v o l v e  t r e e  
s t r u c t u r e s  a s  b e f o r e  b u t  e a c h  node  would  b r a n c h  t o  2™ d e s c e n d a n t  n o d e s ,  
w here  m i s  t h e  number  o f  s e r i a l  i n p u t s  t o  t h e  s y s t e m .  The h a rd w a re  
r e a l i s a t i o n  would t h e n  c o n s i s t  o f  m odu le s  h a v i n g  l - o u t - o f - 2 ™  m u l t i ­
p l e x e r s  and  d e l a y s .
4 . 4 . 3 . 4  S e r i a l  M u l t i - O u t p u t s
So f a r  t h e  o u t p u t  o f  t h e  s y s t e m  h a s  b e e n  c o n s i d e r e d  as  an n  b i t  
w ord ,  o n l y  one  b i t  o f  w h ic h  i s  r e l e v a n t ,  t h e  r e m a i n d e r  b e i n g  d o n ' t  c a r e  
te rms  a s  i n  F i g u r e  4 . 1 .  The m u l t i - o u t p u t  s y s t e m  t h a t  h a s  b e e n  d e s c r i b e d  
i n  s e c t i o n  4 . 4 . 3 . 2  h a d  i t s  o u t p u t s  i n  p a r a l l e l ,  e a c h  b e i n g  an  n b i t  
w ord .  However ,  i t  may b e  d e s i r a b l e  t o  h a v e  o n l y  one  o u t p u t ,  e a c h  b i t  
a t  l e a s t  more t h a n  one  o f  i t s  b i t s ,  b e i n g  a  d i f f e r e n t  f u n c t i o n  a s  i n  
F i g u r e  4 . 3 0 .
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F i g u r e  A .30 S c h e m a t i c  d i a g r a m  o f  s e r i a l  m u l t i - o u t p u t  s y s t e m
I f  a l l  t h e  f u n c t i o n s  i n  t h e  o u t p u t  word a r e  s p e c i f i e d  t h e n  t h e  
m odu la r  s o l u t i o n  c a n  be fo u n d  by a p p l y i n g  t h e  t e c h n i q u e s  d e s c r i b e d  i n  
s e c t i o n  4 . 3 . 1 .  However ,  an i m p o r t a n t  p o i n t  t o  n o t e  i s  t h a t  i f  t h e  
d e l a y  A i s  t o  b e  k e p t  a t  i t s  minimum v a l u e  o f  o n e ,  t h e n  e a c h  o f  t h e  
f u n c t i o n s  f ^  m us t  o n l y  be  a  f u n c t i o n  o f  t h e  f i r s t  i  v a r i a b l e s ,  i . e .
t o  x ^ ,  o t h e r w i s e  i t  wou ld  b e  a f u n c t i o n  o f  t h e  v a r i a b l e s  f rom  more 
t h a n  one  i n p u t  w o r d .  I f  t h e y  a r e  f u n c t i o n s  o f  more t h a n  i  v a r i a b l e s  
and an u n c o r r u p t e d  s i g n a l  i s  r e q u i r e d  t h e n  t h e  d e l a y  A h a s  t o  b e  
i n c r e a s e d ,  i . e .  l a t e n c y  wou ld  h a v e  t o  be  i n t r o d u c e d  i n t o  t h e  s y s t e m  
b u t  t h e  d e s i g n  p r o c e d u r e  would  r e m a in  t h e  same.
I f  some o f  t h e  f u n c t i o n s  a r e  n o t  s p e c i f i e d  t h e n  t h e  s u g g e s t e d  
a p p ro a c h  i s  t o  u s e  t h e  method  d e s c r i b e d  i n  s e c t i o n  4 . 4 . 1 ,  namely  t o  
draw a f l o w  d i a g r a m ,  s t a t e  t a b l e ,  n e x t  s t a t e  m a t r i c e s ,  and  f i n a l l y  
r e v e r s e  r e s p o n s e  t r e e .  T h i s  method  c a n n o t  b e  s i m p l i f i e d  a s  b e f o r e  
s i n c e  t h e  c o n d i t i o n s  a r e  much d i f f e r e n t .
As e x a m p les  o f  t h e  f u l l y  s p e c i f i e d  f u n c t i o n s  c o n s i d e r  t h e  Grey 
code c o n v e r t e r  d e s c r i b e d  i n  F i g u r e  4 . 2 8  and t h e n  a  s e r i a l  f u l l  a d d e r  
c i r c u i t .
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Example 1
On e x a m i n a t i o n  o f  t h e  t r u t h  t a b l e  o f  F i g u r e  A .28 i t  can be found 
t h a t  a s s i g n m e n t  o f  t h e  d o n ' t  c a r e  v a l u e s  c o u ld  g i v e  f u n c t i o n s  which a r e  
d e p e n d a n t  on a r e d u c e d  number o f  v a r i a b l e s ,  t h e  e q u a t i o n s  b e i n g  g i v e n  
i n  e q u a t i o n  A .38 .
4 . 3 8
«2 = »2 ®  ®A 
G4 = B4 ©  Bg
Gg -  *8
A f l o w  d i a g r a m  o f  a  s y s t e m  which  would  r e a l i s e  t h e s e  f u n c t i o n s  a s  
a s i n g l e  o u t p u t  s e r i a l  s t r e a m  i s  shown i n  F i g u r e  4 . 3 l C a ) .  I f  t h e  
methods  f o r  s t a t e  r e d u c t i o n  a r e  a p p l i e d  i t  i s  found  t h a t  t h e  f lo w  
d i a g r a m  c a n n o t  b e  r e d u c e d .  A p p l y i n g  t h e  t e c h n i q u e  f o r  o b t a i n i n g  t h e  
m o d u la r  s o l u t i o n  r e s u l t s  i n  t h e  n e tw o r k  o f  F i g u r e  4 . 3 l C b ) .
The s y s t e m  c o n t a i n s  m odu les  1 t o  4 w h ich  p r o v i d e s  a  c y c l i c  
s e q u e n c e  o f  O ' s  and  I ' s  t h a t  s e r v e  to  i n v e r t  o r  n o t  i n v e r t  t h e  in c o m in g  
i n p u t  v a r i a b l e  r e s p e c t i v e l y .  I n  f a c t  t h e  s e q u e n c e  i s  1110,  and had  t h e r e  
be e n  n b i t s  t o  c o n v e r t , t h e  s e q u e n c e  would  ha ve  c o n s i s t e d  o f  n  -  1 l o g i c  
I ' s  f o l l o w e d  by  a  l o g i c  0 .  When, f o r  e x a n ç l e ,  B^ a r r i v e s  a t  t h e  i n p u t ,  
module 6 s i m p l y  t r a n s f e r s  B^ to  t h e  i n p u t  o f  module 7 ,  w h e r e a s  module 5 
t r a n s f e r s  t h e  i n v e r s e ,  i . e .  B^.  T h u s ,  when t h e  n e x t  i n p u t  B^ a r r i v e s  
a t  module  7,  i t  i s  p r o c e s s e d  s o  t h a t  t h e  o u t p u t  o f  module 7 i s  a s  i n  
e q u a t i o n  4 . 3 9 .
o u t p u t  = ®i*®2 * ®1*®2 * ®1 ®  = G^ 4 .3 9
How ever ,  when t h e  i n p u t  Bg a r r i v e s  a t  t h e  s y s t e m ,  b o t h  module 5 and 
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F i g u r e  A . 31 ( a )  Flow d i a g r a m  f o r  s y s t e m  w h ic h  r e a l i s e s  a  
f o u r  b i t  B .C .D.  t o  Grey  code  c o n v e r t e r
(b)  M odu la r  r e a l i s a t i o n
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c o n s t a n t  f rom module 4 i s  0 .  Thus upon t h e  a r r i v a l  o f  t h e  n e x t  i n p u t ,
which  i s  o f  t h e  n e x t  i n p u t  w ord ,  t h e  f u n c t i o n  g i v e n  by e q u a t i o n  4 .4 0
i s  p r o d u c e d  a t  t h e  o u t p u t ,  w h ich  i s  t h e  r e q u i r e d  o n e ,
o u t p u t  = Bg.B^ + Bg.B^ = Bg = Gg 4 . 4 0
Example 2
The s e r i a l  f u l l  a d d e r  i s  a n  example  o f  a  s y s t e m  w h ich  r e q u i r e s  
l a t e n c y ,  s i n c e  when a r i t h m e t i c  a d d i t i o n  i s  p e r f o r m e d  t h e  r e s u l t  can  b e  
a l a r g e r  b i t  word t h a n  t h e  i n p u t s ;  i n  t h e  c a s e  o f  two b i n a r y  numbers  
t h e  sum r e q u i r e s  one  e x t r a  b i t .  The s i m p l e s t  way o f  i n t r o d u c i n g  t h i s  
l a t e n c y  i n t o  t h e  s y s t e m  i s  t o  p l a c e  a  l o g i c  0  v a l u e  b e tw e e n  t h e  
d i f f e r e n t  words  on t h e  same i n p u t  l i n e .  T h i s  t h e n  h a s  t h e  e f f e c t  o f  
s a y i n g  i f  t h e  two b i n a r y  numbers  a r e  n  b i t s  l o n g ,  i n c r e a s e  them t o  n  + 1
b i t  num bers  where  t h e  f i r s t  b i t  i s  a lw ays  a  l o g i c  0 .  F i g u r e  A .3 2 ( a )
t h e n  shows a  f l o w  d i a g r a m  w h ic h  ca n  r e a l i s e  t h e  f u l l  a d d e r  s y s te m .
A p p l y i n g  t h e  f u l l y  s p e c i f i e d  m o d u la r  r e a l i s a t i o n  method  as  d e s c r i b e d  i n
s e c t i o n  4 . 3 . 1 ,  t a k i n g  i n t o  a c c o u n t  t h e  a d d i t i o n a l  r e q u i r e m e n t s  d e s c r i b e d  
i n  s e c t i o n  4 . 4 . 3 . 3  s i n c e  t h e r e  i s  more t h a n  one  i n p u t ,  t h e  g r a p h  and 
m o d u la r  r e a l i s a t i o n  o f  F i g u r e  4 . 3 2 ( b )  and ( c )  a r e  o b t a i n e d .
N o t e  t h a t ,  a s  t h e  e x t r a  b i t  b e tw e e n  words  h a s  b e e n  I n t r o d u c e d ,  
f e e d b a c k  i s  a l s o  a l l o w e d  o v e r  a  d i s t a n c e  o f  one module w i t h o u t  i n t e r ­
f e r e n c e  b e t w e e n  i n p u t  words  on  t h e  same i n p u t  l i n e .
4 . 5  C o n c l u s i o n s  and  F u r t h e r  Work
I t  h a s  b e e n  shown i n  t h i s  c h a p t e r  t h a t  i f  a  s y s t e m  i s  d e s i r e d  w he re  
s e r i a l  word  f o r m a t t e d  l o g i c  d a t a  i s  t o  be  p r o c e s s e d  t h e n  a  g e n e r a l  min­
i m i s e d  s o l u t i o n  c a n  b e  o b t a i n e d  f rom  an  i n i t i a l  f lo w  d i a g r a m .  T h i s  






















F i g u r e  4 . 3 2  ( a )  Flow d i a g r a m  o f  s y s t e m  w h ic h  r e a l i s e s  a 
f u l l  a d d e r
(b)  G r a p h i c a l  a p p r o a c h
( c )  M odu la r  r e a l i s a t i o n
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o f  t h e  o r i g i n a l  mach ine  and can  be u s e d  t o  f i n d  any h a rd w a re  s o l u t i o n  
t h a t  i s  d e s i r a b l e ,  i n c l u d i n g  t h e  m o d u la r  s o l u t i o n .
How ever ,  i t  h a s  a l s o  b e e n  shown t h a t  i f  a m odu la r  s o l u t i o n  i s  t h e  
d e s i r a b l e  o n e ,  due t o  a number o f  f e a t u r e s  s u c h  as  s p e e d  and t e s t a ­
b i l i t y ,  t h e n  t h e r e  a r e  a  number o f  more d i r e c t  methods  t h a t  can be
u s e d  t o  o b t a i n  i t .  I f  a  s o l u t i o n  i s  t o  be  o b t a i n e d  by hand  then  t h e
b e s t  method  i s  t h a t  d e s c r i b e d  i n  s e c t i o n  4 . 4 . 2 . 3 ,  where  t h e  i n i t i a l  node 
o f  t h e  r e v e r s e  r e s p o n s e  t r e e  i s  l a b e l l e d  w i t h  t h e  B o o le a n  e x p r e s s i o n  o f  
t h e  d e s i r e d  f u n c t i o n .  L a b e l s  f o r  d e s c e n d a n t  nodes  a r e  o b t a i n e d  by 
d e c om pos ing  t h i s  e x p r e s s i o n  a b o u t  t h e  v a r i a b l e  x^  and t h e n  i n c r e m e n t i n g  
t h e  s u b s c r i p t s  o f  t h e  v a r i a b l e s ,  t h e  p r o c e s s  b e i n g  r e p e a t e d  f o r  a l l
f u r t h e r  d e s c e n d a n t  n o d e s .  Nodes c a n  t h e n  be  p r u n e d  i f  t h e y  a r e  l a b e l l e d
w i t h  a  0 ,  a  1 ,  o r  i f  t h e i r  l a b e l s  a r e  t h e  same o r  t h e  i n v e r s e  o f  any 
o t h e r  n o d e s  i n  t h e  t r e e .  T h i s  i s  a  v e r y  s i m p l e  method  w h ic h  i s  e a s i l y  
a p p l i e d  e v e n  i f  n  i s  l a r g e ,  and i t  a l s o  g u a r a n t e e s  t h a t  t h e  minimum 
number o f  modules  a r e  r e q u i r e d .
I f  a  c o m p u te r  i s  t o  b e  u s e d  t o  o b t a i n  t h i s  same m o d u la r  s o l u t i o n
t h e n  i t  i s  more c o n v e n i e n t  i f  t h e  n o d e s  a r e  l a b e l l e d  w i t h  l o g i c a l  v a l u e s  
r a t h e r  t h a n  B o o l e a n  e x p r e s s i o n s  so  t h a t  i t  i s  e a s i e r  t o  i d e n t i f y  e q u i ­
v a l e n t  o r  i n v e r s e  l a b e l s .  The b e s t  a p p r o a c h  t o  t h i s  s o l u t i o n  i s  t o
l a b e l  t h e  i n i t i a l  node  w i t h  t h e  t r u t h  t a b l e  v e c t o r  o f  t h e  f u n c t i o n  
t r a n s p o s e d ,  i . e .  c o n v e r t e d  t o  a  row m a t r i x  f rom  a  co lumn.  D e s c e n d a n t  
nodes  a r e  t h e n  l a b e l l e d  w i t h  p r o d u c t s  o f  t h i s  m a t r i x  and t h e  n e x t  s t a t e  
m a t r i c e s  sum m ar i sed  i n  T a b l e  4 . 8 .  T h i s  method  i s  a l s o  u s e f u l  f o r  
i n c o m p l e t e l y  s p e c i f i e d  f u n c t i o n s  as  d e s c r i b e d  i n  s e c t i o n  4 . 4 . 3 . 1 .
Some o f  t h e  more commonly met  s y s t e m s  a r e  d e s c r i b e d  i n  s e c t i o n
4 . 4 . 3  s u c h  a s  t h e  code c o n v e r t e r s  and  f u l l  a d d e r .  I n  a  number o f  t h e s e  
s y s t e m s  t h e  above  a p p r o a c h e s  do n o t  a p p l y  b e c a u s e ,  a s  d e s c r i b e d  i n
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s e c t i o n  4 . 4 . 3 . 4 ,  t h e  o u t p u t  word c o n t a i n s  more t h a n  one f u n c t i o n ;  i n  
f a c t ,  i n  t h e  e xa m ples  g i v e n ,  t h e  o u t p u t  word i s  f u l l y  s p e c i f i e d .  The 
s u g g e s t e d  a p p r o a c h  i s  t h e n  t h a t  o f  s e c t i o n  4 . 3 . 1 .
I t  was s a i d  a t  t h e  b e g i n n i n g  o f  t h e  c h a p t e r  t h a t ,  t o  d a t e ,  t h e  
o n ly  o t h e r  a p p r o a c h  t o  s e r i a l  i n p u t  l o g i c  h a s  b e e n  m o d e - c o n t r o l l e d  
l o g i c ,  w h ic h  was d i s c u s s e d  i n  s e c t i o n  4 . 3 . 2 .  I t  i s  t h e r e f o r e  i n t e r e s t i n g
to make some c o m p a r i s o n s .  I n  t e rm s  o f  s p e e d ,  t h e  module u s e d  i n  mode-
c o n t r o l l e d  l o g i c  h a s  t h e  same p r o p a g a t i o n  d e l a y  as  t h e  module c o n s i d e r e d  
i n  t h i s  c h a p t e r  s i n c e ,  by co m p a r in g  F i g u r e s  4 . 9  and 4 . 1 2 ,  i t  can b e  s e e n  
t h a t  t h e  f o r m e r  i s  a  s p e c i a l  c a s e  o f  t h e  l a t t e r  w i t h  t h e  M i n p u t  s e t  
t o  a  c o n s t a n t  0 .  How ever ,  t h e  s y s t e m  d e l a y ,  A c l o c k  p e r i o d s ,  i n  t h e
m o d u la r  s o l u t i o n  p r e s e n t e d  i n  t h i s  c h a p t e r  i s  a lw ays  m in i m a l ,  i . e .
A = 1,  w h e r e a s  i n  m o d e - c o n t r o l l e d  l o g i c  i t  i s  a t  b e s t  o n e ,  and u s u a l l y  
much more t h a n  o n e .
I n  t e rm s  o f  t h e  number o f  modu le s  r e q u i r e d ,  t h e  m o d e - c o n t r o l l e d  
l o g i c  s o l u t i o n  h a s  some a d v a n t a g e s  s i n c e  i t  a l l o w s  f e e d b a c k  w h ic h  i s  
u s e f u l  when h i g h l y  r e p e t i t i v e  f u n c t i o n s  a r e  b e i n g  r e a l i s e d .  As an  
e x a m p l e ,  i f  an n v a r i a b l e  AND f u n c t i o n  i s  r e q u i r e d ,  t h e n  o n l y  one  module 
i s  n e e d e d  i n  m o d e - c o n t r o l l e d  l o g i c ,  w h e r e a s  n  module s  a r e  r e q u i r e d  u s i n g  
t h e  m ethod  d e v e l o p e d  h e r e i n .  However ,  f i r s t l y ,  when f e e d b a c k  i s  u s e d  
t e s t a b i l i t y  i s  r e d u c e d ,  and  s e c o n d l y ,  t h e  u p p e r  l i m i t  on t h e  number  o f  
m odu le s  r e q u i r e s  i s  n o t  s p e c i f i e d  f o r  m o d e - c o n t r o l l e d  l o g i c ,  w h e r e a s  i t  
i s  w e l l  d e f i n e d  by e q u a t i o n  4 .3 1  f o r  t h i s  m e t h o d .  I t  i s  a l s o  n o t  c l e a r  
[2] i n  m o d e - c o n t r o l l e d  l o g i c  i f  a l l  f u n c t i o n s  c a n  b e  r e a l i s e d  f o r  n  > 5 ,  
as  i t  c a n  f o r  any n by t h i s  m e thod .
I t  wou ld seem, t h e r e f o r e ,  t h a t  t h e  m o d u la r  r e a l i s a t i o n  and t h e  
s y n t h e s i s  m ethods  d e s c r i b e d  i n  t h i s  c h a p t e r  a r e  v i a b l e  a l t e r n a t i v e s  to  
t h e  e x i s t i n g  o n e s  and i n  some c a s e s  a r e  an i m p r o v e m e n t .  The a r e a  f o r
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f u r t h e r  work l i e s  i n  i t s  a p p l i c a t i o n  to  more c o n v e n t i o n a l  s y s t e m s .
F o r  e x a m p le ,  i t s  a b i l i t y  t o  p e r f o r m  l o g i c a l  and a r i t h m e t i c  f u n c t i o n s  
s e r i a l l y  and a t  h i g h  s p e e d s  would i n d i c a t e  a u s e f u l n e s s  i n  t h e  a r i t h ­
m e t i c  and l o g i c  u n i t  ( A .L .U . )  o f  a  com pu te r  o r  m i c r o p r o c e s s o r .  O t h e r  
a r e a s  su c h  as  d i g i t a l  s i g n a l  p r o c e s s i n g  c o u l d  a l s o  b e n e f i t  by i t s  
a p p l i c a t i o n ,  s i n c e  d a t a  i n  s u c h  s y s t e m s  i s  m o s t l y  i n  s e r i a l  form.
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CHAPTER 5 
g e n e r a l  c o n c l u s i o n s
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5.  G e n e r a l  C o n c l u s i o n s
I n  C h a p t e r  2 a method was o b t a i n e d  which  can  be  u sed  t o  c o n v e r t  
a f u n c t i o n  f ' ( x ) , w h ich  can  be  i n i t i a l l y  e x p r e s s e d  by a w e i g h t -  
t h r e s h o l d  v e c t o r ,  i n t o  e i t h e r  o f  t h e  f o l l o w i n g  two f u n c t i o n s :
i )  t h e  e x c l u s i v e - o r  o f  t h e  i n i t i a l  f u n c t i o n  f *(x) w i t h  
one o r  more o f  t h e  i n p u t  v a r i a b l e s ,
i i )  t h e  i n i t i a l  f u n c t i o n  f * ( x )  w i t h  one o f  i t s  i n p u t
v a r i a b l e s  r e p l a c e d  b y  t h e  e x c l u s i v e - o r  o f  t h i s  i n p u t  
v a r i a b l e  and one o r  more o f  t h e  o t h e r s .
T h i s  was done by a l t e r i n g  t h e  v a l u e  o f  t h e  w e i g h t s  and  t h r e s h o l d s ,  
and ( u s u a l l y )  i n c r e a s i n g  t h e  number o f  t h r e s h o l d s .  E q u a t i o n s  2 .4 5  and 
2 .6 5  p r o v i d e  t h e  m a t h e m a t i c a l  s u p p o r t  f o r  t h e s e  o p e r a t i o n s ,  and i t  was 
found  t h a t  i t  was r e a d i l y  a p p l i e d  t o  t h e  w e i g h t  v a l u e s ,  b u t  cumber­
some t o  a p p l y  t o  t h e  t h r e s h o l d s .  However ,  an  a l t e r n a t i v e  method o f
d e t e r m i n i n g  t h e  t h r e s h o l d s  was p r e s e n t e d  w h ic h  i n v o l v e d  s t e p p i n g
n
t h r o u g h  t h e  e x c i t a t i o n  v a l u e s  o f  ^ a . x .  i n  t h e  t r u t h  t a b l e  o f  t h e
i = l  ^ ^
f i n a l  s o l u t i o n  and  c o m p a r in g  w i t h  t h e  r e q u i r e d  f u n c t i o n .  The v a l u e s  
n
o f  Y a . x .  a t  w h i c h  t h e  f u n c t i o n  c h a n g e s  f rom  a  0 t o  a  1 ,  o r  v i c e  
i = l  ^ ^
v e r s a ,  become t h e  r e q u i r e d  t h r e s h o l d s .  Thus i f  a  f u n c t i o n  i s  t o  be  
c o n v e r t e d  by  t h e  r e p e a t e d  a p p l i c a t i o n  o f  one  o r  b o t h  o f  t h e  two 
o p e r a t i o n s ,  t h e n  t h e  e q u a t i o n s  n e e d  o n l y  b e  a p p l i e d  t o  t h e  w e i g h t s  ; 
t h e  t h r e s h o l d s  c a n  t h e n  b e  d e t e r m i n e d  as  t h e  f i n a l  s t a g e  o f  t h e  
p r o c e d u r e .
T he se  o p e r a t i o n s  ca n  b e  a p p l i e d  i n  a number  o f  s i t u a t i o n s ,  b u t  
t h e  c h a p t e r  c o n c e r n s  i t s e l f  w i t h  o b t a i n i n g  a  m u l t i - t h r e s h o l d  s o l u t i o n  
o f  any  g i v e n  f u n c t i o n .  The s t a r t i n g  p o i n t  f o r  t h i s  was t h e  u s e  o f  t h e  
Radem acher-W alsh  s p e c t r u m  i n  s e e k i n g  a  s o l u t i o n  w i t h  a  t o p o l o g y  
c o n s i s t i n g  o f  a  s i n g l e  t h r e s h o l d  g a t e  w i t h  p r e -  and p o s t - k e r n a l
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e x c l u s i v e - o r  g a t e s .  The above e q u a t i o n s  t h e n  e n a b l e  a c o n v e r s i o n  
t h i s  t o p o l o g y  to  t h a t  o f  a m u l t i - t h r e s h o l d  n e t w o r k .
In  a d d i t i o n  t o  t h i s  t h e  f u n c t i o n s  t h a t  c o u l d  n o t  boe c o n v e r t e d  to 
t h e  s i n g l e  t h r e s h o l d  t o p o l o g y  as  a b o v e ,  c o u l d  b e  c o n v e r r t e d  t o  a  mult i­
t h r e s h o l d  s o l u t i o n  i f  i n i t i a l l y  t h e y  can  b e  d e s c r i b e d  bby a  m u l t i ­
t h r e s h o l d  g a t e  w i t h  p r e -  and p o s t - k e r n a l  e x c l u s i v e - o r  a g a t e s .  T h i s  
r e q u i r e s  t h a t ,  i n  t h e  Rademache r-W alsh  c l a s s i f i c a t i o n  sscheme,  t h e  
n o n - t h r e s h o l d  c l a s s e s  ha v e  a  r e p r e s e n t a t i v e  f u n c t i o n  wVhich i s  a m u l t i -  
t h r e s h o l d  f u n c t i o n .  Such a r e p r e s e n t a t i v e  f u n c t i o n  waas g i v e n  f o r  l&e 
s i n g l e  n o n - t h r e s h o l d  c l a s s  f o r  n  = 4 ,  and i t  was p r o p œ s e d  t h a t  t h e  27 
r e p r e s e n t a t i v e  f u n c t i o n s  f o r  n  = 5 a l s o  b e  found  and l l i s t e d .  Fo r  
n  > 5 ,  h o w e v e r ,  i t  i s  i m p r a c t i c a l  t o  l i s t  t h e  r e p r e s e m t a t i v e  f u n c t i o n s ,  
so  t h a t  f u n c t i o n s  i n  t h e s e  c l a s s e s  c a n n o t  b e  c o n v e r t e d !  t o  a  m u l t i ­
t h r e s h o l d  s o l u t i o n  due  t o  a  l a c k  o f  r e p r e s e n t a t i v e  d a % a .
Those  t h a t  can  b e  a r e  t h e r e f o r e :
i )  a l l  f u n c t i o n s  o f  n  3 8 w h ic h  c a n  b e  r e a l i s e d !  by  a  
s i n g l e  t h r e s h o l d  g a t e  a f t e r  s p e c t r a l  t r a n s l a t i o n  h a s  
b e e n  a p p l i e d .  The l i m i t  o f  n  3 8  i s  be c a u s e :  t a b l e s  
o f  Chow*s p a r a m e t e r s  a r e  o n l y  a v a i l a b l e  f o r  up t o  
t h i s  number o f  i n p u t  v a r i a b l e s ,
i i )  a l l  f u n c t i o n s  o f  n 3  4 ,  s i n c e  a  r e p r e s e n t a t i v e  f u n c t i o n  
h a s  b e e n  p r o v i d e d  f o r  t h e  n o n - t h r e s h o l d  c l a s s .
i i i )  t h e  p o t e n t i a l  o f  a l l  f u n c t i o n s  o f  n  $ 5 ,  i f  t h e  27 
r e p r e s e n t a t i v e  f u n c t i o n s  a r e  found  and l i s t e d .
I n  C h a p t e r  3 a  m u l t i - t h r e s h o l d  l o g i c  g a t e  was p r e s e n t e d  w h ic h  
c o u l d  b e  i n c o r p o r a t e d  i n t o  a  C.C .D.  d i g i t a l  p r o c e s s i n g  s y s t e m .  Compared 
t o  e x i s t i n g  C.C .D.  l o g i c  i t  i s  s i m i l a r  i n  s i z e ,  s p e e d  and  c o m p l e x i t y .
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b u t  i s  more p o w e r f u l  i n  t h a t  i t  can r e a l i s e  f a r  more f u n c t i o n s  t h a n  
an e q u i v a l e n t  s i z e d  a l t e r n a t i v e .
As a s e p a r a t e  t h r e s h o l d  l o g i c  g a t e ,  h o w e v e r ,  i . e .  a s i n g l e  c h i p  
w i t h  a m u l t i - t h r e s h o l d  l o g i c  g a t e  o n ly  on i t ,  i t  f a r e d  v e r y  p o o r l y  
when compared t o  o t h e r  p r o p o s e d  t h r e s h o l d  l o g i c  g a t e s ,  p a r t i c u l a r l y  
w i t h  r e g a r d  t o  i t s  s p e e d  o f  o p e r a t i o n .  T h i s  i s  due t o  t h e  f a c t  t h a t  
C .C .D .* s  a r e  r e l a t i v e l y  s low  d e v i c e s  and t h a t  t h e  m a j o r  c o n t r i b u t i n g  
f a c t o r  t o  t h i s  s p e e d  i s  t h e  c h a r g e  o v e r f l o w  o p e r a t i o n .  The t h r e s h o l d  
l o g i c  g a t e  r e l i e s  h e a v i l y  on  t h i s  o p e r a t i o n ,  and as  t h e  number o f  
t h r e s h o l d s  i n c r e a s e s  s o  t h e  amount  o f  c h a r g e  o v e r f l o w  h a s  t o  b e  
i n c r e a s e d ,  and t h u s  t h e  s l o w e r  t h e  d e v i c e  b ecom es .  T h e r e  m us t  b e  a  
t r a d e  o f f  t h e r e f o r e  b e tw e e n  t h e  number o f  t h r e s h o l d s  and h e n c e  t h e  
number o f  f u n c t i o n s  t h a t  c a n  b e  r e a l i s e d  by  t h e  d e v i c e  and t h e  s p e e d  o f  
o p e r a t i o n .
However ,  a s  a l r e a d y  s t a t e d ,  c h a r g e  o v e r f l o w  i s  an i n h e r e n t  
p r o p e r t y  o f  a l l  C.C .D.  d e v i c e s ,  and t h e r e f o r e  a p p l i e s  t o  a l l  f o rm s  o f  
C.C .D.  l o g i c ,  s o  t h a t  t h e  t h r e s h o l d  l o g i c  g a t e  i s  s t i l l  a  more power­
f u l  d e v i c e  t h a n  t h e  a l t e r n a t i v e s  when u s e d  w i t h i n  a  f u l l y  i n t e g r a t e d  
C.C.D.  s y s t e m .
F i n a l l y ,  C h a p t e r  4 d e a l s  w i t h  s e r i a l  i n p u t  l o g i c .  To d a t e ,  
t h e  o n l y  o t h e r  r e s e a r c h  t h a t  h a s  b e e n  r e p o r t e d  i n  t h i s  a r e a  i s  mode-  
c o n t r o l l e d  l o g i c ,  and  t h e r e f o r e  t h i s  c h a p t e r  was i n t e n d e d  t o  b r o a d e n  
t h i s  f i e l d  by c o n s i d e r i n g  s e r i a l  i n p u t  l o g i c  i n  a  much more g e n e r a l  
s e n s e .
I t  was shown t h a t  i n  t h e  d e s i g n  o f  any  s e r i a l  i n p u t  l o g i c  s y s t e m ,  
i f  t h e  c o n v e n t i o n a l  a p p r o a c h  o f  s t a t e  t a b l e s ,  s t a t e  a s s i g n m e n t , e t c .  
i s  u s e d ,  t h e n  t h e  number  o f  s t a t e s  ca n  be  r e d u c e d  by  c o n s i d e r i n g  o n l y
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t h e  i m p l i e d  maximal  c o m p a t i b l e s .  T h i s  r e s u l t  r e d u c e s  t h e  amount  o f  
work t h a t  i s  i n v o l v e d  and i s  a l s o  i m p o r t a n t  s i n c e  i t  d e f i n e s  a  new 
c l a s s  o f  s e q u e n t i a l  s y s t e m .
A l s o  c o n s i d e r e d  i n  C h a p t e r  4 i s  a p a r t i c u l a r  m o d u la r  r e a l i s a t i o n  
and a l t e r n a t i v e  ways o f  o b t a i n i n g  i t .  The s i m p l e s t  method i s  shown t o  
be t h e  u s e  o f  a  r e v e r s e  r e s p o n s e  t r e e ,  whe re  t h e  n o d e s  a r e  l a b e l l e d  
w i t h  B o o le a n  e x p r e s s i o n s .  The i n i t i a l  node  h a s  t h e  e x p r e s s i o n  o f  t h e  
d e s i r e d  f u n c t i o n ,  d e s c e n d a n t  no d e s  a r e  t h e n  l a b e l l e d  w i t h  t h e  
d e c o m p o s i t i o n  a b o u t  t h e  v a r i a b l e  x^ o f  t h i s  e x p r e s s i o n ,  and t h e n  t h e  
s u b s c r i p t s  o f  a l l  t h e  i n p u t  v a r i a b l e s  i n  t h e i r  l a b e l s  a r e  i n c r e m e n t e d .  
T h i s  p r o c e s s  i s  r e p e a t e d  u n t i l  a l l  nodes a r e  t e r m i n a l ,  a c o n d i t i o n  
t h a t  a r i s e s  when a  node  i s  l a b e l l e d  w i t h  a  l o g i c a l  c o n s t a n t  0  o r  1 ,  
o r  t h e  e x a c t  e q u i v a l e n t  o r  e x a c t  i n v e r s e  o f  an a l r e a d y  e x i s t i n g  l a b e l  
on a n o t h e r  n o d e .  The m o d u la r  n e tw o r k  i s  t h e n  o b t a i n e d  by  r e p l a c i n g  
a l l  n o n - t e r m i n a l  nodes  w i t h  module s  w h ic h  a r e  t h e n  c o n n e c t e d  up i n  
t h e  same manner  a s  t h e  i n t e r - n o d a l  c o n n e c t i o n s .
An a l t e r n a t i v e  l a b e l l i n g  scheme w h ic h  i s  u s e f u l  i n  c e r t a i n  
c i r c u m s t a n c e s  s u c h  a s  when a  com pute r  i s  u s e d  o r  i f  t h e r e  a r e  d o n ' t  
c a r e  t e rm s  i n v o l v e d  i s  t o  r e p l a c e  t h e  B o o le a n  e x p r e s s i o n s  w i t h  e q u i ­
v a l e n t  t r u t h  t a b l e  v e c t o r s .  L a b e l s  f o r  d e s c e n d a n t  node s  a r e  t h e n  
o b t a i n e d  by  t a k i n g  t h e  p r o d u c t  o f  t h e s e  v e c t o r s  and  t h e  n e x t  s t a t e  
m a t r i c e s .
The se  p r o c e d u r e s  ca n  b e  e x t e n d e d  t o  i n c o r p o r a t e  f e a t u r e s  s u c h  a s  
m u l t i - o u t p u t s  o r  m u l t i - i n p u t s .  The r e s u l t i n g  n e t w o r k s  h a v e  some 
d e s i r a b l e  p r o p e r t i e s  su c h  a s  h i g h  s p e e d ,  no i n h e r e n t  l a t e n c y ,  i . e .  no 
more t h a n  one  c l o c k  p e r i o d  e l a p s i n g  b e tw e e n  t h e  i n p u t  o f  t h e  l a s t  b i t  
o f  t h e  i n p u t  word  and  t h e  r e s u l t i n g  o u t p u t  f u n c t i o n ,  and no f e e d b a c k  
c o n n e c t i o n s  s o  t h a t  t h e  s y s t e m  i s  e a s i l y  t e s t e d .
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When compared t o  t h e  m o d e - c o n t r o l l e d  l o g i c  n e tw o r k s  i t  was shown 
t h a t  t h e  s p e e d s  were  t h e  same ,  b u t  t h a t  m o d e - c o n t r o l l e d  l o g i c  o f t e n  
e x h i b i t e d  l a t e n c y  and f e e d b a c k  was u s e d .  However ,  i n  some i n s t a n c e s  
t h e  u s e  o f  f e e d b a c k  r e s u l t s  i n  f ew e r  m odu les  b e i n g  r e q u i r e d  s u c h  as  
i n  h i g h l y  r e p e t i t i v e  f u n c t i o n s .  However ,  t h e  u p p e r  l i m i t  t o  t h e  
number o f  modules  i s  n o t  g i v e n ,  and a l s o  t h e r e  i s  no g u a r a n t e e  t h a t  
a l l  f u n c t i o n s  o f  n  > 5 c a n  be  r e a l i s e d ,  w h e r e a s  i n  t h e  n e tw o rk  
c o n s i d e r e d  i n  C h a p t e r  4 t h e s e  two f e a t u r e s  a r e  i n c l u d e d .
O v e r a l l ,  t h e r e f o r e ,  t h e  m a t e r i a l  p r e s e n t e d  i n  t h i s  t h e s i s  p r o v i d e s  
methods f o r  e x t e n d i n g  t h e  u s e  o f  l o g i c  d e s i g n .  I t  r e v i v e s  t h e  i d e a s  
o f  m u l t i - t h r e s h o l d  l o g i c  and e x t e n d s  them, and t h e n  f i n d s  a s p e c i f i c  
a r e a  w here  i t  may become u s e f u l .  I t  a l s o  i n t r o d u c e s  t h e  r e c e n t l y  
e v o l v e d  t o p i c  o f  s e r i a l  i n p u t  l o g i c ,  d i s c u s s e s  i t  i n  g e n e r a l  w h ich  
r e s u l t s  i n  an  i n t e r e s t i n g  t h e o r e m  on s t a t e  r e d u c t i o n ,  and s u g g e s t s  a 
m odu la r  s o l u t i o n  w h ic h  h a s  many d e s i r a b l e  f e a t u r e s .  I t  i s  hoped  t h a t  
t h i s  work w i l l  be  fo u n d  s i g n i f i c a n t  and p r o v i d e  a  g u i d e  f o r  f u r t h e r  





The a u t h o r  i s  g r e a t l y  i n d e b t e d  to  h i s  s u p e r v i s o r  Dr.  S . L .  H u r s t ,  
U n i v e r s i t y  o f  B a t h ,  f o r  h i s  g u i d a n c e  and e n c o u ra g e m e n t  t h r o u g h o u t  
t h i s  r e s e a r c h .
F i n a n c i a l  s u p p o r t ,  p r o v i d e d  by t h e  S c i e n c e  and E n g i n e e r i n g  
R e s e a rc h  C o u n c i l ,  i s  g r a t e f u l l y  a c k n o w le d g e d .
F i n a l l y ,  I  would  l i k e  t o  t h a n k  t h e  t y p i s t ,  Mrs.  A. B a l c h i n ,  f o r  
h e r  c o n t r i b u t i o n ,  and  to  ray f a m i l y  and f r i e n d s  f o r  t h e i r  u n f a i l i n g  
s u p p o r t  d u r i n g  t h e  p e r i o d  o f  t h i s  r e s e a r c h .
182
APPENDIX A
CHOW’ S PARAMETERS FOR THRESHOLD FUNCTIONS 
OF n Z 6
183
Chow's  P a r a m e t e r s  f o r  T h r e s h o l d  F u n c t i o n s  o f  n  S 6
Number \bi\
/I ^  3
I 8 0 0 0 1 0 0 0
2 6 2 2 2 2 1 1 1
3 4 4 4 0 1 1 1 0
n ^  4
1 16 0 0 0 0 1 0 0 0 0
2 14 2 2 2 2 3 1 1 1 1
1 3 12 4 4 4 0 2 1 1 1 0
4 10 6 6 2 2 3 2 2 1 1
5 8 8 8 0 0 1 1 1 0 0
6 8 8 4 4 4 2 2 1 1 1
7 6 6 6 6 6 1 1 1 1 1
n^5
1 32 0 0 0 0 0 1 0 0 0 0 0
2 30 2 2 2 2 2 4 1 1 1 1 1
3 28 4 4 4 4 0 3 1 1 1 1 0
4 . 26 6 6 6 2 2 5 2 2 2 1 1
5 24 8 8 4 4 4 4 2 2 1 1 1
6 24 8 8 8 0 0 2 1 1 1 0
7 22 10 10 6 2 2 5 3 3 2 1 I
8 22 10 6 6 6 6 3 2 1 1 1
9 20 12 12 4 4 0 3 2 2 1 1
10 20 12 8 8 4 4 4 3 2 2 1 1
11 20 8 8 8 8 8 2 1 1 1 1 1
12 18 14 14 2 2 2 4 3 3 1 1 1
13 18 14 10 6 6 2 5 4 3 2 2 1
14 18 10 10 10 6 6 3 2 2 2 1 1
15 16 16 16 0 0 0 I 1 1 0 0
16 16 16 12 4 4 4 3 3 2 1 1 1
17 16 16 8 8 8 0 2 2 1 1 1
18 16 12 12 8 8 4 4 3 3 2 2 1
19 14 14 14 6 6 6 2 2 2 1 1 1
20 14 14 10 10 10 2 3 3 2 2 2 1




n ^  6
I 64 0 0 0 0 0 0 1 0 0 0 0 0 0
2 62 2 2 2 2 2 2 5 1 1 1 1 1 1
3 60 4 4 4 4 4 0 4 1 1 1 1 1
4 58 6 6 6 6 2 2 7 2 2 2 2 1 1
5 56 8 8 8 8 0 0 3 1 1 1 1 0
6 56 8 8 8 4 4 4 6 2 2 2 1 1 1
7 54 10 10 10 6 2 2 8 3 3 3 2 1 1
8 54 10 10 6 6 6 6 5 2 2 1 1 1 1
9 52 12 12 12 4 4 0 5 2 2 2 1 1
10 52 12 12 8 8 4 4 7 3 3 2 2 1 1
11 52 12 8 8 8 8 8 4 2 1 1 1 1 1
12 50 14 14 14 2 2 2 7 3 3 3 1 1 1
13 50 14 14 10 6 6 2 9 4 4 3 2 2 1
14 50 14 10 10 10 6 6 6 3 2 2 2 1 1
15 50 10 10 10 10 10 10 3 1 1 1 1 1 1
16 48 16 16 16 0 0 0 2 1 1 1 0 0
17 48 16 16 12 4 4 4 6 3 3 2 1 1 1
18 48 16 16 8 8 6 0 4 2 2 1 1 1
19 48 16 12 12 8 8 4 8 4 3 3 2 2 1
20 48 12 12 12 12 8 8 5 2 2 2 2 1 1
21 46 18 18 14 2 2 2 7 4 4 3 1 1 1
22 46 18 18 10 6 6 2 9 5 5 3 2 2 1
23 46 18 14 14 6 6 6 5 3 2 2 1 1 1
24 46 18 14 10 10 10 2 7 4 3 2 2 2 1
25 46 14 14 14 10 10 6 7 3 3 3 2 2 1
26 44 20 20 12 4 4 0 5 3 3 2 1 1
27 44 20 20 8 8 4 4 . 7 4 4 2 2 1 1
28 44 20 16 16 4 4 4 6 4 3 3 1 1 1
29 44 20 16 12 8 8 4 8 5 4 3 2 2 1
30 44 20 12 12 12 12 0 3 2 1 1 1 1
31 44 16 16 16 8 8 8 4 2 2 2 1 1 1
32 44 16 16 12 12 12 4 6 3 3 2 2 2 1
33 42 22 22 10 6 2 2 8 5 5 3 2 1 1
34 42 22 22 6 6 6 6 5 3 3 1 1 1 1
35 42 22 18 14 6 6 2 9 6 5 4 2 2 1
36 42 22 18 10 10 6 6 6 4 3 2 2 1 1
37 42 22 14 14 10 10 2 7 5 3 3 2 2 1
38 42 18 18 18 6 6 6 5 3 3 3 1 1 1
39 42 18 18 14 10 10 6 7 4 4 3 2 2 1
40 42 18 14 14 14 14 2 5 3 2 2 2 2 1




n ^  6
42 40 24 24 8 4 4 4 6 4 4 2 1 1 1
43 40 24 20 12 8 4 4 7 5 4 3 2 1 1
44 40 24 20 8 8 8 8 4 3 2 1 1 1 1
45 40 24 16 16 8 8 0 4 3 2 2 1 1 0
46 40 24 16 12 12 8 4 8 6 4 3 3 2 1
47 40 20 20 16 8 8 4 8 5 5 4 2 2 1
48 40 20 20 12 12 8 8 5 3 3 2 2 1 1
49 40 20 16 16 12 12 4 6 4 3 3 2 2 1
50 40 16 16 16 16 16 0 2 1 1 1 1 1 0
51 38 26 26 6 6 2 2 7 5 5 2 2 1 1
52 38 26 22 10 10 2 2 8 6 5 3 3 1 1
53 38 26 22 10 6 6 6 5 4 3 2 1 1 1
54 38 26 18 14 10 6 2 9 7 5 4 3 2 1
55 38 26 18 10 10 10 6 6 5 3 2 2 2 1
56 38 26 14 14 14 6 6 5 4 2 2 2 1 1
57 38 22 22 14 10 6 6 6 4 4 3 2 1 1
58 38 22 22 10 10 10 10 3 2 2 1 1 1 1
59 38 22 18 18 10 10 2 7 5 4 4 2 2 1
60 38 22 18 14 14 10 6 7 5 4 3 3 2 1
61 38 18 18 18 14 14 2 5 3 3 3 2 2 1
62 36 28 28 4 4 4 0 4 3 3 1 1 1 0
63 36 28 24 8 8 4 4 6 5 4 2 2 1 1
64 36 28 20 12 12 4 0 5 4 3 2 2 1 0
65 36 28 20 12 8 8 4 7 6 4 3 2 2 1
66 36 28 16 16 12 4 4 6 5 3 3 2 1 1
67 36 28 16 12 12 8 8 8 7 4 3 3 2 2
68 36 24 24 12 12 4 4 7 5 5 3 3 1 1
69 36 24 24 12 8 8 8 4 3 3 2 1 1 1
70 36 24 20 16 12 8 4 8 6 5 4 3 2 1
71 36 24 20 12 12 12 8 5 4 3 2 2 2 1
72 36 24 16 16 16 8 8 4 3 2 2 2 1 1
73 36 20 20 20 12 12 0 3 2 2 2 1 1 0
74 36 20 20 16 16 12 4 6 4 4 3 3 2 1
75 34 30 30 2 2 2 2 5 4 4 1 1 1 1
76 34 30 26 6 6 6 2 7 6 5 2 2 2 1
77 34 30 22 10 10 6 2 8 7 5 3 3 2 1
78 34 30 18 14 14 2 2 7 6 4 3 3 1 1
79 34 30 18 14 10 6 6 9 8 5 4 3 2 2
80 34 30 14 14 10 10 10 7 6 3 3 2 2 2
81 34 26 26 10 10 6 6 5 4 4 2 2 1 1




n ^  6
83 34 26 22 14 10 10 6 6 5 4 3 2 2 1
84 34 26 18 18 14 6 6 5 4 3 3 2 1 1
65 34 26 18 14 14 10 10 6 5 4 3 3 2 2
86 34 22 22 18 14 10 2 7 5 5 4 3 2 1
87 34 22 22 14 14 14 6 4 3 3 2 2 2 1
88 34 22 18 18 18 10 6 5 4 3 3 3 2 1
89 32 32 32 0 0 0 0 1 1 1 0 0 0 0
90 32 32 28 4 4 4 4 4 4 3 1 1 1 1
91 32 32 24 8 8 8 0 3 3 2 1 1 I 0
92 32 32 20 12 12 4 4 5 5 3 2 2 1 1
93 32 32 16 16 16 0 0 2 2 1 1 1 0 0
94 32 32 16 16 8 8 8 4 4 2 2 1 1 1
95 32 32 12 12 12 12 12 3 3 1 1 1 1 1
96 32 28 28 8 8 8 4 6 5 5 2 2 2 1
97 32 28 24 12 12 8 4 7 6 5 3 3 2 1
98 32 28 20 16 16 4 4 6 5 4 3 3 1 1
99 32 28 20 16 12 8 8 7 6 5 4 3 2 2
100 32 28 16 16 12 12 12 5 4 3 3 2 2 2
101 32 24 24 16 16 3 0 4 3 3 2 2 1 0
102 32 24 24 16 12 12 4 5 4 4 3 2 2 1
103 32 24 20 20 16 8 4 6 5 4 4 3 2 1
104 32 24 20 16 16 12 8 7 6 5 4 4 3 2
105 32 20 20 20 20 8 8 3 2 2 2 2 1 1
106 30 30 30 6 6 6 6 3 3 3 1 1 1 1
107 30 30 26 10 10 10 2 5 5 4 2 2 2 1
108 30 30 22 14 14 6 6 4 4 3 2 2 1 1
109 30 30 18 18 18 2 2 5 5 3 3 3 1 1
110 30 30 18 18 10 10 10 3 3 2 2 1 1 1
111 30 30 14 14 14 14 14 2 2 1 1 1 1 1
112 30 26 2^ 14 14 10 2 6 5 5 3 3 2 1
113 30 26 22 18 18 6 2 7 6 5 4 4 2 1
114 30 26 22 18 14 10 6 8 7 6 5 4 3 2
115 30 26 18 18 14 14 10 6 5 4 4 3 3 2
116 30 22 22 22 18 6 6 4 3 3 3 2 1 1
117 30 22 22 16 18 10 10 5 4 4 3 3 2 2
118 28 28 28 12 12 12 0 2 2 2 1 1 1 0
119 28 28 24 16 16 8 4 5 5 4 3 3 2 1
120 28 28 20 20 20 4 0 3 3 2 2 2 1 0
121 28 28 20 20 12 12 8 4 4 3 3 2 2 1
122 28 28 16 16 16 16 12 3 3 2 2 2 2 1




n ^  6
124 28 24 24 20 16 8 8 6 5 5 4 3 2 2
125 28 24 20 20 16 12 12 7 6 5 5 4 3 3
126 26 26 26 18 18 6 6 3 3 3 2 2 1 1
127 26 26 22 22 22 2 2 4 4 3 3 3 1 1
128 - 26 26 22 22 14 10 10 5 5 4 4 3 2 2
129 26 26 18 18 18 14 14 4 4 3 3 3 2 2
130 26 22 22 22 14 14 14 4 3 3 3 2 2 2
131 24 24 24 24 24 0 0 1 1 1 1 1 0 0
132 24 24 24 24 12 12 12 2 2 2 2 1 1 1
133 24 24 20 20 16 16 16 5 5 4 4 3 3 3
134 22 22 22 18 18 18 18 3 3 3 2 2 2 2
135 20 20 20 20 20 20 20 1 1 1 1 1 1 1
F o r t a b l e s  o f  C how 's p a ra m e te r s  o f  n  3 7 , and  n ^ 8 
s e e  W inder ]  and  M uroga, T su b o i and Baugh [*8j , 
r e f e r e n c e d  in  C h a p te r  2 .
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APPENDIX B
RADEMACHER-WALSH SPECTRAL CLASSIFICATION 
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CLOCK-STEERING SY NTHESIS USING 
SPECTRAL TECH NIQU ES
InJfxing lerms: Logie, Swiichei
A technique k  described which uses the Rademacher*Wabh 
spectrum to obtain the spectra, and consequently the Boolean 
form, of the dock steering functions of bktables. Its 
usefulness over standard methods k  derived from the fact that 
its simplicity k  independent of the number of input variables. 
Being numerically based, it ako k  particularly relevant for 
c axl. adoption.
Iiuroduaion: Type D, JK, RS and T clocked bistables are 
well known items of sequential logic design. Where there are 
only a few input variables, derivation of the appropriate clock- 
steering input functions to the bistables from the next-state 
equations is a straightforward procedure. Previous authors' * 
generally use one of two methods, involving either the use of 
Karnaugh maps or the characteristic eqtiations of the bist- 
ablcs. These characteristic equations are as follows:
Type D: Next-state output xJ — D
Type JK: Next-state output xJ -  {x,J + x,iC}
+ xi«
Type T: Next-state output xJ ■ {x ) t  X | f )  -  (x, 0  T)
Type RS: Next-state output xJ 





Note that x, represents the present state of the true output of 
the bistable circuit, and x, the resultant next-state of the same 
output point one clock pulse later. Fig. I shows a typical as­
sembly to which the above equations may be applied.
As the number of input variables increases, however, it be­
comes increasingly difficult to obtain the input functions using 
the aforementioned methods, as both Karnaugh mapping and 
algebraic manipulation become prohibitively tedious. It is 
proposed, therefore, that spectral techniques be applied to 
overcome this difficulty.
The Radcmacher-Walsh spectrum 5] of an n-variable com­
binational logic function is an alternative representation of its 
truth-table vector f] of 2* elements. The spectrum is formed by 
the multiplication of F\ with a 2” x 2* transform matrix [7]; 
that is
i n n -51
where the square transform matrix [7] is (usually) the 
Rademacher-Walsh transform, and F\ is the truth table of the 
given fundion, but recoded < -(• I, —1> from the more conven­
tional <0, l>. The resulting numbers in f\ uniquely define 
the given function, and represent a set of correlation 
coefficients between the individual inputs and combination of 
inputs of the function, and the function output. The theory and 
luc of spectral methods in the design of combinational logic 
circuits may be found in published literature.* * The inverse 
transformation from the spectral domain back to the two- 
valued domain, namely
(7 1 -s i-n  
is readily available.
Method: Let the next-state equation x'l have the following 
Rademacher-Walsh spectrum:* *
0^$ 1^* 3^* • • • • 1^* •••t m^* 1^2* 1^3* ••••
Now consider each type of bistable separately.
' . . . »
(i) Type D: This is a trivial case which does not require 




Fig. I Typical accamulaior or register mssemUy: type RS storage ele­
ments shown, with R and S ctock-sieering logic /(.v ,..........x.) lo he
designed for each R and S input. [Similarly for type D, T  and JK  storage 
elements)
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(ii) Ty/H' JK: Kr»nn eqii. 2 il can he seen lhal J and K are I he 
reduced fiiiiclMNis iihlained friwn a ShamiMwi ilecompusilum 
ahiMil I rum prcvHHisly iMihlixhed iiihtrmalMMi UNtccriiiiig 
Ihe spectra «*f dectmtpused fund ion»/ it follows that, if J and 
K have the following spectra, respectively,
J ’ Jtt, J i, J 1% ‘ . Jm* J % I, J % * Jm i J - J \ i ... m
K'. A '» . K | ,  K | , . . . . K ' a .  K |  K ,  # A .  A n  ,
where no subscript contains i, titcn these spedra arc ohtainahle 
from the full sped rum of as follows:
•fj * K^ i + rjl 
A< = l(ry -  rj)l (5)
where J -  all possible subscripts not involving i, including 
/  "  0. Application of the inverse transform or by using prime 
implicant extraction techniques*-'* will then yield the Boolean 
solutions for J and A (see the example later).
(iii) Type RS: Eqn. 3 can be manipulated to give
x'l m {x/S + x,R} (6)
since S and R arc disjoint. From this it can be seen, by compar­
ison with eqn. 2, that if J and A are disjoint then they are 
equivalent to S and A, respedively. It is therefore necessary to 
lest whether the J/C solution would be disjoint before accept­
ing such a solution for S and R. This can be done as follows: 
If J and A are disjoint, we have
ÿ L ï ( [ / o . ; , .......•/•»...jA o +V . + A.)
A.
Substituting for all Jf, K/ from eqn. S, we obtain
(7)
(iv) Type T: This solution can he obtained diredly from eqn. 4. 
Since tlie exclusive-OK rclalumship is commutative, then
r-(.X4©.x:i ( 10)
In llte spcdral domain, this is equivalent lo a disjoint spcdral 
iranslaiMm,*’* that is. in all 2" spcdral cocflicicnis, append i if it 





0 0 0 0 0
e t c
Example: The next-state equation for circuit x^  is
X*4 ■  { X |X ] X j  - f  X ,X ) X 4  +  X |X i X ,X 4  - f  X |X jX }  
+  X |X ,X 4  + X , X : X ) X 4 )
The Rademacher-Walsh spectrum is
1^1 1^4 f l l  J^4 rj4 f i j j  f|j4  f|j4  fjj4 f|j34
0 8 0 0 0 0 8  0 8 0 - 8
From eqn. 5 we have a JK solution:
0 0 0 0 0 




J *  (X | © X , }  -  ( x , x ,  +  x , x , j
A -  ( x i  © x i  © x j )
-  ( X |X iX j  +  X iX jX )  +  X |X jX }  +  X |X iX )}
For an RS solution, first check whether J and A are disjoint 
using eqn. 7:
(64 + 64 -  64 -  64} « ( -2 5 6  + (32 x O j )  ?
0 f  -256
Clearly J and A are not disjoint, so, from eqn. 9,
ro r , rj r* r ,3 rti f | 4 ^1» r»4 rt4 ' ' i i J ^114 rij4 ' ’H 4 ''1 Ï J 4
s 8 0 0 0 - 8  0 8 0 0 0 0 0 0 8 0 0
R 8 0 0 0 8  0 0 0 0 0 0 - 8 0 0 0 8
Therefore if this equation is correct then S/ and R/ are equiv­
alent loJj and Kf in eqn. 5. If not, then use the modified expres­
sions given in eqn. 8, which ensures that S and R are disjoint:
SmJx, 
R «  Ax,
(8)
whence it follows that:
S -  ( ( X , ©  X j)X 4 }  «  { . M x i  X j  +  X , x , ) |
R  - { ( X i © X » ® X j ).T4}
* ( X 4 ( X | * l X j  +  X |X i X ,  +  X ,X , .X ,  +  X i X j X j )}
For a type T solution, from eqn. 11 we have:
This yields the following:
50 -  )(r, + To) + 2 "  ' Ro -  l(r, -  r*) + 2" '
51 » i(r,y + r,) -  \{rii -  r/)
S, -  i ( r ,  +  r o )  -  2« -  '  R, -  K r *  -  r , )  +  2 '
» So — 2* " — Ro + 2"
Sii “  i ( r ,y  +  r,) -  Sf R,i ■  {{rj -  r„) “  -  Ry
0 0 0 0 0 0 8 0 0 0 0  - 8  0 8
whence it follows that
T »  ^ X 4 (x i  ©  X j )  +  X 4 ( x , ©  X j  ©  X ,)}  
-  (x ,( .X ,X 4  +  X , x ,  +  .X jX )X 4 )
+  X |( X |X )  +  X jX 4  +  X ] X |X 4 )}
(9)
where j -  all possible subscripts not involving i, including 
jmO.
410
Note that, for convenience, this example has been of four var­
iables only, and hence within the capabilities of the nonspectral 
design methods. However, the simplicity of manipulation of 
the spectral data for larger fondions than can be handled by
ELECTRONICS LETTERS 2 2 n d  M ey  1380  Vol. 16 No. 11
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previous methods should be apparent from this csamplc. Its 
case of incorporation into c ad . programs should also be 
apparent.
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Realisation of multithreshold threshold logic 
networks using the Rademacher-Walsh transform
P.O. Picton, B-Sc.
Indexing terms: Logic, M uitlthresM d threshold elements. Rademacher-Walsh transform
Abitrsct: A method ii proposed by which binary logic functions arc resolved into multithreshold form.
It is bated upon an already existing design algorithm which involves spectral translations, and can be easily 
adopted for CAD implementation.
List of symbol#
n — number of independent binary input variables
X/ =  /ih input variable
«1 =  rth weight o f a multithreshold threshold element
— fth threshold of a multithreshold threshold clement 
m =  number o f thresholds o f a multi threshold threshtdd 
element
/Xx) =  /th output o f a multithreshold threshold element
/(x )  =  required function or output
/ '(x )  =  *kernal’ function
aj =  rth weight o f the kernal function
l | — /th threshold o f the kernal function
p =  number of thresholds of the kernal function
flfx) =  rth output o f the kernal function
* =  Exclusive-OR or modulo-2 sum
1 Introduction
Previous research work in the area o f majority and threshold 
logic has been largely mathematical (1—6 ], being constrained 
by the nonavailability o f viable threÀold^ogic and other non- 
Boolean (nonvertex) logic gates. The potential power and 
discrimination o f threshold-logic relationships has been 
extensively considered, but without viable circuit realisations 
the commercial dominance of the Boolean basis o f present 
digital systems cannot be challenged.
However, recent research and development in semicon­
ductor technology has increased the possibility o f commercial 
circuit realisations for non-Boolean logic gates [7 ,8 ] . Develop­
ments in both I 'L  and CCD technology appear particularly 
relevant, CCD in particular appearing to offer a direct promise 
towards "weighted' digital signals and thresholds such as 
are involved in the summation and detection requirements 
of threshold logic. Hence it is not irrelevant to again consider 
synthesis techniques using non-Boolean relationships as a 
parallel line of research to the wider areas of semiconductor 
technology research.
On the theoretical system synthesis side, previous work by 
Edwards and others (4 ,9 ] has shown how the Rademacher- 
Walsh spectral coefficients may be used to classify functions, 
and that all Boolean functions may be synthesised using 
optimised threshold-logic gates together with a small number 
of Exclusive-OR gates. As an alternative approach. Haring 
and others (10—12] have shown that all functions can be 
realised with a multilhreshold threshold-logic element, and 
in particular have tabulated all 221 optimised multithreshold 
I'unctHMis corresponding to the NPN classification for n < 4 .*
*Ttir NKN cU iM rktlM M  m a w»r«fis o f  aim llar lap o tu g y  func*
iHBfi» I tag rlh rr whkrh arc ffcUlrd ky  th e  f«»IU>wMg th ree  vpcralioflit: 
NcgatMM# |c4»m plcm ciilal*v«) «»f th e  MpMt emriebtem, ferm wlatW m  o f  
th e  m puf varieh ir* . awcl NcgalHin *»f th e  overall fuoclMMi |  1, 4 | .
f a p r f  I fci'erved  3 rJ  Naavemher IfftO
Mf. pK'laao M w ith  th e  Ki*h4M»l #af KJcclrtcal h ^ g io ec riag . Umlverwty 
111 H ath, t*1avrrt«»M l>4>wit, H ath. HA3 lA Y , Koglamd
IW  !2H, n  f .  M l J . M A Y /V A /
Thus in total this tabulation covers all possible 65536 func­
tions of four or fewer variables.
These two approaches are illustrated in Fig. I. Two 
features in connection with the multithreshold topology 
of Fig. 16, however, should be particularly noted, namely:
{a) The multi thresh old outputs progressively switch from 
logic 0 to logic I with increase in gate input summation
Z apcf, as shown in Fig. 2a. The multi-input Exclusivc-












FI#. 1 Two threshold-logic approaches to logic synthesis
a Spcclfxl Iranxlaliou design topology, generating a kernal ruiiclion 
with pra- and potl-Exclusivc-OR and/or Inverter gates 
a Multilhreshold element design topology, with post threshold 
combinatioaal requirements oniy
OR interrogating these outputs therefore provides a final 
output as in Fig. 26.
(6) It will be seen that the output Exclusive-OR logic 
never has to cater for the output condition — 1 with 
f| =  0, and hence this output logic may be realised by half- 
Exclusive-OR relationships (4 ], iz . (/X x)/t* i(x)] rather
fhxn l /X x ) /ie i(x )+ /X x ) /, , , ( x ) ] .  Therefore instead of 
the full Exclusive-OR gates required by the spectral trans­
lation synthesis methods o f Fig. le, much simpler half- 
ExclusivcOR gates such as sltuwn in Fig. 2c are possible 
with multithreshold synthesis.
This paper therefore pursues this latter approach, with 
its simpler Exclusive relationsliips, but with the possihly 
more complex multithrcslutld kernal. f  if cuit designs for 
niulli-thrcsliold gates have been ciMisidcrcd by previous 
authors (2 —4, 13], particularly in Digital Summation 
Tliresltold Logic (DSTL) array form, but llte (xtssibilily ot 
a nntre viable rcalisaliiMt in (XT) Icchnology arises if prcsenl 
developments in this area continue. In ; «articular (XT) has 
inltereni properties which offer ihe possibility «if including 
ntttrc than mte «»ul;*ul Ihrcsliold wilhoul greatly increasing
IH4.I in n ilK ilit .t i tu n  » t n  t tn  w;/« 1117
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1 16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Yes
2 14 2 2 2 2 - 2 - 2 - 2 - 2 - 2 2 2 2 2 2 - 2 Ve*
3 12 4 4 4 0 - 4 - 4 0 - 4 0 0 4 0 0 0 0 Yet
4 to 6 6 2 2 - 6 - 2 - 2 2 - 2 2 2 2 - 2 - 2 2 Yes
5 8 8 8 0 0 8 0 0 0 0 0 0 0 0 0 0 Yes
6 8 8 4 4 4 - 4 4 - 4 0 0 0 0 0 0 4 4 Yes
7 6 6 6 6 6 - 2 - 2 - 2 - 2 - 2 - 2 - 2 - 2 - 2 - 2 6 Yes
R 4 4 4 4 4 4 4 - 4 - 4 4 - 4 - 4 — 4 4 4 4 No
I ntrics I. 3 and S arc for functions of n < 4 variables, whereas entries 2, 4, 6, 7 and I  arc for functions of exactly rr = 4 variables. Also entries 
I to 7 arc all lincarly-scparable functions, with entry I  as the only nonlincarly-separablc entry.
the gate complexity, which it i  powerful attraction over 
previous concepts. This is currently being researched by 
the author.
2 Developmemis
The tabulated methods of synthesis noted earlier (10] are 
restricted to a maximum of four input variables (n =  4), 
due to the nonavailability o f tabulated data for n > 4 .  The 
developments disclosed herewith, however, extend the 
spectral translation methods of Edwards et al. (9] to give 
multithresliold realisations, giving multithreshold results 
comparable to the n<4 tabulated results o f Haring, but 
which may be extended to functions of n >  4.
Consider the case o f four-variable combinational Boolean 
functions. Using Rademacher-Walsh classification procedures, 
all 6S536 functions o f ft <  4 can be compressed into the eight 
positive canonic entries detailed in Table 1 (4 ,9 ] . Thus 
all ri <4 functions can be made with the network topology 
shown in Fig. la, the pre- and post- kernal operations of 
b.\clusive-OR and Inversion corresponding to the operations 
involved in the spectral classification procedure (9]. Only 
one design of non threshold kernal is required for n <  4, 
to cater for functions covered by the classification entry 8 
ol Table 1.
For /I >  4 there remains the same possible threshold or 
nonthreshold topology o f Fig. la , but now there is a require­
ment for more than one design of nonthreshold kernal to 
cover the many nonlinearly+eparable functions which are 
present in n >  4 canonic classifications. However, as already * 
noted, any Boolean function o f n variables, where n can 
be any value, can be made with the single multi-output 
threshold topology o f Fig. 16, provided it has appropriate 
weights and suflicient thresholds and half-Excluslve-OR 
relationships on the outputs lo distinguish each threshold 
output (1 0 .1 3 ]. This will be our objective in the following 
developments.
Conversion from the first to the second network topologies 
sliown in Fig 1 involves the three following operations:
(a 1 conversion into multithreshold form of functions
requiring disjoint spectral translation, that is the postkcrnal
l:xclusivc-OK of the kernal function output f\x) with one 
for more) of lire x, input variables
(6) cMiversion into multithresliold form of functions
requiring i i i^ l  spectral translations, that is prckcrnal
I'.xclusivc-OK s o f one or more of the x, input variables lo 
create a new input variable set lo the function /  (x)
f« I conversion into multithresliold form of any non- 
llircslnild kernal fimclhNi f'tx).
Any given function f{x) may require some or all of tliesc
three operations to be applied if it is not inherently a single 
or multithreshold function in its own right.
To consider the above operations for our present pur­
poses, first let ua-recall that the Rademacher-Walsh spectrum 
j ]  of a n-variable combinational logic function f{x) is an 
alternative representation o f its truth-table vector 6 ] of 
2" elements (4, 14]. The spectrum is formed by the multi­
plication of 6 '] with a 2" X 2" transform matrix, [F ], that 
is:
i n n  = 51
where the square transform matrix (F] is (usually) the 
Rademacher-Walsh transform, and F ] is the truth table 
o f the given function, but recoded <+ 1 , - 1 )  from the more 
conventional (0 ,1  >. The resulting numbers in f ] , the spectral 
coefficients, uniquely define the given function f{x), and 
represent a set o f correlation coefficients between the 
individual inputs and combinations of inputs o f the function, 
and the function output. If a function is a threshold function, 
then the primary coefficients, i.e. the first n +  1 coefficients, 
are equivalent to the Chow parameters found in published 
tables (1 ,4 ] , and can be used to read off the weights and 
threshold required to realise the function.
The theory and use of spectral methods in the design 
of combinational logic circuits may be found in published 
literature (4 ,9 ,1 5 ] , The inverse transformation from the 
spectral domain back to the two-valued domain, namely
( F ] - ‘5] =  F]
is readily available.
The relationships of the spectral coefficients of functions 
/ ’(x) and /(x ) , see Fig. la , under the above three operations 
wUl now be considered.
2. /  Disjoint spectra! translation
Disjoint spectral translation is the modification of the output 
o f the network f\x), where /(x )  = / ’(x) ®x,; this operation 
results in the interchange o f pairs of primary and secondary 
coefficient values as follows between the spectrum uf f'{x) 
and fix) as follows:
r, -  Xo
ft, " r,
etc
Til is may lie restated as: in all 2" coefficients append r if 
it does not appear and delete it if it is already present.
In Ibis s itu a tio n  we consider llic finicliori fix) is not
lEh tMiH:. v,d. I2M. rt t:. N». t. ua * /w /
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linearly jeparable but the function f'(x) is. Thu: / '( x )  can 
be represented by a weight threshold vector of
— rrg$rr%,.. .  ^
If a multithreshold wlution can be obtained it will be in 
the form of
fix) =  ( / i ( J f ) « / j ( x ) * / , ( x ) . . .* / ^ ( x ) }
which in weight-threshold vector form is
fix) f f n f 1 1 • • t^m
where / , <  r , <  t j  < . . , < / „ ,  see Fig. 2 
It can be shown that a possible solution is
ftix) = f\x) + x,
fi(x) * f\x)xi
f i i x ) * f s i x )  =  ( / '(x )  + X,) • / '( x ) x ,  =  / '( x ) * x ,
The weight-threshold vector corresponding to these functioru 
is
f i x )  = a \ , a \  fl(' +  c  +  c
where c (assuming all weights are positive) is given by 
c >  r '- f l , '
c > Y. *1 + 1t>i
both must be satisfied
outputs ((■) f |t l )  ^(«) ()(■) <«(■) <$(>)
/O “ îf . . .
outpcrt l(«)





Fi*. 2 MuhilhrrthttU relalumshipi v f  Fig. /.
w «Mtlpul* / ,  (jr) «I . / ,(< >  mt » , . «»: ##MltWh»«mlw«W
h K iiiuuve-O K  w ulpu l tfufH tl>c m i w t l i t «Mitpwl» / , ( « ) .
f.Ui......
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I MU put /t I I
In other words, the original weight a / is raised by this amount 
c and another threshold is added equal to the original thres­
hold r* raised by the same amount c.
The same method applies when more than one input- 
variable is fed forward and Exclusive-OR'ed with the function 
f '(x ) , e.g. with three input variables fed forward we have
fix )  =  / ' ( f ) » x ,  *x ,*x&
Here we find that
A x )  =  f i i x ) » f i i x ) » f i ( x ) » f 4 ( x )  
where
A  ( j f  )  =  A x )  + X ,  + X j  + X &
A ix ) =  f'ixXXl +Xj + Xg) + x/xy +  Xfc) + XyX*
A ix ) =  / ’Wljf|(Xy+Xfc)-»^XyXfcl +X,XyX*
A i x )  -  / ’(x)x,XyXfc 
or that if
f  ix)  ^  *1 i *a I • • • t *11 */• *& I - I *m I ^
then
fix) -  t \ ,a \ , . . .  ,ai + c.c'j + c.a,, + c  a\ 
/ ' . r '  + c . / '  + 2 c ,/ ' +  3c
where c (assuming all weights are positive) is given by 
c >  f '  —«r and c >  ^  « 1 + 1 —«J —r '
all must be 
satisfied
c > / * —tfy a n d c >  Ÿ * 1 + 1  —«y — f
c  >  / ’ —« i andc >  ]T « J.+  1 —« i ~ #'
Example I in the following Section shows the application 
of this numerical procedure to determine the required input 
weights and output thresholds.
2.2 Input spactn! transiêtion
Input spectral translation (9] is the replacement of any 
input variableX| by the Exclusive-OR signal Xf *Xy,i # / # 0 ;  
this operation results in the interchange o f all pairs of primary 
and secondary coefficient values which contain i in their 
subscripts as follows:
n •* ru
Fra ** Fyfc etc.
with and all other coefficients which do not contain i in 
their subscripts remaining unchanged. Tliis may be restated 
as: in all coefficients which contain the subscript i delete y 
if it also appears and append it if it docs not.
In this situation wc consider the funclMNi J\x) is not 
linearly separable but /  (x) is. T1ius/'(.r) can he represented 
by the wcigfit-thresliold vector thus:
/'(X) = *'i.«'i....... *;.«;........* :;/
'n»c multithresliold solution would lake the form ol
fix) = {/i(-v)"*/i(x |"-/.,(.r| .
IF FtH IK .. I ,*  UX. Ft. A. yv« J. MA f  /V X /
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A possible solution to this is
/ i ( x )  =  / l o ( x )  +  X , + X y  
/ j ( j t )  =  X | +  Xy
*  x j \ o ( x )  +  X y / i , ( X )  +  XyXy 
/ « ( X )  =  X ,X y 
/ , ( X )  =  X , X y / ; , ( x )
where / o o ( x ) ,  /o i(x), /,o (x ) and f[\(x) are obtained from 
a Shannon decomposition of/*(x) as follows:
f \ x )  = X ,X y /o o ( x )  +  X ,X y / i ,  (x) + X ,X y / |o ( x )
The corresponding weight threshold vector for this solution 
(assuming all weights are positive) is
f i x )  5  f l ' i . f f * ,  Y  * 1  I .  Z  * 1  - * ! +  X.
* f l u
Tlie thresholds r, lo r ,  can be either calculated separately 
by simply stepping through the truth table of the function 
or. alternatively, values can be computed as follows:
/i = / ' — ( / '— Y  +L>|
included ifr' > I  « 1 1Cm\
/ j  = / ' +  ^  «1 — 2«J—«ÿ+ I + ( o J —/')
L m t -------------------------------------- ------------
included if «Î >  / '
t4 =  2 ^  « 1  — 2«î —«y +  2
t « l
Then (iisuming all weights arc positive)/ ( j )  is given by
“  fllifljl****fliiflyi****fln*^lt^ja 
* * • 1 ^ 3#*  I - ( - I
where
fli *  fll when 1  "= I tow 
*r “ Z *1 ~*r *“*/ + I
«y = Z *1 “ *i + X 
S .- I
and
included if I'l >  ^  «1 —«Î —«y +  I
^  *1 -  «j + I included ifp  is odd
h - t\ + Y^ «1 -  2jJ -*y' +  I + (a ;- / ' , )
included if a] > t\ 
U 2 Y *1 “  2«y—fly +  2 included ifp  is odd
^s =  f  I +  2  ^  « 1  — 2 « j — 2fly +  2  +  (fl) — / Î  )
included if ay >  t\
~0s ~ Z *1 + *r + «y — I)
included if  r , ^  ^  «2 — — a! + I
ts = / '  + 2 ^  «2 — 2flJ — 2jy +  2 +  (aj — / ')
I." I ■ —'
included if«y> r'
II the original function / '( x )  has more than one threshold 
to start with, then each original threshold must be expanded 
into the corresponding five new thresholds. However, it 
will be apparent that the thresholds corresponding to the 
functions / j(x )  and /^ (x ) are independent o f the original 
thresholds; thus, if the original function has more than one 
Ihrcsliold, when each is expanded the second and fourth 
function of each expansion will be identical and therefore 
pairs «>f these functions will cancel out. In effect, tIterefiKC. 
each threshold expands into only three new ihrcsliolds except 
for the first which expands into five new ones if the original 
niiniher of thresholds is odd.
Tliis can be summarised as follows:
I X'l llte original function fix) have a weight threshold vector 
• tf
f i x )  = a',
fi -  fj +  Z «1 — 2«1 — 2«J —«j + I +  («J —r i )
t "  I '— '— '
included if a} > t\ 
f# = ri +  2 Y  *1 — 2flJ — 2fly + 2 +  (fly — ri)
t-i '—-—'
included if a] >  ri 
r ,  to r,i as r* to r ,  but with r i  in place of ri 
r ,;  to r,o as r* tu r« but with ri in place of ri 
fsa I t ‘“ t j , , , -4-1,» «  r* t o r ,  iM iiwiihrl 
in place of ri
lixampic 2 in the following Section si tows the aiqdicatiiMi of 
these arithmetic com|mlaliiMis.
In general, functhtns may be resolved using both disjoint 
spectral translation and in;rut sjtcclral translation, in whicti 
case the two nielhods dcscrilted wmild he used togctltci.
iF t:rn(M '.. fiJ . r jx .  n .  r . M*. J. m a  i /v.v;
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Note, however, that method I should always be applied first 
since this method can only be applied to functions which 
initially have one threshold. When this has been done the 
second method can be applied to give the final solution.
It must also be noted that since the stipulation that all 
weights must be positive has been applied throughout, careful 
attention must be given to ensure that inputs with negative 
weights are inverted.
Example 3 in the following section Illustrates these points.
2.3 Nonthreshold kernel furxtion
For n <  4 the only nonthreshold classification of functions 
is the so-called "all 4s* spectrum { 4 ,9 ], due to the fact that 
all its coefficients have the value o f ± 4 , see Table I. The 
simplest of the functions covered by this clasufication in
3 ExampI*: m u l t i t h r e s h o l d  s y n t h e s e s
3.1 Exemple 1
Consider the nonlinearly-separable function
fix) =  +x,x% x, + x ,x ,x ,
Its spectral coefficients are given in {a) below. In order for 
this function to have a threshold-logic kernal, spectral trans­
lations are required to give the magnitudes 4, 4, 4, 12 in the 
primary set of coefficients. Disjoint spectral translation 
with input x , and with input Xj is therefore implemented, 
giving the results detailed in (h) and (c), respectively.
(c) is now linearly-separable, as may be confirmed from 
published data [1 ,4 ] . The corresponding 6, and fl) weights 
are shown in {d) and (e), giving the disjoint single-threshold 
realisation of Fig. 3a.
Fft F| Fa Fa F4 Fll F|S F|4 Fu S4 F»4 FlU F|J4 F|)4 Fjm FiIJ4
(*) 4 - 4 - 4 -  4 0 4 4 0 4 0 0 12 0 0 0 0
(6) - 4 4 4 4 0 - 4 - 4  0 12 0 0 4 0 0 0 0



















/ ' - I , see Fig. 3«
terms of weights and thresholds is the canonic function
/ f x )  «  X , X j  •  X , X 4  * X , X 4  * X , X 4  * X , X ,  * X % X ,
which has a spectrum of
1^1 1^1 1^4 ^SJ f(»4
Correction of the negative aj weights give the modification 
shown in Fig. 3b. Finally, conversion o f this realisation to 
the required multilhreshold form is given in Fig. 3c, where 
the required multithresholds are determined using the above
However, in a multi threshold form it can be realised by 






All other functions in this class can now be obtained by 
using suitable spectral translation, Ix. Exclusive-OR’s on 
appropriate inputs. Thus this function can be thought o f as 
the positive canonic function covering all the *all-4s* classified 
functions.
For M >  4 the problem o f finding canonic non threshold 
functions in multilhreshold form is more difficult since 
there would have to be a large number o f them (for n <  6 
there would have to be >  69000). It is llterefore proposed 
that if a function is found to belong to a non thresh old class 
then it should be artitrarily decomposed about orte or more 
input variable so that each part o f the decomposed function 
can be transformed in single or multithreshold form using 
the previously described ntethods.
F if l .  3  Muliithrethohl ty ithcH t o f  
fiat =•
•  t X « M # r  • p a c l i s l  I f a n r U l t u i i i  tM  f i r a M  t u n c I t M  / ( < )  
a  C a r r a c l t o m  of i> « (a l iv «  tm p w l w c i f h r f
r  T r a n a l a l k m  o t  ft t n l u  m a t n f i c  m u n i l k r a a f t .U a  t« a lU a < k m
n:t:FK(*C.. I2H. n. f . No. J. MA r  1981
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ilevclopmcnts, namely 
t >  / ' - a ' ,  = 2
f > t - a \  = 2
f  >  fl'j + fli fli +  I — / ’ =  I
c >  J*i + a J + «4 +  I ~  / ~  I
Its spectral coefTicients are given in (a) below. Input spectral 
translations shown in Fig. 4a give the spectral coefncient 
revisions shown in (6) and (c), giving a single threshold kernal 
in this phase o f the realisation.
Elimination of these two input spectral translations by 
multithresholds give the two subsequent multithreshold 
realisations for / ( o r ) ,  shown in Figs. 4b and c, respectively.
fa ft ft fi fn fti »’|4 f7J fa* fa* ftaa ^ 114 fta* fta*
(a) 0 4 0 4 0 4 0 —4 4 0 —4 0 - 4 0 12 0
(6) 0 4 4 4 0 0 0 - 4 0 12 - 4 4 0 0 0 - 4
(c) 0 4 4 4 12 0 0 0 0 0 0 4 — 4 —4 - 4 0
whence c = 2
Therefore the final required input weights and thresholds 
are:








a, = 1 + 2 = 3




It *  3
f; = 3 + 2 =  5
rj =  5 + 2 =  7
3.2 Example 2 
Consider the function
l\.x) =  x j j r j j r *  + x , j r , X 4  + x , x , X 4  + x , x , x , X 4 











f ( i )
•j
f  ##. 4  M lnttitfirrsinfiJ ty m tk c M  o f
a  Ih |» w I •»#! tk tf  f i v c n  / i J r )
h  Ka MWavml aaf flbr ftp cc l* » !
(e) a* a; a j a j a4 
0 1 1 1 2
3, s e e  Fig. 4 a
3J Example 3
As a final example which involves both input and disjoint 
spectral translation in order to achieve a threshold4ogic 
kernal function, consider the function
/ k )  =  J f , X ,  + X , ( X ,  + X 4 )  +  X } X ,X 4
1(0
■ J - f “3oJ-------
1(0
— D>®" 
—0 - ! (■)
F if. S MuliiihrriholJ sym hrtit t>f 
f ix }  = jT.jr. ♦ £ ,(£ ,  • / . )  ♦ jr,
M tm p u l «m«l Ir M u ls li iM i <>« Ik *  giw rm  Im hcIhm * y<Jr>
a  (  w i e r l w m  » r  n c i ia l iv c  titfH ti w r i ( k l  
r  M r m o v a l »r I k e  » u lp w l  UisjiHM l i f t c v lr a l  IrandalM M t 
a  H c m t n d  ,» f I k e  k i|«w l * r * t l im l  lfM > iia li< M
113 rwrsr .. i .a /-X  /v. k  is/„. j. aiA v
2 0 0
The input spectral translation and the disjoint spectral trans­
lation to give a threshold-logic kemal are shown in Fig. Sa, 
the spectral coefficients of the given function and the result 
of these two translations being given in (a), (b) and (c) below.
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fit ' i  f» ft f* fti fH fu fu fu ''lU I^S4 flM fu* f IIM
(«) - 4 4 8 4 0 0 - 4 0 8 4 0 0 4 0 —4 - 4
ib) 8 0 - 4 8 4 4 0 4 4 0 - 4 - 4 0 —4 0 0
ic) 8 4 - 4 8 4 0 - 4 0 4 0 - 4 0 4 0 0 - 4
(d) bo b | b j t s be
8 4 - 4 8 4
(f) «0 a\ a'l «1 « 4
3, see Fig. Sj
2 1 - 1 2  1
Correction of the negative weighting value for a% is shown in 
Fig. 5b. Elimination o f the output Exclusive-OR is shown 
in Fig. 5c where c must obey
c >  t'-a’i *  3
C >  fl| +  flj +  «4 +  1 ~  “  1
whence c =  3, and finally the elimination o f the input spectral 
translation is shown implemented in Fig. 5d.
4 Oiicuition
The methods described provide a fast arithmetic means of 
obtaining a multi threshold solution. In practice it is often 
found that several alternative spectral operations may be 
used to synthesise a function, each method possibly giving 
rise to a different number o f required Exclusive-OR gates. 
Work has been done on which is the best to select, a full 
treatment of which can be found in Edwards [16]. However, 
no work has been done on which to select to  pve the best 
set of weights and thresholds in multi threshold form, the 
*best* usually considered as being the minimum integer values 
for the weights or the minimum number o f thresholds, and 
hence this remains an area o f further research.
The examples shown give an indication o f the values o f 
the weights and thresholds obtained using this method. In 
comparison with the minimised results of Haring et at. and 
Mow et al., it wOl be found that they differ only slightly. 
However, this method can be applied to functions of greater 
than four variables.
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HIG H-SPEED PR O C E S SIN G  O F SERIAL 
INPUT LOGIC DATA
tndexinÿ terms ; Logic and logic design. Serial data processing
A method is presented which enables Ihe synthesis of a serial 
input logic processor lo be obtained quickly and simply. The 
synthesis gives a solution which uses modules previously 
used in the design of general synchronous systems.
hiroJuclion: Rcccnl work'~* has indicated a need for Ihe 
efTicienl high-speed processing of logic data where the input 
and output are in a word-formatted serial stream. This is 






Fig. I Schematic diagram o f a serial logic processor
Fig. I shows a schematic representation of a serial processor 
where a function /(.t) is produced from an n-bit input word 
after a delay of A dock pulses from the time of the last bit x. 
entering the machine. The output word therefore consists of 
only one relevant bit. the remainder being ‘don't care’ terms.
It is desirable to indude the following features in ihe design 
lo maximise speed and efficiency:
fi) direct serial processing, ix. no internal conversion from 
serial to parallel data
(ii) no resetting between words, thus saving a dock pulse
(iii) minimisation of the delay A, the minimum solution being 
A w I
(iv) minimum set of logic drcuit types, e.g. modular design 
(V) maximum speed modules if  they are to be used
(vi) simple design strategy, e *  utilisation of the don’t care 
terms.
If the processor is considered as a typical synchronous 
machine with one input and one output, then it has been 
shown* how to obtain a realisation using the modules of Fig. 
1  with a delay A of one dock pulse, thus satisfying conditions 
(i) to (iv). It has also been shown' * how a high-speed bistable 
with a two-input variable universal-logic-module at its input 
can be built using ECL. which can be used as the module of 
Fig. 2 to satisfy condition (v). Finally it has been stated that a 
design procedure exists;* however, this procedure takes no 
account of the (a — I) don’t care terms at the output of the 




Fig. % Ijtgic module
IHt + I) ,  t t / t  + xHUn
However, a m ethod has been developed^ which does take 
account o f l)>e do n ’t care lerms in Ihe general solution o f 
syiR-hronous circuits. This letter therefore presents a design 
strategy ha.scd on the  above ntcthod but which relates m ore 
directly with the protdcm  at k in d  This simplilics the design 
procedure greatly, satisfying coiKlition (vi).
Design proteJurs': A  reverse response tree sim ilar to  that o f 
Keferencc 7 is used, tvwt which has a dilferent labelling system 
which greatly im proves Ihe simplicity t>f the design. First, a
148
node is drawn and labelled with the Boolean expression of the 
required function, as shown in the Example. This node then 
branches into two more nodes, each of which b labelled 
according lo the decomposition of the function about the 
variable x„ the left node corresponding to x. — 0 and the 
right node corresponding lo x, — I. Each of these nodes 
further branches, thb lime about the variable x ,_ ,. obeying 
the same rules as before. Thb continues until the final 
branching about x, b reached.
At each level of branching some of the nodes may be 
pruned’ in accordance with the following rules:
(a) A node b pruned if it b  labelled with a 0 or a I.
(/>) A node b pruned if its label/ ,  b the same as the label/j of 
an unpruited node on the same level, i.e. / ,  —
(c) As (h) but w ith /, » / , ,  ix . Ihe inverse.
A pruned node thus becomes a terminal node, ix. its 
descendants are eliminated, and its label is underlined to 









Fig. 3 Example:/{x\ -  (.%, O  x*). (.Xj ©  x^) + (x, ©  x^ ©  x.kx. 
a Reverse response tree 
h Modular represenialion
Figs 3o and h show an  exam ple o f the design procedure to 
synthesise a particular furtction. it b  instructive to  go th rough 
Ihe procedure step by step to  ensure com plete uitdcrstanding. 
Required function
f i x , .  Xj, X,, Xt) -  (X, ©  X,) . (X, ©  .V4 )
+  ( X j  ff i  Xji ©  .X4 ) . .Xj 
-  X ,  X j  X ,  +  X ,  X ,  X ,  +  X j  X j  X^ +  X j  .Xj, X4
Step I : Decompose the function about the variablex*:
/(  V,. Xj. Xj, I)) = X, Xj
/(V ,. Xj. I) = X, X, I X. Xj I X. V,
(.ahcl llte left tlescenJani node x, x ,  am i llte righi dcsccnJani 
node X, Xj + Xj t j + X jX j.
O teck  whet Iter any o f rules (</). (h | i*r (1 ) applies lo  Ihese I wo 
labels. In I his instance they d o  mti
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Step J : Decompose about.
/( V,. Xj. 0. 0) «= 0 
/(X ,. Xj. I. 0) =  X,  
f i x , .  Xj .  0. II =  X, +  Xj
/Ix,. X j .  I .  I )  =  X j
Label the nodes from left to right accordingly.
On checking it is found that n o d c /(x , .  Xj. 0, 0) is pruned 
according to  rule (o|. It is therefore underlined, indicating that 
no further branching will occur from that node.
Sh'p .1 : Decom pose about Xj :
/ Iv , .  0. I. Ill = X, 
f i x , .  I. I. 0 | =  X ,  
f i x , .  0. 0. II =  I 
f i x , .  I. 0. I) = X,
/(X ,. 0. I, I) »  0 
/ I x , .  I. I. II »  I
Label the nodes accordingly.
This time five nodes arc c lim in a te d :/(x ,. 0. 0, l | . / ( x , ,  0, I. 
II and f i x , .  I. I. I |  are all pruned by rule (ok e ith e r /(x , .  0. I. 
0 | o r / I x , .  I. I. Ol by rule ih) lit is imm aterial which), and 
/Iv,. I. (I. 11 by rule (c|. F.ach o f  the rxnles is llicreforc 
underlined. NiHe that only nodes on the Kimc level clfect the 
pruning.
Su’p 4 : D ecom pose about x , :
fiO.  0. I. 01 >  0  
/ 1 1.0 . 1 .0 1 -  I
K o lh  n o d e s  a r e  p r u n e d  b y  r u l e  (< i|: t h u s  I h e  b r a n c h i n g  c a n n o t  
c o n t i n u e .
Each nonterm inal node is now converted in to  a m odule. 
The module receives at its inputs A and B either the ou tpu ts  
of preceding m odules in the same m anner as the branches of 
Ihe tree, o r a logical constant 0  o r I if the preceding node is 
labelled 0  o r I. respectively. If a  preceding node were prurted 
due lo  rule (c). then the m odule would receive the inverse of 
the output o f  Ihe preceding m odule. All rmxlules thus have 
I heir x inputs connected lo  ihe m achine inpul. and  the design 
procedure is com pleted. This final design is illustrated in Kig. 
yh.
Conclusion.s : T he  m ethod described provides a fast and simple 
solution lo  the  problem o f serial processing, as is 
dem onstrated in the example given. In com parison with o ther 
approaches' * it shows som e features which are  an 
im provem ent such as ihe delay lime A and in certain cases a 
reduced num ber o f mtxlules. In fact, a useful feature is that an 
upper limit can  he shown lo  be 2* ' for Ihe num ber o f 
modules that a rc  required, where n is the num ber o f  input 
variables.
Finally, it is interesting to  note tha t recent work*'* on  Ihe 
design o f parallel input com binational logic employs a sim ilar 
approach to  this serial input logic synthesis, i.e. a tree 
structure and  a m odular realisation approach. It is therefore 
possible that beneficial features o f cither approach could be 
inter related, which leads to  a  prom ising area o f  further 
research.
Kefcrenees
1 xiN'KS. r. V.: Pipelined comhinulional circuits for high speed serial 
data'. Tcleeonimuniealions G rinip report I5K. University of Fx.se>
2 liAWS. II. I'.: 'Realisation of mode controlled serial processing
systems'. Teleeonimunic.itiotis G roup report 159. University of 
I sse%
5 HAWS. i>. 1'. and d in » ,  t.. v.: 'Hardware dficient bit sequential
adders and multipliers using mode controlled logic', hlertrim.
U i l -  I9K0. 11, pp. 4 .M-4 .V1
4 HAWS, u  ( _ and m in is , e. v . :  'Mode controlled serial logic
systems'. l*roc. IKbK int. symp. on circuits and systems. Chicago. 
April 19X1. pp. 902 905
5 Nl.wH(mN. la. w.: A synthesis technique for binary input-binary
output synchromius sequential Moore macfiines'. IEE E  7runs_
I9fdt. ( 1 7 ,  pp. M l  fi*>9
fi MINIS. K V.: 'High-speed transistor bistable circuits'. Elnirtm.
f a i r .  1976.12. pp. 575-576
7 w ill lAMS. li. II : I Iniforin ileconi posit ion of incompletely specified
sequential machines'. IEEE Truns.. 1975. (  24, pp. K40 *45
X AKKMS. ». a.: 'Hinary decision diagrams'. iWJ., 1978. C-27. p p .
509-516
9 i-KKT. w. i_: A sequential approach to combinational logic
design'. Rm/io Eln-ir>ni. Ettg.. 19X1. 51, pp. 479 -504
A fkm m lcJgnurn i : This work has been pursued under UK 
ScieiKe & Engineering Research Council scholarship 
79510262.
P. D. PICTO N
SehiMtl III E ln lrk  al Exgimvring
( wii iTMt I of fkrrh
i'liiri-rliMi Oimn. Hath BA2 7,4)'. EngUitiJ
7ih Deritnher IVXI
ELEC TRO N IC S LETTERS 4 th  F eb fu ë ty  1982  Vol. 18  N o. 3 149
203
Realisation of multithreshold threshold-logic 
gates using charge-coupled devices
P.O. P ic ton . B.Sc.
Indexing termt: • Logic galet, Threthoid logic, CCDt
Abftiaci: A threshold logic gate is described which uses as its core a charge-coupled device. It is shown that 
the CCD is suitable for this application because of its ability to (a) quantise charge input to a gate, (6) add 
charge packets from different gates, and (c) permit conditional charge overflow to occur. The peripheral 
circuitry employs compatible MOSFET circuits, so that the entire gate can be made in integrated circuit 
form. The gate is voltage programmbale.
1 Introduction
Charge-coupled devices (CCDs) are very suitable for LSI logic 
design because o f their high packing density, low power 
consumption, and their MOSFET compatibility. Previous 
authors (1 -6 ] have shown that it is possible to perform 
binary and higher-valued logic with CCDs and actual LSI 
realisations have been achieved. However, the fact has been 
overlooked that CCDs have inherent properties which are 
ideally suited for the realisation of a threshold-logic element.
In the following Sections, these properties and others are 
discussed and a possible design for a multithreshold threshold 
element is given. Its main advantages over previously con­
sidered gates (7 ,8 ) are its small size and the fact that it is 
voltage programmable.
2 Threshold logic
A threshold-logic gate is a device which receives binary inputs 
and yields a binary output, but unlike vertex gates it does not 
obey Boolean algebra; instead, it obeys the arithmetic 




I i f  Ÿ.  >  f  <■1
0  o therw ise
( I )
is a binary input 
at is an integer weight associated with ar,
/  is an integer threshold 
ft is the number of inputs 
f(x) is the binary output or function
Fig. I shows a typical symbol for a threshold-logic gate which 




Fi# 1 tienrrai Ihreshtdd Utgic gale tyinhid
l*a|>rr lfc27K. ftrsl «rt'rivr«l M arvh »*&* t«i rrv n c il  r«ivm 27 lh
Ah( u>I IVKI
Ih r  s ii iImw m w illi llic  ScImmiI »r K.IrrlrH'al F'.n#m crrm #, I ln iv rtH lir ««t 
H ^ h . Halh IIA2 7A V .
can being termed ‘linearly separable*. In order to perform the 
nonlinearly separable functions, the number of thresholds in a 
device must be increased and each output passed through an 
Exclusive-OR gate as in Fig. 2. This arrangement now obeys 
eqn. 2:
fix) »  I ifijy  >  E  a,Xi > r,y_, <•1
fo r/ = 1 ,2 , . .  
f(x) - 0 otherwise
12»
Thus, any binary function can be realised using a single or 
multithreshold threshold-logic device, providing that suitable 
weights and thresholds and cxclusivc-OR gates are available 
19.10].
*2 0 -
F it .2  General realisation o f  function f ( s l  using multithreshold 
threshold-logic gate and mdnpul exdusive-OR gate
In order that a particular device is able to perform
threshold-logic operations, it must have the ability to {a) 
provide the integer-valued weights and thresholds, (6) sum the 
weights and (c) compare this sum with the threshold values to 
give the relevant 0 or I outputs. The following Section will
now demonstrate how CCDs can provide each of these
requirements.
3 C C D iIll. 1 2 .1 3 .14J
Fig. 3 shows a cross section of a typical CCD under a single 
gate, where it can be seen that its structure is similar to ihe 
gate o f an MOSFET. If a positive voltage K, is applied to the 
gate, then a depletion layer is created immediately beneath the 
gate extending into the substrate. If the gate voltage is 
increased, the depletion layer extends further into iIh* 
substrate until a point is reached beyond which a thin layer ol 
negative charge can he stored at the scinictHidiiclor/o.\i<le 
interface, this layer of charge lieing equivalent lo the in v e rM o n  
layer in a MUSI'El'. It is in this region that iIk* ('CD i>|K-tale>. 
the cliarge being rt.sc'tl eiltiei lor digiial sloragi or a\ j
rcprcsciilatitHi ol an atiahrgoe signal.
A simple niiHlel of a ('('D ean Ix used, since it is loninl ibai 
the surface {xHcrilial ilecreasr s ahiiosi linearly as the anionni 
irf charge rrnder lire gale nicieascs. lin ts, the area iinnieilialelv 
under the gale is known as a "well . lire charge in this well rhen
I t . t  rU t tC .  ! '« / . I 'V .  n  F . AT.. ./. M A Y  /V.V.»
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being analugous lo a liquid, and the surface potential being 
analogous to the depth or distance from the ‘top* of the well 
to the surface of Ihe liquid. This ‘depth’ of the well is related 
to the applied gate voltage K,, and the maximum amount of 
charge that can be stored in a well, known as its charge- 
handling capacity, is given in eqn. 3; by a first approximation 
this expression reduces to eqn. 4. However, if the adjacent 
gates have a voltage applied, as in Fig. 3, then the 
maximum amount of charge that can be stored under the gate 
is now reduced to the value given by eqn. S. This is selfevident, 
since, should any more charge enter the well, it would over­
flow into the adjacent wells.







Qmax »  the charge-handling capacity. Cm oxide capacitance, 
A area of electrode, F, gate voltage, Vj- threshold or inverting 








f i e .  3
I I
O on-sectkm  o f  CCD under ginfU electrode
m Creation o t  depletion region on application o t  potilive voltage 
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Fi#. 4 Clocked charge transfer hetween tw o  electrodes
a f l is ra e  is s to re d  in  welt n n d e r d ,
h  and r  # ,  goes Srom  low  voltsge to  Irigb voilage, end  so  I'bargv flow s 
in to  weH y n d e r  T he resuH la th a t  Ihe  charge d islrihw fes its e lf
ey  W atty un d er e a ch  e le c tro d e
d  and  r  goes f ro m  high vrdlage lo  tow  voltage, ao  lh a l  rem ain ing  
charge un d er p ,  flo w s in to  wvH u n d er p ,  f .1 phase ch ick in g  sy s tem  w aveform s
Charge stored in this fashion in the well can then be 
transferred to other wells within the device. This is usually 
done with a 3-phase clocking system, although 2-phase and 
other clocking systems are quite commonly used. Fig. 4 shows 
a typical transfer between two wells, and also the clock wave­
forms required to do this.
Some features particularly relevant to a threshold-logic 
device can now be discussed.






Fi#. S introduction o f  charge to  CCD
a Crosi seciMMi o f CCD showing source diffusion diode and electrodes 
C , to  C ,
a  Surface polenlial under each electrode showing charge overflowing 
C , lo  fill C, when voltage on  diode Is pulsed to  low value. Le. when 
*1  is logic I and the o ther NAND gate input is pulsed to  high value 
c  Charge spills back when voltage In diode returns to  high value 
d  Clocked transfer begins
(«) Charge input
Fig. 5 shows a method of inputting a packet o f charge of 
predetermined size. This is known as the charge equilibration 
or ‘filled-and-spUr method in which, initially, the input diode 
is held at a high reverse bias, then pulsed to a low potential 
which causes charge to flow into the storage well (7%. When 
the diode is reset to its high reverse bias, excess charge flows 
back leaving a fixed amount in Gg : this amount is given by 
eqn. 6:
Qt = C „A(V ,-V^,)  (6)
Thus a packet o f charge of fixed amount can be introduced to 
the CCD, this amount being set by the difference of the two 
applied gate voltages Fj — which is equivalent ot the
weight tti in eqns. I and 2. In order to get the product of 
a NAND gate is used with its inputs being jr, and the 
inverse o f the pulse previously mentioned, i.e. the pulse goes 
from a low voltage to a high voltage. While it is at the high 
voltage, if the input xt is also at a high volgage (logic I), then 
the output of the NAND gate is at a low voltage and the 
charge packet is introduced to the system. Clearly the NAND 
gate can be made using MOSFiîT technology and tliercfirrc be 
able to he on the same chip as the CCD owing to their 
compatibility.
(h ) Otargc summing
Fig. 6  sifows sclfcm atically  how  cliarge can  be iransfrrre tl from  
tw o  wells in to  one co tiin ion  w ell, p roviding tha t tlie charge 
handling  capacity  o f  tlie  com m on well is su flic lent to  hold  the 
to ta l am ount o f  charge, l l i i s  wm ihl also apply i f  iimmc than  
tw o  wells are sum m ed.
Ih tr t t tM - .  l o t  /.'V. n  h. No. J. U.4V ivx.’
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Thus
e» = Ol + Qi (7)
(f ) Charge overflow
Fig. 7 shows three wells. Charge is transferred from well 1 to 
well 2, and if the charge-handling capacity o f well 2 is less than 
amount of charge it is presented with, there will be an over­
flow of charge into well 3 via the barrier gate, which is merely 
a gale with a low potential. Thus the charge-handling capacity 
of well 2, which is set by the applied gate voltage, can be 
considered equivalent to the threshold value in eqn. 1, and 
the presence or absence of charge in well 3 can be considered 
as an output o f a logic I or 0, respectively. This could be 
extended, such that should the charge handling capacity of 
well 3 also be insufficient to store its presented charge; then 
there would be a further overflow of charge into a fourth well, 





Fif. S Charge tummatkm
Threihold-logic gate
Logic gates have previously been proposed, using CCDs which 
incorporate all o f  the above properties of CCDs (cf. the full 
adder o f Zimmerman et al, ( I ] ) .  However, these gates have 
been restricted lo using unity charge packets at the inputs and 
outputs to represent the digital signal. The proposed threshold- 
logic gate differs from all previous gates, therefore, in that it 
incorporates multilevel signals owing to the weights at the 
input. To date, the use o f  multilevels in CCDs has been 
generally avoided and, at most, four levels have been used 
(2 .3 ,1 5 ] , although up to 32 levels have been reported (16]. 
The reason for this is that it is difficult to differentiate 
between the discrete levels at the detection part o f  the circuit 
owing to various noises that occur in CCDs (11]. However, in 
the proposed threshold-logic gate, the detection at the output 
merely looks for Ihe presence or absence of charge in a well as 
explained in Section 3c. Also, the number o f clocked transfers 
have been kept to  a minimum, so as to reduce the transfer 
inefficiency. Thus, some of the main problems of using multi­
levels are overcome.
Fig. 8 shows the proposed threshold-logic gate, which has 
four inputs and five separate thresholds and outputs. The gate 
operates as follows: the four inputs are sampled at a specific 
point in the clock sequence and the products formed 
using NAND gates as described earlier. The charge packets are 
iticn clock transferred to the large central well GS wircre the 
cliatgc is siiiiiincd. and if this sum is greater than the charge- 
handling capacities of this well, charge will overflow into well 
(kt and possibly into wells (î7 tr> G 10. TIic charge brandling 
capacity of wells GS to G9 arc proportitMtal to the voltage 
applied at tlieir gales and are équivalent to the Ihrcsliolds in 
2 .
11ie charges (if any) in wells (ifi to GIO are then transferred
via the output drains into the capacitors C which convert the 
charge into a voltage. The output circuitry is shown 
schematically for one output only and consists of a switch, an 
amplifier and a sample and hold logic circuit, the latter being 
required to hold the output at a logic I after the charge has 
been cleared from the capacitor via switch S to be ready for 
the next output signal. All this circuitry can be readily 
designed using MOSFETs (17], including the final stage of the 
gate, namely the exclusive-OR circuits (18], and thus the 
entire structure could be manufactured on a single IC.
clocked
charge
o v e r f lo wtransfer
weU 3w e ll  1
trorrier 
gale
Fig. 7 Charge overflow principle 
5  Discussion
The CCD multithreshold threshold-logic gate would seem to be 
a powerful gate, owing to its small size, low power consump­
tion, MOSFET compatibility, and its programmability. 
However, it suffers some drawbacks owing to the inherent 
limitations of CCDs, such as its relatively slow speed, typically 
clock frequencies o f a few megahertz, and the very tight 
(olerancing specifications. As an example o f  the tolerancing. 
consider the previous gate.
Let the transfer inefficiency t  be defined as the fraction of 
charge left behind during a clocked transfer (11,12, 13.14]. 
Thus, after the transfer from the inputs to the well GS. ix. 
after four clocked transfers, the total charge entering GS 
would be:




£  the theoretical value 
1-1
The worst case can be defined as being when all the inputs arc 




Thus, in well CIO. one packet of charge should be found. The 
actual amount would be
Z «<(1 — <)* — f$ + 1
l - l
( l - e ) * / , - I ,  +  I
( 10)
l l i i s  a m o u n t  «>f c i r a i* »  i s  l l i c i i  l i a i i - s f c i i c d  l o  I b e  i N i i p o i  d i a i i i .  
a n d  t h u s  t h e  a m o u n i  o f  c h a r g e  t h a t  r e a c h e s  I l i e  i m i I | m iI i s
o/F = (I - o M f i  tV /s  / ,  + I]
A t y p i c a l  s x d n l iiw i  o f  i b i s  c t p i a l H H i .  lo r t}//*  ~  ().*>. is 
f  = 1)001 /  24
( I I )
iKt: r*/rrx-.. 129. rv t:. N». j .  m a  i 19X2
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Thit ttalet that, with a vaJue of r  of 0.1%, which b reatonable 
for a typical CCD, then in order lo get 90% of a charge packet
to appear at the output, f , which in thii case equals Z a,<•1
must be less than or equal to 24. Clearly, if the number of
input variables increases, it usually follows that Z a, increases,
and thus, in order to  keep a 90% charge packet at the output, 
the value of a must decrease, which may not be possible. 
Therefore it would seem that a finite upper limit to the value.
of Z a, exists.<•1
Finally, since the threshold gate b  a clocked device, it does 
not suffer from race hazards, and also feedback can be applied, 
so that the device may be used in a sequential mode.
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